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Stein’s method for normal approximation

The purpose of the so-called Stein method is to measure the
distance between two probability distributions.
This distance, denoted by d, can be defined in several ways :
@ the Kolmogorov distance
@ the Wasserstein distance
@ the total variation distance

@ the Fortet-Mourier distance.
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Stein’s method for normal approximation

Concretely, let X, Y be two random variables.

The distance between the law of X and the law of Y is usually
defined by (L£(F) denotes the law of F)

d(£(X), £(Y)) = sup [EN(X) — ER(Y)

where H is a suitable class of functions.
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Stein’s method for normal approximation

For example, if H is the set of indicator function
1(,00’11, zeR
we obtain the Kolmogorov distance

di(£(X), £(Y)) = sup [P(X < 2) = P(Y < 2]

If H is the set of 1g with B a Borel set, one has the total variation
distance

drv(L(X), £(Y)) = sup |P(X € B)—P(Y € B)|.
BeB(R)
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Stein’s method for normal approximation

H = {h;[h]. <1}

(|| - |lL is the Lipschitz norm) one has the Wasserstein distance.

Other examples of distances between the distributions of random
variables exist, e.g. the Fortet-Mourier distance.
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Stein’s method for normal approximation

An important particular case : compute the distance between the
law of an arbitrary r.v. F and the standard normal law

Useful for many applications.

For instance, in statistics, if an estimator is asymptotically normal,
one needs to know how fast it converges to the normal distribution
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Stein’s method for normal approximation

Let Z a r.v. with law N(0,1). How to estimate
d(F, Z) = supneu|ER(F) — Eh(Z)
In particular, how to compute the Kolmogorov distance

sup|P(X <z) — P(Y < z)|
zeR
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Stein’s method for normal approximation

The starting point to compute the distance between the law of F
(an arbitrary r.v. ) and the law of Z is the Stein equation

h(x) — Eh(Z) = f'(x) — xf(x).

@ his given
@ one needs to find the function f which is the solution of the
Stein equation.

@ in the case of the Kolmogorov distance, h(x) = 1(_ ;(x).
Need to find f = f, that satisfies the Stein’s equation for every

X .
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Stein’s method for normal approximation

(F is arbitrary, Z ~ N(0, 1)) In the case of the Kolmogorov distance
(in the Stein equation, put x = F and then take the expectation)

sup |P(F < z) — P(Z < z)| = sup,er \Ef;(F) — Ffz(F)\
zeR

where f;, is the solution of the Stein equation

LCooz)(x) = P(Z <z) =f'(x) — f(x),x e R

Key fact : the solution of the Stein equation is "nice" (for
example its derivative is bounded)
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Stein’s method for normal approximation

Recall : we need to compute
Ef (F) — EFf(F)
Idea : use some integration by parts to write
EFf(F) = Ef (F)Gg
Then

Ef' (F) — EFf(F) = Ef (F)(1 — G)

and use the fact that f’ is " nice”
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Stein’s method for normal approximation

How to express Gg?

The Malliavin calculus comes into the play ! The fundamental
formula : if F is centered, then

F=¢6D(-L)'F

where D is the Malliavin derivative, L the Ornstein-Uhlenbeck
operator, ¢ the divergence (Skorohod) integral
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Stein’s method for normal approximation

How are these operators defined ?
Let 's undesrtand how they act on multiple stochastic integrals

Let (Wht)ic[o,1) @ standard Wiener process and I, the multiple
integral of order n w.r.t. W.
I, is an isometry from L2[0, 1]" onto L?(Q)
Ela(f)* = "!||f”i2[o,1]"
where f is the symmetrization of f

I,(f) is also an iterated It6 integral
If f is symmetric,

1 to
|,.:n!/ thn......../ dW, f(ty,. .., tn)
0 0
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Stein’s method for normal approximation

Wiener chaos decomposition :
any random variable F € L?(Q, F, P) (F is the sigma-algebra
generated by W) can be written as

F=> la(fn)
n>0
with f, € L3[0, 1]" (uniquely determined by F)

the subset of L?(2) generated by I,(f),f €€ L3[0,1]" is called the
Wiener chaos of order n

In Malliavin calculus, the multiple integrals are very useful (fit well
with the theory)
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Stein’s method for normal approximation

The Malliavin operators on Wiener chaos :

Doln(f) = nly_1f(:,s)

(~1)Ma() = ()

SIaf(-,t) = g1 (F).

Easy to see that
F=0D(-L)"'F

if F = 1,(f)
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Stein’s method for normal approximation

Since
EFf(F) = ESD(—L)'Ff(F) = Ef'(F)(D(-L)'F,DF)

” Ef (F) — EFf(F) = E(f'(F)(1 — (D(—L)"'F, DF))

Use Chauchy-Schwarz and remember that the derivative of the
solution to the Stein equation is bounded.
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Stein’s method for normal approximation

we obtain

sup|P(F < z) - P(Z < 2)| < C (E (1 - (DF, D(—L)1F>)2);
zeR

C is a constant that majorize the norm infinity of f ' (recall : f ' is
bounded)

Note : the right-hand side does not depends on z!
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Stein’s method for normal approximation

Conclusion
N
d(F.Z) < C (E(1- (DF,D(-L)'F))*)’
If we are able to compute

(E (1- (DF, D(—L)_1F>)2>%

one obtains and estimation for the distance netween the law of F
and the standard normal law
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Stein’s method for normal approximation

How good is this bound ?
Suppose F = I,(f) is a multiple stochastic integral with respect to
a Gaussian process. Then the right hand side of the above

inequality gives
C,/|3 — EF%|
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Stein’s method for normal approximation

The Fourth Moment Theorem states as follows.

Theorem

Fix n > 1. Consider a sequence {Fx = I,(fk),k > 1} of square
integrable random variables in the n-th Wiener chaos. Assume that

lim E[FZ] = lim |fi||30n = 1. 1
Jim E[Fi] = lim [[fillyo (1)

Then, the following statements are equivalent.

© The sequence of random variables {Fy = 1,(fk),k > 1}
converges to N(0,1) in distribution as k — oco.

Q limk_,o E[F}] = 3.
©Q limg_ . ka (] kaH®2(n_|) =0forl=1,2,...,n—1.

Q ||DF|| converges ton inL? as k — oo.
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Stein’s method for normal approximation

@ the Stein bound is sharp for multiple integrals

@ To check that a sequence of multiple integrals goes to
N(0, 1), it suffices to check that the second moment goes to 1
and the fourth moment goes to 3!

@ many applications to statistics, limit theorems etc.
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Applications

Quadratic variations of a Gaussian process

Define the centered quadratic variation of the Gaussian process
(Ue)

Purpose : find the limit in distribution, as N — oo, of the sequence
Vn
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Applications

Let I, denote the multiple integral with respect to the Gaussian
process (Uy).

-multiple integrals can be defined with respect to any Gaussian
process ; a multiple integral of order n is an isometry between H®"
and L2(2) (H is the canonical Hilbert space associated to the
Gaussian process)
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Applications

Back to the process U : we write Vi as a multiple integral. Since

Uti+1 -Uy=1h (l(ti,tiﬂ))

and thanks to the product formula we can express the sequence
V as a multiple integral of order 2 :

N-1

_ ®2
Vn =1 Z 1(ti7ti+1)
i=0
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Applications

Steps : Find ay such that
E(aNVN)2 —N 1

(in the Fourth Moment Theorem we need the second moment to
converge to 1)
Then : Let

Fn = anVin

Prove that
EFy —n 3

We obtain the convergence of Fy to the standard normal law.
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Applications

Fractional Brownian motion (fBm)

Important particular case : the fractional Brownian motion (fBm)
The fBm is a centered Gaussian process (BP)tE[O,l] with covariance

1
(M 4 ?H - g2M), (2)

Ru(t,) — EBYBY — 1

It can be also defined as the only Gaussian process which is
self-similar and has stationary increments.
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Applications

Let B be a fBm with H € (0,1). Define

N-1

Vy = Z [(Btm —By)?—E(By,, — Bti)ﬂ .

Then, if H < 2,
cNZH-2vy -8 N(0,1)

and if H > 2 then
NVyn —n Rosenblatt.

The last convergence holds also in L2.
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Other target distributions : invariant measures of diffusions

Purpose : generalize the Stein’s bound to invariant measure of
diffusions

Let S be the interval (l,u) (oo <1< u < o00)and i be a
probability measure on S with a density function p which is
@ continuous
@ bounded
@ strictly positive on S

@ admits finite variance.
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Other target distributions : invariant measures of diffusions

We want to find a diffusion process

dXt = b(Xt)dt + v/ a(Xt)th, t>0
which admits p as invariant measure
-how to find the coefficients a and b?

-the construction is not unique
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Other target distributions : invariant measures of diffusions

The drift coefficient

Consider a continuous function b on S such that there exists
k € (I, u) such that :

@ b(x) > 0 for x € (I, k) and b(x) < 0 for x € (k,u)
o b € L(x), bp is bounded on S

u
/ b(x)p(x)dx = 0.
I
Basic example :

b(x) = —(x — Ep)
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Other target distributions : invariant measures of diffusions

The diffusion coefficient

Define 2fx b(y)p(y)d
o .— 2 b(y)p(y)dy
ale) p(x)

Then, the stochastic differential equation :

dXt = b(Xt)dt + a(Xt)th, t> 0

, x€S. (4)

has a unique Markovian weak solution, ergodic with invariant
density p.

Based on this fact, it is possible to define a so-called Stein's
equation for a given function f € L(y).

Ciprian A. Tudor Stein’s method and Malliavin calculus



Other target distributions : invariant measures of diffusions

For f € L!(u), let m¢ := [|" f(x)p(dx) and define g by, for every

x €S,
Bi(x) = a(fp() /. (F(y) — mp)p(y)dy.
We have
o [R2Ay) m) (o) )
a0 = [ A e (- [(Tar)ay. xes
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Other target distributions : invariant measures of diffusions

Then, g¢(x) := [; &(y)dy satisfies that f — m¢ = Agg (A is the
|nf|n|te5|mal generator of the diffusion (X¢)t>0,) p-almost
everywhere and

F(x) — EIf(X)] = 5a(0g(x) + b(OE (), raex  (5)

where X is a random variable with its law p.
The equation (5) is a generalized version of Stein’s equation.

Note : we constructed the equation and its solution!
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Other target distributions : invariant measures of diffusions

Characterization of the law

Assume that [¢ a(x)u(dx) < co. Let Y be a random variable on S.
Then, the distribution of Y coincides with p if and only if

E %a(Y)h’(Y)er(Y)h(Y) —0

for h € C1(S) such that E[|b(Y)h(Y)|] < co and
E[Ja(Y)W'(Y)]] < <.
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Other target distributions : invariant measures of diffusions

An alternative characterization of the random variables Y with
distribution u :

Consider a random variable Y € D12 with its values on S which
satisfies that b(Y) € L2(Q). Then, Y has probability distribution
if and only if E[b(Y)] =0 and

E %a(Y) + (D(~L)"*b(Y), DY)y

Y| o
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Other target distributions : invariant measures of diffusions

The Stein bound obtained in previous work : if Y is a r.v. regular in
the Malliavin calculus sense,

AE(Y). 1) < CE || 3a¥) + (B(-1) b(¥) ~ EB(V)]} . DY)

|

+CIE[b(Y)]|, Y eD?

where C is a positive constant and £(Y) is the law of Y.
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Other target distributions : invariant measures of diffusions

If Y is centered and b(x) = —x then

d(L(Y), 1) < CE Hia(v) — (D(-L)"1Y, DY)y

|

we just need to know what is a
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Other target distributions : invariant measures of diffusions

Using the conditional expectation :

Consider a random variable Y € D12 with its values on S which
satisfies that b(Y) € L2(Q). Then, Y has probability distribution

if and only if E[b(Y)] =0 and

E 1a(Y) + (D(—L)"'b(Y), DY)y

Y| =0.
2 |-
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The normal distribution N(0,v), v > 0. In this case a(x) = 2.

In this case

d(£(Y), ) < CE[|1 = (D(-L)"Y,DY)u|]
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Example

The Gamma ['(a, \), a, A > 0 law. Here the density is
f(x) = %:)x"“_le_)‘X for x > 0 and f(x) = 0 otherwise. Also
EX = % and the centered Gamma law has

In this case
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Example

The uniform U(0, 1) distribution. Here the density is
f(x) = 1jo1](x). the mean is EX = } and U[0, 1] — EU[0, 1] has
quared diffusion coefficient

Here
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The Pareto Pareto(v) distribution, v > 1. The density of this
law is f(x) = (1 +x)7“~! for x € R. This implies EX ~ —1 and

a(x) = —2(x+ ——)(L+x+ =)
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Example

The inverse Gamma distribution with parameters
0 > 0,A > 1. The density function is given by

F(x) = - A lgt1
(X)_ r()\)x e x (0,00)()()'

The expectation of this law EX = % and the centered inverse
Gamma distribution is associated with

2 (x+ o
—1

a(x) = 3
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The F distribution with parameters a > 2, b > 2. Here

a_ b a
azbz x2 !
f(x) = 75 1(0,00) (X)-
82,5 (b+ax)®
Moreover EX = -2 and the centered F law has

b—2

4 b
)= =2 * T p2

)b+ax+52§).
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Example

The Beta 3(a,b) law, a,b > 0. In this case the probability
density function is

r(a + b) xa—l

f(x) = T(a)r(b) (1—x)"" 1 g1)(x),

EX = ai—b and the centered beta law has

2 a b

alx) = a+b(x+ a+b)(a+b =3
__ 2 pg_ 2 b-a,_ 2 b
Therefore @ = — %5, 8= 3552787 = a5 a—b a1b
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By "Significance of the bound” we mean the following : given a
random variable whose probability law is the invariant measure X,
then the distance between its law and X is zero.

we need to calculate the random variable (DY, D(—L)~!b(Y)).

This random variable (and its conditional expectation given Y)
appears in several works related to Malliavin calculus and Stein's
method
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In general, it is difficult to find an explicit expression for it for
general Y.

But in the case when Y is a function of a Gaussian vector we have
a very useful formula : if Y = h(N) — Eh(N) where h: R" — R is
a function of class C! with bounded derivatives and

N = (N4, ...,Ny) is a Gaussian vector with zero mean and
covariance matrix K = (Kjj)ij=1,..n then (we will omit in the
sequel the index H for the scalar product)

(D(—L)"Y(Y — EY),DY)

:/ “duE’ZKda —( TUN 4 /1 — e 2uN).
0

O0x;
7.1_

Here N’ denotes and independent copy of N a
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In the case of the uniform distribution :

Let f,g € L2([0, T]) such that

1Fll2 (o, 1) = llgllLz(o,my = 1 and (. g)12(p0, 1)) = O-

Then W(f) and W(g) are independent standard normal random
variables. Define the random variable Y by

Y — e 3 (W(H)*+W(g)*)
Then it is well-known that Y has uniform distribution U([0, 1])

since the random variable —3 (W(f)? + W(g)?) has exponential
distribution with parameter 1.
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One can make all the compatations and we find

(D(—L)"}(Y — %), DY) =a(Y)=Y(1-Y).
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Fouth Moment Theorem

Assume that there exists a random variable G € DY* such that :

@ the distribution of G is equal to u

e (DG,D(—L)"1G)y is measurable with respect to the o-field
generated by G.

Note : The second assumption is satified by several common
distributions (Gaussian, gamma, uniform, Pareto)

Ciprian A. Tudor Stein’s method and Malliavin calculus



Fouth Moment Theorem

Then, the following statements are equivalent.

© The vector valued random variable (Fm, 1||DFm||%) converge
to

(G, (DG, D(—L)71G)y) in distribution as m — oc.
1
2

a(Fm) — 1[|DF |3 converges to 0 in L? as m — oc.
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Fouth Moment Theorem

Comments

@ For the standard normal law, a(x) = 2. So, the condition that
%a(Fm) — %HDFme_| converges to 0 in > as m — oo means

1 — L||DFum||% converges to 0 in L2
o It fits also for the Gamma case

o the condition that 3a(Fm) — 1[|DFy || converges to 0 in L2
is equivalent to the condition that
1E[a(Fm)?] — LE[||DFm|}y] converges to 0 as m — oo.
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Fouth Moment Theorem

Sketsch of the proof :

Assume (2) : By the Stein bound, Fp, converges to G in
distribution. Since (DG, D(—L)"!G) is measurable with respect to
the o-field generated by G, we obtain

2a(G) = (DG, D(~L) "Gl

almost surely.
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Fouth Moment Theorem

Hence, by the convergence of F,, to G in distribution and 2, we
have for hy, hy € Ch(R)

limsup
m—o0o

E [hl(Fm)hz (rll||DFm||2H>] — E [hy(G)h2 ((DG, D(—L) 'G)n)

<timsup € u(Falh: (3a(F) )| ~ € [m(G (50(0)) |

+ Ii;n_)souop ‘E |:h1(Fm) {hz <;a(Fm)> —h <iHDFmH|2-|> H '

=0.

Ciprian A. Tudor Stein’s method and Malliavin calculus



Fouth Moment Theorem

Assume (1). Since (DG, D(—L)1G) is measurable with respect to
the o-field generated by G, again

%a(G) = (DG,D(-L)!G)y

almost surely. Therefore, by (1)

lim <iE[a(Fm)2] — leE[IIDFmHﬁ]>

m—o00

_ %E[a(G)z] _E[(DG,D(~L)'G)3] = 0.
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Fouth Moment Theorem

The measurablility of (DG, D(—L)"1G)y with respect to the
o-field generated by G is assumed. In the special cases this

condition immediately follows.
If :

e F =cW(h) where c € R and h € # such that ||h||y = 1.
Note : Case (i) includes the centered Gaussian distribution
o F=c(W(h)? —1) where c € R and h € H such that
lhfn = 1.
Note : Case (ii) includes the centered Gamma distribution.

o F=eWh where c € R and h € H such that ||h|y = 1.

Note : Case (iii) contains the random variables with the
centered log-normal law.
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Fouth Moment Theorem

o F=e Xt Wh)* wheren € N, ¢ € (—00,1/2) and
hi,hy, ... h, € H such that ||hg||pg =1 fork=1,2,...,n,
and (hg,h)y =0 fork,1=1,2,... n.

Note : Case (iv) includes :

@ the uniform distribution U[0, 1] (by taking for example n = 2

1
and ¢ = —3)
o the centered Pareto distribution (if we consider n = 2 and
1

c = ; we obtain a centered Pareto distribution with
parameter 2)

@ the centered beta distribution (by taking ¢ = —1, n = 2 with
have a random variable with centered beta law with
parameters 3 and 1).
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Fouth Moment Theorem

we can show one-way implication as follows.

Proposition

Let Fy, as before and assume that

sup E[F2] = sup [|fml|jon < 00
m m
If the distribution of Fy, converges to u,

lim E [F:‘n — 3F§,a(Fm)] = 0.

m— 00 2
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The case when the diffusion coefficient is a polynomial of second

Since we are studying the convergence of a sequence of multiple
stochastic integrals, whose expectation is zero, we will assume that
the measure p is centered and the drift coefficient is b(x) = —x.

We will also assume that the diffusion coefficient is a polynomial of
second degree expressed as

a(x) =ax®*+pBx+v, x€8, a,p,7€R (7)

such that a(x) > 0 for every x € S.

We study when the necessary and sufficient condition for the weak
convergence of a sequence of multiple integrals toward the law p is
satisfied.
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The case when the diffusion coefficient is a polynomial of second

This class contains the known continuous probability distributions.
Let us list below several examples.

The normal distribution N(0,~), v > 0. In this case a(x) = 2.

Example

The Student t(v) distribution, v > 1. In this case, if X ~ t(v)
then the probability density of X is

v+1

r(¥Lly, s
) (V—i—xz)*T

) — L2
=)

for x € R. In particular EX = 0. The squared diffusion coefficient is
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The case when the diffusion coefficient is a polynomial of second

Example

The Pareto Pareto(v) distribution, v > 1. The density of this
law is f(x) = (1 +x)~“~! for x € R. This implies EX ~ —1 and

2 1
1
y—l)( +x+y—1

).
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The case when the diffusion coefficient is a polynomial of second

Example

The Gamma [(a, \), a, A > 0 law. Here the density is
f(x) = r(;) ~le=* for x > 0 and f(x) = 0 otherwise. Also
EX = £ and the centered Gamma law has

a

a() = 2(x+3)

meaning that o = 0,8 = %,y = &.
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The case when the diffusion coefficient is a polynomial of second

The inverse Gamma distribution with parameters
0 > 0,\ > 1. The density function is given by

) = ¢ A)x*He*%1(07(”)()().

The expectation of this law EX = 1 and the centered inverse
Gamma distribution is associated W|th
2 J
a(x) = )\—1(X+ )\_1)

. . 2
which gives a = ﬁ B= (/\461)2,’7 (/\2_61)3-
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The case when the diffusion coefficient is a polynomial of second

The F distribution with parameters a > 2, b > 2. Here

a_ b a
azbz x2 1
() a+ OOO()'

Moreover EX = b—Ez and the centered F law has

a(x) =

b
b‘f‘a(X‘l—m) .
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The case when the diffusion coefficient is a polynomial of second

The uniform U(0, 1) distribution. Here the density is
f(x) = 1jp,1j(x), the mean is EX = % and UJ[0, 1] — EUJ0, 1] has
quared diffusion coefficient

1 »

1.1
a(x):(x—i—i)(i—x)zz—x.

Soa:—l,B:O,yz%.

Example

The Beta 5(a,b) law, a,b > 0. In this case the probability
density function is
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The case when the diffusion coefficient is a polynomial of second

Idea : find some relation on the moments of X with law pu;

Actually, using the charcacterization of the r.v with law u, we
find : for every k € R, k > 1 such that EX?* < ~o one has

2k — 1 2k —1 2k —1
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The case when the diffusion coefficient is a polynomial of second

In particular, if a # 2,

ifa #£1,2,

and if a # 2, % then
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The case when the diffusion coefficient is a polynomial of second

We can compute the third and fourth moment of a random
variable in a fixed Wiener chaos.

Lemma

Let F = 1,(f) withn > 1 and f € H®". Then

n!3 ~
(%) 13 <f7 f®gf>1{n is even}

EF? =

and
EF* = 3(EF?)?

n—1 2 2
n—1 n -
130 (p - 1)! ( " ) p! ( " ) (20— 29)!fnpfinl 2.
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The case when the diffusion coefficient is a polynomial of second

The case 5 = 0. This is the case of the Student, uniform and beta
(with parameters a = b) distributions. In this situation, since
EX3 = 0, the order of the chaos n can be even or odd in principle.

Theorem

Assume o # 2,2 and 3 = 0. Fixn > 1 and let
{Fm = In(fm, m > 1} satisfying

EFrzn —m—oco EX2, EF:ln —m—o0 EX* and EFr3n —m-so0 EX.

Then o = 0,7 > 0 and X follows a centered normal distribution
with variance .

Use the formula for EX? and EX* (here EX3 = 0).
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The case when the diffusion coefficient is a polynomial of second

As a consequence, we notice that several probability distributions
cannot be limits in distribution of sequences of multiple stochastic
integrals.

A sequence a random variables in a fixed Wiener chaos cannot
converge to the uniform, Student or to the beta distribution
B(a,b) with a =b.
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The case when the diffusion coefficient is a polynomial of second

The case 8 # 0. This is the case of the Pareto, Gamma, inverse
Gamma and F distributions.

Fix n > 1. Consider throughout this section that {Fpn,,m > 1} a
sequence of random variables expressed as Fp, = In(fin) with

fm € HO". Since the third moment of a multiple Wiener -It6
integral of odd order is zero, from (10) we may assume in this
paragraph that n is even.
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The case when the diffusion coefficient is a polynomial of second

Theorem

Assume o # 1,2, % Fixn>1 and let {Fp = lh(fn), m > 1}
satisfying

EF2, —m 00 EX?,EF} — . .o EX* and EF3, -, 500 EX3.

Moreover, let us assume 5% < 0 (that is, « € R\ (0, 3]). Then
a =0 and X follows a centered Gamma law T (a, \) — El'(a, )

where 5 = %,'y = %
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The case when the diffusion coefficient is a polynomial of second

As a consequence, a sequence of multiple stochastic integrals in a
fixed Wiener chaos cannot converge to a Pareto distribution with
parameter p < 4, to a inverse Gamma distribution with parameter
A < 4 or to a F distribution with parameter b < 10.
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The case when the diffusion coefficient is a polynomial of second

In the case of the centered Gamma distribution, the result reads as
follows : a sequence Fpy = In(fim) such that EF2, — o0 =
converges to the centered Gamma law I'(a, A) — El'(a, A) if and
only if the following assertions are satisfied :

o EF} —m 2 and EFY, —p 212

o ||3cafm — fn@n/ofml —m 0 (cn is a constant)

o 1F2+ Sl ||DFm || converges to zero in L?(Q).

When )\ = % and a = g we retrieve known results.
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