
Math 606, Summer 20261: Selfsimilar Processes; version of June 27, 2026

Notations.

(1) 1{·} — the indicator function for the event {·}.
(2) W = W (t) — standard Brownian motion.

(3)
d
= is equality of finite-dimensional distributions

(4)
L
= is a equality of distributions in a function space

Abbreviations

(1) iid: independent and identically distributed.

Homework problems

(1) Let Xn, n ∈ Z, be random variables and let an, n ∈ Z, be real numbers such that
∑

n |an| <
∞. For n ∈ Z, consider the series

∞∑
k=−∞

akXn−k

Confirm that (a) If supn E|Xn| < ∞, then the series converges absolutely with probability
one. [Direct computation]
(b) If supn E|Xn|2 <∞, then the series also converges in mean square, to the same limit.

[Here, to prove convergence, use the Cauchy criterion]
This is Proposition 3.1.1 in the book Time series: theory and methods by Peter J. Brockwell

and Richard A. Davis. [Second edition. Springer Series in Statistics. Springer-Verlag, New York,

1991. xvi+577 pp. ISBN: 0-387-97429-6]

Just a thought: if a sequence of random variables converges with probability one and
in L2, can the limits be different?

(2) Confirm that if x > 0, y > 0, r ∈ (0, 1), then (x+ y)r < xr + yr.
(3) Let X = X(t) be a self-similar process and X(t) is not identically equal to X(0). Explain

why the process X cannot be stationary.
(4) Let X = X(t), t ∈ R, be a process with stationary increments. Confirm that if X(0) = 0

then X(t) and −X(−t) have the same distribution.
(5) Let Z be a standard Gaussian random variable. Determine the values of the real number

r for which E|Z|r exits and compute the expectation for those r. Express your answer in
terms of the Gamma function

Γ(x) =

∫ +∞

0

tx−1e−tdt,

and simplify the answer when possible (for example, when r is a positive even number).

In particular, confirm that EZ4 = 3.
(6) Let X be a random variable with characteristic function φ(x) = e−|x|α , α ∈ (0, 2] and let Sn

be the sum of n independent copies of X.
(a) Confirm that φ is indeed a characteristic function if and only if α ∈ (0, 2].
(b) Determine the value of r so that nrSn has the same distribution as X.

(7) Let W = W (t), t ≥ 0, be a standard Brownian motions and let Y0 be a random variable
independent of W . Determine the numbers a and b and the distribution of Y0 so that the
processes

Y (t) = Y0 + a

∫ t

0

Y (s) ds+ bW (t), t ≥ 0,
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and

X(t) = e−tW
(
e2t − 1

)
, t ≥ 0,

are equal in distribution.
(8) For H > 0, construct an H-self-similar diffusion of the form

dX(t) = b
(
X(t)

)
dt+ σ

(
X(t)

)
dW (t), X(0) = 0,

and check if the corresponding equation has a unique strong solution. A possible reference
is Example 2 in the Lamperti paper.

(9) Let W = W (t), t ≥ 0, be a standard Brownian motion. Confirm that

lim
n→∞

n∑
k=1

(
W (kT/n)−W ((k − 1)T/n)

)2
= T

with probability one and in L2. Will you have the convergence in Lp for p > 2? What can
you say about the fluctuations

Fn =
n∑

k=1

(
W (kT/n)−W ((k − 1)T/n)

)2
− T

as n→ ∞?
(10) Investigate the previous problem if you make one or more of the following changes: (a)

Replace the standard Brownian motion with (i) a fractional Brownian motion; (ii) an
Ornstein-Uhlenbeck process; (iii) the solution X = X(t) of an ODE dX(t) = a(X(t))dt +
b(X(t))dW (t); (b) Replace the uniform partitions of [0, T ] with arbitrary partitions of van-
ishing size.

(11) LetWH be fractional Brownian motion with Hurst parameterH ∈ (0, 1). Then E
(
WH(t)WH(s)

)
=

|t− s|H , and the Fernique-Sudakov inequality2 immediately implies that the function H 7→
E sup0<t<1W

H(t) is decreasing in H. What can you say about the function

H 7→ E sup
0<t<T

WH(t)

for an arbitrary fixed T > 0? [Self-similarity of WH might allow the reduction to the case
T = 1.]

(12) (Equivalent traditional definitions of sub-Gaussian random variable) Let ξ be a random
variable. Confirm that the following conditions are equivalent;
(a) There is a c > 0 such that, for all t > 0, P(|ξ| > t) ≤ 2e−ct2 ;

(b) There is an r > 0 such that Eerξ2 <∞;
(c) There is a C > 0 such that, for all p > 0, E|ξ|p ≤ Cppp/2.
(d) There are A > 0 and q > 0 such that, for all s ∈ R,

Eesξ ≤ Aeqs
2+sµ, µ = Eξ;

(e) There is an M > 0 such that, for all n = 1, 2, . . .,

E max
1≤k≤n

(
|ξ1|, . . . , |ξn|

)
≤M

√
lnn,

where ξ1, . . . , ξn are iid copies of ξ − Eξ.
Establish relationships among the different constants [for example, it could be that c > r
must always hold, or something similar]. Is there anything special about the factor 2 on the
right hand side of the first condition?

2That is, for Gaussian processes, bigger covariance implies bigger expected value of the supremum
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(13) Let X1, X2, . . . be iid standard Cauchy. Define

Sn(t) =
1

n

⌊nt⌋∑
k=1

Xk, t ≥ 0.

Identify the limit of Sn, as n → ∞, in the suitable function space, by stating and proving
the corresponding theorem.

(14) Repeat the previous problem when Xk = 1/ξk and ξk are iid standard Gaussian. Then think
of a few other modifications or generalizations.

(15) Let ξk, k ≥ 1, be iid standard normal random variables. Confirm that each of the following
represents the standard Brownian motion W = W (t) on [0, T ]:

W (t) =
∞∑
k=1

ξkMk(t),

where Mk(t) =
∫ t

0
mk(s)ds and {mk, k ≥ 1} is an orthonormal basis in L2((0, T ));

W (t) =
√
2T

∞∑
k=1

ξk
sin
(
(k − (1/2))πt/T

)
π(k − (1/2))

,

which is the Karhunen-Loève representation/expansion of the standard Brownian motion.
(16) Repeat the previous problem with ξk, k ≥ 1, iid mean zero variance one, but not Gaussian.

What process will you get? Will the process be self-similar?
(17) Let W = W (t) and V = V (t), t ≥ 0, be two independent standard Brownian motions. For

t ∈ R, define B(t) = W (t)1{t≥0}+V (−t)1{t<0}. Confirm that 2E
(
B(t)B(s)

)
= |t|+|s|−|t−s|

for all t, s ∈ R. In particular, E
(
B(t)B(s)

)
= 0 if s < 0 < t and E

(
B(t)B(s)

)
= s if

t > s > 0. Will a similar construction work for fractional Brownian motion with H 6= 1/2?
(18) Let Hn = Hn(x), n ≥ 0, x ∈ R, be the (probability) Hermite polynomials (with H2(x) =

x2 − 1), and let W = W (t) be the standard Brownian motion. Confirm that, for every
n = 1, 2, . . .,∫ t

0

∫ sn

0

· · ·
∫ s2

0

dW (s1) · · · dW (sn−1) dW (sn) =
tn/2

n!
Hn

(
W (t)/

√
t
)
.

(19) Let (ξk)k≥1 be iid standard normal. Prove that, as n→ ∞, the sequence of random processes

Sn(t) =
1

n

⌊nt⌋∑
k ̸=m

ξkξm, t ≥ 0,

converge, in an appropriate sense, and identify the limit. Do you need ξk to be normal?
(20) Let ξn, n ≥ 1 be iid SαS(1) and let f = f(x) be a smooth odd function defined for all

x ∈ R. What are the possible limits, as n→ ∞, of the sequence

1

nr

⌊nt⌋∑
k=1

f(ξk)

for different values of r > 0? [Most probably, the non-trivial limit will exist for one particular
value of r, and this value can depend on α and on the function f . For example, if f is
bounded, then, regardless of α, r = 1/2 and the limit is Brownian motion.]

(21) Let ξn, n ≥ 1 be iid SαS and let f = f(x), x ∈ R, be a smooth function with f(0) = 0
and f ′(0) = 1, and let µ be a real number. What are the possible limits, as n → ∞, of the
sequence

⌊nt⌋∑
k=1

f

(
µ

np
+
ξk
nq

)
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for different values of r > 0? [Most probably, the non-trivial limit will exist only for certain
values of p, and q, and these values can depend on α and on the function f . For example,
if f is bounded and α = 2, then Taylor expansion shows that p = 1, q = 1/2 and the limit
is Brownian motion with drift.]

(22) Let X = X(t), t ∈ R and Y = Y (t), t ∈ R two independent processes, each with stationary
increments, and let U(t) = X

(
Y (t)

)
, t ∈ R.

(a) Is U always well-defined? If not, what additional assumptions on X and Y do you
need?
(b) If both X and Y are self-similar, what can you say about U?
For details, see the paper by Wim Vervaat: Sample path properties of self-similar processes with

stationary increments, Ann. Probab. 13 (1985), no. 1, 1–27, in particular, Theorem 6.1.

(23) Use a software package of your choice to plot the graph of the function

h(x) =
∞∑
k=1

sin
(
(k!)2x

)
k!

for x ∈ [0, 1], x ∈ [0, 0.1], x ∈ [0, 0.01], x ∈ [0, 0.001]. Would you consider the graph
self-similar, and, if yes, how would you quantify this selfsimilarity?

(24) Let ξk, k ≥ 1, be iid standard Gaussian. Use a software package of your choice to plot a
few sample paths of the random function

F (x) =
∞∑
k=1

ξk
sin
(
(k!)2x

)
k!

for x ∈ [0, 1], x ∈ [0, 0.1], x ∈ [0, 0.01], x ∈ [0, 0.001]. Would you consider the random
process x 7→ F (x) self-similar, and, if yes, how would you quantify this selfsimilarity? How
will the results change if, instead of Gaussian ξk, you take Cauchy?

(25) Use a software package of your choice to generate a few sample paths of a process X =
X(t), t ≥ 0, that is not a Brownian motion, but nonetheless has X(0) = 0, EX(t) = 0, and

E
(
X(t)X(s)

)
= min(t, s), t, s ≥ 0.

(26) Use a software package of your choice to plot3 a sample path (surface) for each of the
following zero-mean Gaussian fields on [0, 1] × [0, 1], defined by the covariance function
R(x,y), x = (x1, y1), y = (x2, y2):
(a) min(x1, x2) ·min(y1, y2) [Brownian sheet];

(b) min(x1, x2) ·
(
min(y1, y2)− y1y2

)
[Kiefer field];

(c)
(
min(x1, x2)− x1x2

)
·
(
min(y1, y2)− y1y2

)
;

(d)
|x|2H + |y|2H − |x− y|2H

2
, 0 < H < 1 [Lévy fractional Brownian field];

(e) Green’s function of the Dirichlet Laplacian [Gaussian free field].
Which of these fields are self-similar? Are the fields in parts (c) and (e) the same? [Hint:

No].
(27) In the previous problem, investigate regularity of the sample trajectories. For example,

trajectories of the Brownian sheet are Hölder continuous, and the trajectories of the Gaussian
free field are unbounded at every point.4

(28) Use a software package of your choice to generate a few sample paths of the symmetric α
stable Lévy process for α ∈ (0, 2).

3For this and other simulation problems, take a look at Stein, Michael L. Fast and exact simulation of fractional
Brownian surfaces. J. Comput. Graph. Statist. 11 (2002), no. 3, 587–599.

4It appears that these are the only two options for a Gaussian field: either continuous or unbounded at every
point; see if you can investigate this further.
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(29) Write your own program to generate sample paths of fractional Brownian motion with
given Hurst parameter H ∈ (0, 1). Then use the program to test your favourite statistical
procedure for estimating H.

(30) Draw a picture of your favorite fractal set in the plane.
(31) Consider the Stieltjes-Wigert weight function

φ(x) =
1√
π
e−(lnx)2 , x > 0.

(a) Confirm that

sn =

∫ +∞

0

xnφ(x)dx = e(n+1)2/4, n = 0, 1, 2, . . . .

(b) Confirm that ∫ +∞

0

xn sin(2π lnx)φ(x)dx = 0

for every n = 0, 1, 2, . . . and so the polynomials are not complete in L2((0,+∞), φ(x)dx).
(c) Confirm that the integral ∫ ∞

0

eaxφ(x)dx

diverges for every a > 0, but the integral∫ ∞

0

lnφ(x)

1 + x2
dx

and the series ∑
k≥1

1
2k
√
s2k

both converge.
(d) Give an example of a different function ψ = ψ(x) on (0,+∞) such that ψ(x) ≥ 0 and∫ +∞

0
xnφ(x)dx =

∫ +∞
0

xnψ(x)dx for all n = 0, 1, 2, . . ..
(e) LetX be a standard normal random variable, and let k be a positive integer. Show that

the random variable Xk is uniquely determined by its moments if and only if k = 1, 2, 4.
[Reference: C. Berg, The cube of a normal distribution is indeterminate, Ann. Probab.,
16(2), 910–913, 1988]

(32) Confirm that a stationary process has stationary increments [because the pair (X(t +
h), X(t)) has the same joint distribution as (X(h), X(0))], but not necessarily the other
way around [for example, standard Brownian motion]

(33) Assume that X = X(t), t ≥ 0, is a random process and there exists an H 6= 0 so that

X(at)
d
= aHX(t) for all a > 0 and t ≥ 0.

(a) Confirm that P
(
X(0) = 0

)
= 1. [Note that 0 = a · 0 so X(0)

d
= aHX(0). Now pass to

the limit a→ 0+ (if H > 0) or a→ +∞ (if H < 0)]. What goes wrong if X(t) = 1/|W (t)|?
[X is not defined for t = 0].
(b) In addition, assume that H > 0 and X has stationary increments. Confirm that X is

stochastically continuous. [Indeed, for h > 0 and t > h,

P
(
|X(t+ h)−X(t)| > ε

)
= P

(
|X(t)−X(t− h)| > ε

)
P
(
|X(h)−X(0)| > ε

)
= P

(
hH |X(1)| > ε

)
.

Now pass to the limit h→ 0.]
(34) Let Y H be fractional Gaussian noise, that is, Y H

n = WH(n + 1) −WH(n), n ≥ 0. Confirm
that

EY H
n+kY

H
n = H(2H − 1)k2H−2L(k),
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where L is a slowly varying function. Note that

EWH(k+1)WH(1) =
k2H

2

((
1+k−1

)2H
+k−2H−1

)
= Hk2H−1+

1

2
+
H(2H − 1)

2
k2H−2+O(k2H−3)

Key words and phrases

(1) Stochastic continuity
(2) Lamperti transformation
(3) Slowly varying and regularly varying functions
(4) Convergence to types lemma
(5) Lévy process
(6) Renormalization group
(7) Fractional integrals
(8) Volterra processes
(9) Multiple Wiener-Itô integrals
(10) Chaos spaces
(11) Rosenblatt process
(12) Hermite process
(13) Sub-Gaussian random variable and process
(14) Conditionally Gaussian processes
(15) SαS processes (other than Lévy)
(16) p variation of a function [classical] vs power variation [stochastic]
(17) Random environment vs random scenery
(18) Local time vs occupation time
(19) Hypercontractivity
(20) Langevin equation and Ornstein-Uhlenbeck process

Main results.

(1) For most practical purposes, self-similar (or selfsimilar) process is a stochastically continuous

process X = X(t) satisfying X(0) = 0 and X(a·) L
= aHX(·) for all a > 0 and some H > 0.

It gets a lot more interesting for multi-parameters processes and random fields.
(2) Long-range dependence, self-similarity, and heavy tails are related, but are not the same.
(3) Many familiar processes can be represented/described in different ways; each representation

can provide a more convenient way to study certain properties of the process and lead to a
new “natural” generalization.

(4) Stochastic continuity is almost necessary and sufficient to have a measurable modification
[cf. Theorem II.2.6 in Doob’s book (1953) and Theorem 1.1 in Veraart’s paper (1985)]

(5) There is an interesting phase diagram for processes that are both H-sssi and SαS.

Reflective questions for discussions.5

(1) What, if anything, can go wrong with the definition of self-similarity if we (a) Drop the as-
sumption of stochastic continuity? (b) Consider only one-dimensional marginals, as opposed
to arbitrary finite-dimensional? A related thought: the process t 7→ X(t), t ≥ 0, so that,
for each t, X(t) is standard Gaussian [or your other favorite random variable] and X(t) is
independent of X(s) for t 6= s, is self-similar of order 0.

(2) The definition of self-similarity requires equality of finite-dimensional distributions, as op-
posed to (much stronger) equality of distributions in the function space. Sometimes, we get
both. For example, if t 7→ W (t) is a standard Brownian motion, then so is t 7→ c−1/2W (ct)

5The idea is not mine, and neither are some of the questions. Suggestions for improvement could be part of the
discussion.
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for every c > 0. Is it always the case, at least for all the interesting examples of self-similar
processes? What difference can it make?

(3) What would you consider a natural definition of stable distribution of order 0? What kinds
of processes can it generate?

(4) Select a book on the topic and write a review, either in the spirit of Mathematical Reviews,
or following a more comprehensive approach of the Book Review section of the Bulletin of
the American Mathematical Society.

(5) Take one homework problem you have worked on this semester that you struggled to under-
stand and solve, and explain how (or if...) the struggle itself was valuable.

(6) What mathematical ideas are you curious to know more about as a result of taking this
class? Give one example of a question about the material that you would like to explore
further, and explain why you consider this question interesting.

(7) What three theorems did you most enjoy from the course, and why?
(8) Formulate a research question related to the course material that you would like to answer.
(9) Reflect on your overall experience in this class by describing an interesting idea that you

learned, why it was interesting, and what it tells you about doing or creating mathematics.
(10) Think of one particular proof [of a result related to the topic of this class] and share your

ideas about the ways you think the proof should be improved.
(11) If you were to write a textbook on the subject, what topics would you include, what topics

would you exclude, and why? How about a research monograph?

Further Thoughts.

(1) How to compute the Cameron-Martin expansion of an Hermite process?
(2) What is an SαS analog of an Hermite process? [In both cases, start with Rosenblatt].


