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classical logarithmic Sobolev inequality

L. Gross (1975)

v standard Gaussian (probability) measure on R¢

dy(x) = e

h >0 smooth, fRd hdy =1

1 h?
entropy / hloghdvy < 2/ |Vh| dvy Fisher information
RY Rd

h — h? / h?log h* dy < 2/ |V h|?dy
R4 Rd



classical logarithmic Sobolev inequality

1 h|?
/ hloghdy < / [V dv, / hdy =1
Rd 2 Rd h Rd

v <<y dv = hdvy

1

H(v ) < 21(v])

(relative) H-entropy H(y|fy) :/ hlog h d~
Rd

e . [Vh?
(relative) Fisher Information I(v|y) = 5 dvy
Rd

hypercontractivity (integrability of Wiener chaos),

convergence to equilibrium, concentration inequalities



logarithmic Sobolev inequality and concentration

Herbst argument (1975)

1 h|?
/ hloghdvy < / [Vh] dv, / hdy=1
Rd 2 Rd h Rd

¢:RI >R l-lipschitz  [popdy =0

e

h= %
Jra €3%d7’

AeR

Z(\) = / e dy
Rd



logarithmic Sobolev inequality and concentration

Herbst argument (1975)

2
AZ'(\) — Z(\) log Z(2) < % V)
integrate

Z(\) :/ Mdy < /2
Rd

Chebyshev’s inequality

We>r) < e 2 r>o0

Gaussian concentration



logarithmic Sobolev inequality and concentration

¢:RY >R l-lipschitz  [popdy =0
YWe>r) <e 2 r>0

Gaussian concentration

equivalent (up to numerical constants)
1/p
</Rd|<p|”d7> <Cyp, p=1

moment growth: concentration rate



Gaussian processes
F collection of functions f:S — R

G(f), f € F centered Gaussian process

M = sup G(f), M Lipschitz
feF

Gaussian concentration

P(|M—m|>r) <2e /% r>0

m mean or median, 02 = supE(G(f)z)

feF

Gaussian isoperimetric inequality

C. Borell, V. Sudakov, B. Tsirel'son, I. Ibragimov (1975)



extension to empirical processes

M. Talagrand (1996)

Xi,...,X, independentin (S,S)

F collection of functions f:S — R

n

M = sup Z f(Xi)

feF ‘5

M Lipschitz and convex

concentration inequalities on

P(IM—m|>r), r>0



extension to empirical processes

M = sup f(X;
fe]-'; ( )

fl <1, E(f(X;) =0, feF

r r
P(\M—m|2r) < CeXp<_C|Og(1+02+m>>’ r>0

n
m mean or median, 0? = EupZE(fz(X;))
€F

M. Talagrand (1996) isoperimetric methods for product measures

entropy method — Herbst argument
P. Massart (2000)

S. Boucheron, G. Lugosi, P. Massart (2005, 2013)



Stein's method

C. Stein (1972)

~ standard normal on R

/x¢d7 = /gb’dfy, ¢:R—R smooth
R R

characterizes ~

Stein's inequality

v probability measure on R

v =y < sup [/ xodv— [ o du]
[8lloe <A/7/2, ¢/ |lc<2 L/R R



the Stein factor
v (centered) probability measure on R

Stein factor for v : x — T,(x)

/xgbdl/: /quﬁldy, ¢ R — R smooth
R JR

~ standard normal T, =1

Stein discrepancy S(v|7)

1/\7 /|7',,1| dv

Stein’s inequality

Iy =Allpy < 28(v[)



Stein factor and discrepancy: examples |

Stein factor for v : x = 1,(x)
/x¢d1/ = /Tl,<b’dl/
R R
~ standard normal T, =1
dv = fdx

r(x) = [F(0)] / Ty f)dy,  x e supp()

(7o polynomial: Pearson class)



X, X1, ...

Stein factor and discrepancy: examples ||

central limit theorem

, X, iid random variables

mean zero, variance one

1

Sn — 7(X1++Xn)

Vn



Stein factor and discrepancy: examples Il

Wiener multiple integrals (chaos)

multilinear Gaussian polynomial

N
F= > an.iXi X
ityei=1
X1,...,Xn independent standard normal

ai,...i. € R symmetric, vanishing on diagonals

E(F?) =1



Stein factor and discrepancy: examples Il

D. Nualart, G. Peccati (2005)
F=F, neN k-chaos  (fixed degree k)
N =N, - o

E(F?) =1  (or — 1)

F, converges to a standard normal

if and only if

E(FH) — 3 (: /Rx4d’y>



Stein factor and discrepancy: examples Il

F Wiener chaos or multilinear polynomial
7r(x) = E((DF,—~DL™'F) | F = x)
L Ornstein-Uhlenbeck operator, D Malliavin derivative

S (L(F) 1) < o [B(FY) -3

multidimensional versions

I. Nourdin, G. Peccati (2009), I. Nourdin, J. Rosinski (2012)



multidimensional Stein matrix

v (centered) probability measure on R

Stein matrix for v : x = 1(x) = (TU(X))1<ij<d

/xd)dy:/ 7, Vo dv, ¢:RY R smooth
R4 R4

Stein discrepancy S(v|7v)

(v17) = [l Tl dv

no Stein inequality in general



entropy and total variation
Stein's inequality  (on R)

Il =Allpy < 28(v[)

stronger convergence in entropy

v probability measure on RY, dv = hd~y density h
(relative) H-entropy H(v|v) = / hlog hd~y
Rd

Pinsker's inequality

1
v —’YHQTV < QH(V"Y)



logarithmic Sobolev and Stein

~ standard Gaussian measure on RY

logarithmic Sobolev inequality v <<y dv = hdvy

1

H(v[y) < 51(v]v)

(relative) H-entropy H(v|v) = / hlog hd~
Rd

[Vh?
h

(relative) Fisher Information I(v]|v) = / dvy
Rd

(relative) Stein discrepancy

S(v17) = [l 1l dv



HSI inequality

new HSI (H-entropy-Stein-Information) inequality

H(v|v) < %82(V|’7) log (1—1—

I(v|7)
Sz(V!’Y))

log(1+ x) < x improves upon the logarithmic Sobolev inequality

entropic convergence
if S(vnly) — 0 and I(v,|7v) bounded, then

H(V,,|fy) — 0



HSI and entropic convergence

entropic central limit theorem

X, X1,...,X, iid random variables, mean zero, variance one
1
5n = W(X1++Xn)

S2(£(Sn)|7) < %Var(m(x)(x))

Stam's inequality LI(L(Sh)|7) < I(L(X)|7) < oo

HSI inequality H(L(Sh)|7) = O<|Oin>

optimal O(%) under fourth moment on X

S. Bobkov, G. Chistyakov, F. Gotze (2013-14)



HSI and concentration inequalities

v probability measure on RY

¢:RY — R 1-lipschitz  [papdv =0

moment growth in p > 2, C > 0 numerical

(/Rd !¢|Pdu>1/p < c[sp(yw) +ﬁ</Rd % dy>1/p}
Splv17) = (/ 7~ Tdli du)l/p



HSI and concentration inequalities

X, Xi,...,X, iid random variables in R
mean zero, covariance identity

1
5n - \ﬁ(XI‘F‘FXn)

¢:R? — R 1-Lipschitz
-r?/C
P(‘@(Sn)—E(gp(Sn))‘ > r) < Ce
0<r<r > x

according to the growth in p of / |7, — Id||fg dv
Rd



HSI inequality: elements of proof

HSI inequality

H(v|y) < %SZ(VM) log (1—1— SI2((UV|77))>

H-entropy H(v |7v)
Fisher Information I(v]7)

Stein discrepancy S(v|v)



HSI inequality: elements of proof
Ornstein-Uhlenbeck semigroup (P:),~
P:f(x) = / f(e_tx+ 1—e 2t y) dy(y)
Rd

dv = hd~, dvy = Pihdy (vo=v, Voo =7)

H(v|v) = /OOOI(VtM)dt

classical  I(v|v) < e *1(v]7)

o4t

=5 (1)

new main ingredient I(Vt"y) < 1



HSI inequality: elements of proof

H(v|7) = /OOOI(VtM)dt

classical I(Vt | 7) < e 2t I(V | ’Y)

o4t

oz S (W)

new main ingredient I(ve|7) < 1

representation of I(v;|7) (ve = log P:h)

%/R/R (.0 = 1d)y - Vv (e™x + V1= et y) | du(x)dr(y)

optimize small t >0 andlarge t >0



HSI inequalities for other distributions

1 I(v
H(v|p) < 58*(v| 1) log <1+S§@%>

4 gamma, beta distributions
multidimensional

families of log-concave distributions

Markov Triple (E, u,T)

(typically abstract Wiener space)



HSI inequalities for other distributions

i gamma, beta distributions
multidimensional

families of log-concave distributions

Markov Triple (E, u,T)

(typically abstract Wiener space)



multidimensional Stein matrix

v (centered) probability measure on R

Stein matrix for v : x = 1(x) = (T,L'f'(x))1<,.j<d

/X(bdy:/ﬂ,v¢d1/, ¢ :R? - R smooth
R R

weak form

/ x-Vodv = / (1, Hess(¢)) g dv, ¢:RY— R smooth
RY RY



Stein matrix for diffusion operator

second order differential operator

d
Lf = (a,Hess(f))yq+b-VF = > al

ij=1

8x, 8XJ Z 8x,

=1

/4 invariant measure

example: Ornstein-Uhlenbeck operator

d d

2
Lf = AMf—x-Vf =) afafx-_zx"af-
1UX P

I,j_

~ invariant measure



Stein matrix for diffusion operator

second order differential operator

d
Lf = <a,Hess(f)>HS+b‘Vf = Z

ij=1

8x, 8XJ Z 8x,

i=1

[ invariant measure

Stein matrix for v
— b-Vfdv = ., Hess(f d
/]Rd Vfdv /]Rd (7, Hess(f)) g dv

Stein discrepancy

) ) ) 1/2
S(V\u) = </ HafiT,,afi —IdHHS C/I/)
Rd



Stein matrix for diffusion operator

second order differential operator

d
Lf = <a,Hess(f)>HS+b‘Vf = Z

ij=1

8x, 8XJ Z 8x,

i=1

[ invariant measure

Stein matrix for v (r. = a)
— [ b-Vfdv = v, Hess(f d
/]Rd Vfdv /]Rd (7, Hess(f)) g dv

Stein discrepancy

) ) ) 1/2
S(V\u) = </ HafiT,,afi —IdHHS C/I/)
Rd



gamma distribution

d d

2f f
Laguerre operator Lf = Zx,- 22 + Z(Pi - Xj) gx on Ri
X i
i=1 i

=

i product of gamma distributions I_(p,-)_lxip"*le_x"dx,-

Stein matrix p=(p1,---,Pd)

_/R (p—x)-Vidy = [ (r, Hess(f)),qdv

d d
+ RE

HSI inequality (pi > %)

H(v|p) < S2(V|,u)\lf<



beyond the Fisher information

towards entropic convergence via HSI

I(v|~) difficult to control in general

Wiener chaos or multilinear polynomial

N
F = Z ip,ii Xiy - Xiy
ilyeig=1
Xi,..., Xy independent standard normal

ai,..i. € R symmetric, vanishing on diagonals

law L(F) of F? Fisher information I(L(F)[~)?



beyond the Fisher information

I. Nourdin, G. Peccati, Y. Swan (2013)

(Fn)peny sequence of Wiener chaos, fixed degree

H(L(F2)|7) = 0 as  S(L(Fa)|y) — 0

(fourth moment theorem  S(L(F,)|v) — 0)



abstract HSI inequality

Markov operator L with state space E

i invariant and symmetric probability measure

I bilinear gradient operator (carré du champ)

r(f.g) = 3 [L(fg) —fLg—gLf], f.geA

| fLeydn = [ i )

d

- O%f . Of
— b= P = RY
. 9f og
r(f.g) = Zauaa



abstract HSI inequality

Markov Triple (E, u,T)

(typically abstract Wiener space)
F:E — RY with law L(F)

H(L(F) 1) < G2 Y gapcer )

V(r) =1+logr, r>1

Cr > 0 depend on integrability of F, ['(F;, Fj)
and inverse of the determinant of (I'(F;, Fj))1<i.j<d

(Malliavin calculus)



abstract HSI inequality

S(L(F)|7) y (2Ae + d(BF +1))
H(L(F)|v) < 2(1 — 4x) \IJ< S2(L(F)|7) )
K= 2(£21ng) (< %)

AfF < 0o under moment assumptions




abstract HSI inequality

1
= —— du, a>0
: /Edet(r)a

Gaussian vector chaos F = (F1,..., Fy)
[(Fi, F;) = (DF;, DFj)g,
L(F) density: E(det(T)) >0

P(det(F) < A) < cNAYNE(det()) ",

A>0
N degrees of the F;’s
A. Carbery, J. Wright (2001)

logconcave models



WSH inequality

Kantorovich-Rubinstein-Wasserstein distance

Wi(v,p) = V;gri#/Rd/IRdlxy\ dm(x, y)

v << ~ probability measure on R
Talagrand inequality

Wi(v,7) <2H(v|7)

(relative) H-entropy H(VM) :/ hlog hd~
Rd



WSH inequality
Talagrand inequality

W3(v,7) < 2H(v|)

v << 7 (centered) probability measure on RY

WSH inequality

_Hly)
Wa(v,v) < S(v|~v) arccos (e S%w))

arccos(e™") < V2r

(Wa(r,7) < S(v]7))



WSH inequality: elements of proof

_ H(v|9)
Wa(r,v) < S(v]|~v) arccos <e S2(uw)>
dv = hd’}/a dl/t = Pthd"}/7 vy = |og Pth

F. Otto, C. Villani (2000)

s = ([ o) -t

o4t

new main ingredient I(Vt | y) < 1 oot S2 (1/ | 'y)



p-WSH inequality

Ty = (7'3)1gi,j§d

d ) 1/p
I =Tl = (3 [ 1 = osfan)

ij=1
pell2)
Wp(r7) < God' P||n, —1d,,

p € [2,00)

WP(Va 7) < CP d1—2/P ||7-l/ - Id”p,l/



Thank you for your attention
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