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I Rubinstein distance

> (F, d) a Polish space
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I Rubinstein distance

> (F, d) a Polish space

» c a distance on §

» F € Lip, iff |[F(x) — F(y)| < c(x,y)
» 1 and v/ 2 proba. measures on F

dr(p, V") = sup /Fd,u /de
Felip,
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B Some examples

» T=R"
» d = c=Euclidean distance

» Convergence in Rubinstein is equivalent to convergence in
distribution (Dudley)
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B Some examples

» T=R"
» d = c=Euclidean distance

» Convergence in Rubinstein is equivalent to convergence in
distribution (Dudley)

Wiener space

» §= space of continuous functions on [0, 1]

» d=uniform distance

» c=distance in the Cameron-Martin space

«re)= | [ () g(s)Fds "
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I Configuration space

Definition

A configuration is a locally finite set of particles on a Polish spaceY

/ fdw = " f(x)

XEW

5/39 Institut Mines-Telecom Functional Stein’s method &c




I Configuration space

A configuration is a locally finite set of particles on a Polish spaceY

/ fdw = f(x)

XEW

v

Vague topology

|
Wy, ZBUEY = / fdw, 122% / fdw

for all f continuous with compact support from Y to R
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I Configuration space

A configuration is a locally finite set of particles on a Polish spaceY

/ fdw = f(x)

XEW

v

Vague topology

|
w, vaguely w /fdw,, n—o0 Fdw

for all f continuous with compact support from Y to R

d is the associated distance J
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I Lipschitz functionals

Distance between configurations

c(w,n) = distty(w,n) = number of different points
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I Lipschitz functionals

Distance between configurations

c(w,n) = distty(w,n) = number of different points

Definition
F : Ny — Ris TV-Lip; if

|F(w) = F(n)| <distry(w,n)
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I Lipschitz functionals

Distance between configurations

c(w,n) = distty(w,n) = number of different points

Definition
F : Ny — Ris TV-Lip; if

|F(w) = F(n)| <distry(w,n)

Definition (Rubinstein distance)

dr(P,Q) := sup (EpF - EQF),
FeTV-Lip,
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N Convergence in configuration space

Theorem (D- Schulte-Thale)

dr(Pp, Q) 2% 0 = P, 25 Q

Convergence in Ny
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B Generic scheme

Initial space Target space

I
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B Generic scheme

Initial space Target space

dist.(T*v, p) ?
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Poisson polytopes

I Motivation :

N
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I \otivation : Poisson polytopes

7 £(n)

What happens when the number of points goes to infinity 7
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I Poisson point process

Points are distributed to a Poisson process of control measure tK l

Definition

» The number of points is a Poisson rv (t K(S971))

» Given the number of points, they are independently drawn
with distribution K
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B Framework

Initial space Target space

b




B Framework

Initial space Target space

Tt
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B Framework

Initial space Target space
Tt
t7
Ten) = 55, e Ix =yl
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I Rescaling : v =2/(d —1)

Campbell-Mecke formula

E ) f(x):tk/f(x1,~- ,xe)K(dxg, - -+, dxg)

X1yt Xk EW

wR
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I Rescaling : v =2/(d —1)

Campbell-Mecke formula
E Z f(x):tk/f(xl,--- ,xi)K(dxq, - -+, dx)

(k)

X1, ,XkGo.J;,£

Mean number of points (after rescaling)

1 t2
SE DY Lenery<s = 5 / / Ljjx—y|j<t-vpdxdy
2 e 2 Sd-1@sd-1
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I Rescaling : v =2/(d —1)
Campbell-Mecke formula

E ) flo= tk/f(xl,--- ,x)K(dxi, - -+, dxg)

X1, 7XkeUJ§:)

4

Mean number of points (after rescaling)

1 t2
>E Yx—ery<p = // 1, <t—vgdxdy
> ng‘;w lox=emli<s = 5 [ Heyli<es

v

Vara (S* 1B (1) = rama (37714 D0 (gymye g

v
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I Rescaling : v =2/(d —1)
Campbell-Mecke formula

E ) flo= tk/f(xl,--- ,x)K(dxi, - -+, dxg)

X1, 7XkeUJ§:)

4

Mean number of points (after rescaling)

1 t2
>E Yx—ery<p = // 1, <t—vgdxdy
> ng‘;w lox=emli<s = 5 [ Heyli<es

v

Vara (S*INBY (1) = rama (8 ) 1+ D0 (gymye g

v
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Schulte-Thale (2012) based on Peccati (2011)

P(2/d l)T()>X) _Bx(dlz(ﬁdl)l

< Cet —min(1/2,2/(d-1))
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Schulte-Thale (2012) based on Peccati (2011)

P(tz/(d_l)T ( )>X) —,BX(d 1) Z (B d— 1)1

< Cot —min(1/2,2/(d-1))

What about speed of convergence as a process ?
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I Stcin method in one picture

m= T*v
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I Stcin method

The main tool

Construct a Markov process (X(s),s > 0)

» with values in §

» ergodic with p as invariant distribution

distr.
—

X(s)

for all initial condition X(0)

> for which p is a stationary distribution

X(0) distr. = X(s) distr. , Vs >0

» Equivalently [LFdm =0, VF iff m=p
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I Dirichlet structure

Pg:etL

PtF— [ Fdu

LF/ G tq
E(F,H)=

(C.HS

‘G‘H'L%m
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B Dirichlet-Malliavin structure

Pt:e“‘

PtF— [ Fdu

s

[m] [ = =
Functional Stein’s method

e



I Gaussian measure on R”

» §=R", u=N(0,Id)
» LF(u) = u.VF(u) — AF(u)
» Semi-group

P:F(x) = /n Fle tu+ V1 —e2ty) du(v)

» X = (X1, -+, Xn) where X, =Ornstein-Uhlenbeck process on
R

dXi(t) = =X (t)dt + V2d B (t)

| 2 D:v
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I Poisson distribution on N

» § =N, p=Poisson [}]
LF(n) = X(F(n+1)— F(n))+ n(F(n—1)— F(n))
X(t) = nb of occupied servers in M/M /oo
Dist. X(t) = Poisson[f(t, X(0))] where

v

v

v

O(t,n) =e ‘n+(1—e H)A

» Semi-group

= ftn()
;Fk) BT k!

DF(n) = F(n+1) — F(n)

v
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I Poisson point process

PPP over Y

» § = configuration space over Y
» p=dist. of PPP(M)
» Generator

LF(N) = /R+ FIN + ¢,) — F(w) dM(y)

+) F(N—e¢) — F(w)

yenN

» X : Glauber process
» Dist. X(t)=PPP((1— e *)\) + e *-thinning of the I.C.
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I Realization of a Glauber process

X(s)
Y
08 S s Time
» 51,55, -+ : Poisson process of intensity M(Y) ds

» Lifetimes : Exponential rv of param. 1
» Remark : Nb of particles ~ M/M /oo
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I Discrete gradient

Definition

D;F(N)=F(N +¢;)— F(N), forany 7 € Y
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I |htegration by parts

5 = D* defined by

E, [F 5*(G)] ~E, [/Y D.F G(r)dM(7)] .

4

For G deterministic,

5*6:/YG(T)(6N(T)—dM(T))

and D6*G = G.
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I Stein representation formula

Rubinstein distance between T*v and u

PsoF(x) — PoF(x) = /OOO LP:F(x)dt
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I Stein representation formula

Rubinstein distance between T*v and u
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I Stein representation formula

Rubinstein distance between T*v and p

/Spdu ~F(x) = /Ooo LP.F(x)dt
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I Stein representation formula

Rubinstein distance between T*v and u

/& Fdu - /S Fx) d(T")(x) = /% | tPerGose a0
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I Stein representation formula

Rubinstein distance between T*v and p

/qu /F(X d(T*) // LP,F(x)dt d(T*y)()

IPP on initial space

/Fd,u—/Fonl/ = // (LPPEYF) o T dv dt
§ ¢ ¢ Jo

y
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I Stein representation formula

Rubinstein distance between T*v and p

/qu /F(x d(T*v) // LPF(x)dt d(T*v)(x)

v

IPP on initial space

/Fd,u—/FonV:// DY((Pl'F)o T) dv dt
§ ¢ ¢JOo

+ Remainder

v
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B | ast steps

Commutation of gradients

[e.e]
/Fd,u—/Fonu:// DM(PF)o T dv dt
§ ¢ ¢Jo

+ Remainder + Remainder’
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B | ast steps

Commutation of gradients

e}
/qu—/FOTdV:// D*(P{'F)o T dv dt
§ ¢ ¢ JOo

+ Remainder + Remainder’

v

Intertwining

DHPIF = e (O plDHF
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I Example

Our settings

> P;: PPP of intensity tKon C C X
» f : dom f:C2/62—>Y

T(Z dx) = Z 02/(d-1) f(x,0) = (1)

xen (Xl,XQ)E’r];

» L : image measure of (tK)? by f

» M: intensity of the target Poisson PP
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B \ain result

Theorem (Two moments are sufficient)

L E|F(PPP(M))| — E|F(T*(PPP(tK))]
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B \ain result

Theorem (Two moments are sufficient)

L E[F(PPP(M))} - E[F(T*(PPP(tK))]

<dist7y(M, L) + 2(var&(Y) — E(Y))
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I \\Vhat we have to compute

Distance representation

dR(PPP(M), T*(PPP(tK)))
— awp (E /0°° /Y [PeF(E(n) +6,) — PF(E(n))] M(dy) dt

FeTV-Lip,

+E / ST PF(E() — by) — PeF(E() dt)

y€€(n)

v
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I Transformation of the stochastic integral

Bis repetita

dr(PPP(M). £(n))
— sp (/ [ [Per(etn) +,) — PeF(t)] MCay)at

FeTV-Lip,

L E / z [PF(E(n) — 8,) — PeF(E(n)] dt)

ye&(n

v

29/39 Institut Mines-Telecom Functional Stein’s method c




I Meccke formula

Mecke formula < IPP

E {Zf(y,@] =E [/Yf(y,CJrfSy)M(dY)]

y€e¢

is equivalent to

E [ | vy, C)M(dy)] - [U(C) | #6:0ty) ~ miay)

where

D, U(¢) = U(¢ +4y) — U(C)

— O




I Consequence of the Mecke formula

E, Y P:F(&(n) —6,) — PF(¢(n))

y€&(n)
= [ BPF(E) — P + S K. )

+ Remainder

0

v
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I Consequence of the Mecke formula

E, Y P:F(&(n) —dy) — PF(E())

y€&(n)
= /d ] E, [P:F(&(n)) — PeF(E(n) + 0f(xy.x0))] K2(d(x1, x2))

+ Remainder

O]

y

5(77) + 5f(X1,X2) 7é 5(77 + 5X1 + 6X2)
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I A bit of geometry

E(n+6x+6y)
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I A bit of geometry

E(m+6x+96y)

€+ 0x +8y) = &) + £« + 6y) + E(x, i n)
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B | ast step

dr(PPP(M),&(n))
~ sup (/ /EC[Pt (C+3,) = PF(O)] (M = L)(dy) dt

FeTV-Lip,

—|—Remainder>
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I A key property (on the target space)

Definition

D« F(C) = F(C+6x) — F(¢)
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I A key property (on the target space)

Definition

Dy F(¢) = F(C +6x) — F(C)

Intertwining property

For the Glauber point process

DyP:F(¢) = e *P:D«F(()
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I Consequence

/ooo / E¢[PF(C+6y) = PeF(C)] (M — L)(dy) dt
:/OOO/YEc[DyPtF(C)](M— L)(dy)dt
- /OOO e_t/YEdPrDyF(C)] (M — L)(dy)dt
< [ M-t

Functional Stein’s method



I Generic Theorem

dr(PPP(M)|jo 5 - £(n)

[O,a])
< drv(L, M) + 3 - 2871 (L)(Y) r(domf)

where
r(domf):=  sup  K<({(y1,...,yu_e) € XKE:
1<0<k—1,
(Xl,...,X,g)EXZ

(X1y- -y Xes Y1, -+, Yk—t) € domf})

v

36/39 Institut Mines-Telecom Functional Stein’s method &




I Example (cont’d)

dr(PPP(M)|jo 5 - £(n)

0.) < G t
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I Compound Poisson approximation

b 1
=5 3 Iyl yca
(xy)en; ,

Theorem (Reitzner-Schulte-Thale (2013) w.o. conv. rate)

Assume

t—
- $26b 10,

-
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I Compound Poisson approximation

b 1
=5 3 Iyl yca

(XaY)eNi¢

Theorem (Reitzner-Schulte-Thale (2013) w.o. conv. rate)

Assume

t—
- $26b 10,

» N ~ Poisson(rkq)/2)

-
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I Compound Poisson approximation

b 1
=5 3 Iyl yca

(XaY)eNi¢

Theorem (Reitzner-Schulte-Thale (2013) w.o. conv. rate)

Assume
> t2b LmiNS\
» N ~ Poisson(rkq)/2)

> (X;, i > 1) iid, uniform in By(\'/9)

-
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I Compound Poisson approximation

b 1
=5 3 Iyl yca

(XaY)eNi¢

Theorem (Reitzner-Schulte-Thale (2013) w.o. conv. rate)

Assume

t—
- $26b 10,

» N ~ Poisson(kq\/2)
> (X;, i > 1) iid, uniform in By(\'/9)
> Then

N
drU(PP9L, D TIIXIP) < el = A + e/
j=1

-
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