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The purpose of this paper is to introduce an elementary lemma which seems to be
ideally suited for handling questions about the path continuity of stochastic processes.
The lemma states that if Ψ is a nonnegative, even, measurable function of R into R
such that Ψ(+∞) = +∞, if p is a continuous even function on [−1, 1] such that p(0) =
0, and if both Ψ and p are non-decreasing on the right half line, then for any continuous

function f on [0, 1] satisfying
∫ 1

0

∫ 1

0
Ψ((f(t)− f(s))/p(t− s)) dsdt ≤ B, one has |f(t)−

f(s)| ≤ 8
∫ |t−s|
0

Ψ−1(4B/u2) dp(u), where Ψ−1 is the right-continuous inverse of Ψ. The
authors demonstrate the power of this result by using it to give a simple derivation of X.
Fernique’s conditions for continuity of Gaussian processes [C. R. Acad. Sci. Paris 258

(1964), 6058–6060; MR0164365]. They also use their lemma to prove the equivalence of
path continuity and uniform convergence of the Karhunen-Loéve expansion, although
this latter result does not really need any estimates since it is a consequence of Lévy’s
theorem for Banach space-valued independent random variables. Another application of
their lemma, not given by the authors, is an easy derivation of the Kolmogorov-Prohorov
criterion for weak compactness of probability measures on C([0, 1]). Indeed, if E[|x(t)−
x(s)|r]≤B|t− s|1+α for some α > 0, one need only take Ψ(u) = |u|r and p(u) = |u|γ , for
any 2/r < γ < (α+ 2)/r, in order to get an estimate of the form P (sup0≤s<t≤1 |x(t)−
x(s)|/|t− s|β ≥M) ≤ F (B, r, α, γ,M), where β = γ − 2/r and F (B, r, α, γ,M)→ 0 as
M →∞. D. W. Stroock
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