Fractional Brownian motion: stochastic calculus
and applications

David Nualart

Abstract. Fractional Brownian motion (fBm) is a centered self-similar Gaussian process with
stationary increments, which depends on a parameter H € (0, 1) called the Hurst index. In this
note we will survey some facts about the stochastic calculus with respect to fBm using a path-
wise approach and the techniques of the Malliavin calculus. Some applications in turbulence
and finance will be discussed.
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1. Introduction

A real-valued stochastic process X = {X;, ¢ > 0} is a family of random variables

Xl‘: Q—-R
defined on a probability space (2, ¥, P). The process X is called Gaussian if
forall0 < #; < tp < --- < t, the probability distribution of the random vector
(X4 ..., X;,) on R" is normal or Gaussian. From the properties of the normal

distribution it follows that the probability distribution of a Gaussian process is entirely
determined by the mean function E(X;) and the covariance function

Cov(X;, Xy) = E((X; — E(X))(Xs — E(X))),

where [E denotes the mathematical expectation or integral with respect to the proba-
bility measure P.

One of the most important stochastic processes used in a variety of applications is
the Brownian motion or Wiener process W = {W;, t > 0}, whichis a Gaussian process
with zero mean and covariance function min(s, ¢). The process W has independent
increments and its formal derivative d;‘t/’ is used as input noise in dynamical systems,
giving rise to stochastic differential equations. The stochastic calculus with respect
to the Brownian motion, developed from the works of 1td in the forties, permits to

formulate and solve stochastic differential equations.
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Motivated from some applications in hydrology, telecommunications, queueing
theory and mathematical finance, there has been a recent interest in input noises with-
out independent increments and possessing long-range dependence and self-similarity
properties. Long-range dependence in a stationary time series occurs when the co-
variances tend to zero like a power function and so slowly that their sums diverge. The
self-similarity property means invariance in distribution under a suitable change of
scale. One of the simplest stochastic processes which is Gaussian, self-similar and it
has stationary increments is fractional Brownian motion, which is a generalization of
the classical Brownian motion. As we shall see later, the fractional Brownian motion
possesses long-range dependence when its Hurst parameter is larger than 1/2.

In this note we survey some properties of the fractional Brownian motion, and de-
scribe different methods to construct a stochastic calculus with respect to this process.
We will also discuss some applications in mathematical finance and in turbulence.

2. Fractional Brownian motion

A Gaussian process B = {BtH ,t > 0} is called fractional Brownian motion (fBm)
of Hurst parameter H € (0, 1) if it has mean zero and the covariance function

1
E(BYBH) = Ry (1, s) = 5(SZH + 12— |t —s2H). 2.1

This process was introduced by Kolmogorov [25] and studied by Mandelbrot and
Van Ness in [30], where a stochastic integral representation in terms of a standard
Brownian motion was established. The parameter H is called Hurst index from the
statistical analysis, developed by the climatologist Hurst [24], of the yearly water
run-offs of Nile river.

The fractional Brownian motion has the following properties.

1. Self-similarity: For any constant a > 0, the processes {a ! Bg, t > 0} and
{BH,t > 0} have the same probability distribution. This property is an imme-
diate consequence of the fact that the covariance function (2.1) is homogeneous
of order 2H, and it can be considered as a “fractal property” in probability.

2. Stationary increments: From (2.1) it follows that the increment of the process
in an interval [s, 7] has a normal distribution with zero mean and variance

E((BF — BF)?) = |t —s*H. (2.2)

Hence, for any integer k > 1 we have

COI

E((Bf — BI)*) = okt

(2.3)
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Choosing k such that 2Hk > 1, Kolmogorov’s continuity criterion and (2.3) imply
that there exists a version of the fBm with continuous trajectories. Moreover, using
Garsia—Rodemich—Rumsey lemma [19], we can deduce the following modulus of
continuity for the trajectories of fBm: For all ¢ > 0 and T > 0, there exists a
nonnegative random variable G, 7 such that E(|G, r|?) < oo for all p > 1, and,
almost surely,

|Bf — BF| < Gerlt —s177¢,

for all s,¢ € [0, T]. In other words, the parameter H controls the regularity of the
trajectories, which are Holder continuous of order H — ¢, for any ¢ > 0.

For H = 1/2, the covariance can be written as Ry/2(¢, s) = min(s, ¢), and the
process B'/? is an ordinary Brownian motion. In this case the increments of the
process in disjoint intervals are independent. However, for H # 1/2, the increments
are not independent.

Set X,, = Bf —Bf_l, n > 1. Then {X,,, n > 1} is a Gaussian stationary sequence
with unit variance and covariance function

1
() = = (D> 4 = 1) —2071)
~ HQH — 1)n*f1=2 = 0,

as n tends to infinity. Therefore, if H > %, pu(n) > 0 for n large enough and
> > pu(n) = oco. We say that the sequence {X,,n > 1} has long-range depen-
dence. Moreover, this sequence presents an aggregation behavior which can be used
to describe cluster phenomena. For H < % pr(n) < O for n large enough and
Z;’lozl lpog(n)| < oo. In this case, {X,,n > 1} can be used to model sequences with
intermittency.

2.1. Construction of the fBm. In order to show the existence of the fBm we should
check that the symmetric function Ry (¢, s) defined in (2.1) is nonnegative definite,
that is,

n
Z a,-ajRH(t,-, tj) >0 2.4)
i,j=1
for any sequence of real numbers a;, i = 1,...,n and for any sequence #; > O.

Property (2.4) follows from the integral representation
1 1 1
Bl = —— f ((t =)HT2 — (=) 2] aw;, (2.5)
=G S| Jaws

where {W(A), A Borel subset of R} is a Brownian measure on R and

1
Ci(H) = (/0 (14 )" — sH3)2ds ¢ %)
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obtained by Mandelbrot and Van Ness in [30]. The stochastic integral (2.5) is well
defined, because the function f;(s) = ((t — s)+)H_% — ((—s)+)H_%, seRt>0
satisfies fR fi(s)?ds < oo. On the other hand, the right-hand side of (2.5) defines a
zero mean Gaussian process such that

E((B/")?) = *"
and
E(Bf — BF)?) = —s)*"

which implies that B is an fBm with Hurst parameter H.

2.2, p-variation of the fBm. Suppose that X = {X;, r > 0} is a stochastic process
with continuous trajectories. Fix p > 0. We define the p-variation of X on an interval
[0, T'] as the following limit in probability:

lim Z\X}T — X - 1)T|

n—oo
j=1
If the p-variation exists and it is nonzero a.s., then for any ¢ > p the g-variation is
zero and for any g < p the g-variation is infinite. For example, the 2-variation (or
quadratic variation) of the Brownian motion is equal to the length of the interval T.
Rogers has proved in [40] that the fBm B has finite 1/H -variation equals to cpT,
where ¢, = E(|B ff |7). In fact, the self-similarity property implies that the sequence

: 1/H
Z|Bj B(; DT /
j=1

n

has the same distribution as

_Z|BH BH l/H’

and by the Ergodic Theorem this converges in L' () and almost surely to E(| Bfl IP)T.

As aconsequence, the fBm with Hurst parameter H # 1/21is nota semimartingale.
Semimartingales are the natural class of processes for which a stochastic calculus can
be developed, and they can be expressed as the sum of a bounded variation process
and a local martingale which has finite quadratic variation. The fBm cannot be a
semimartingale except in the case H = 1/2 because if H < 1/2, the quadratic
variation is infinite, and if H > 1/2 the quadratic variation is zero and the 1-variation
is infinite.
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Let us mention the following surprising result proved by Cheridito in [8]. Suppose
that {B,H, t > 0} is an fBm with Hurst parameter H € (0, 1), and {W;, ¢t > 0} is an
ordinary Brownian motion. Assume they are independent and set

M, = BE +w,.

Then {M,,t > 0} is not a semimartingale if H € (0, %) U (%, %], and it is a semi-
martingale, equivalent in law to a Brownian motion on any finite time interval [0, 7],
if H e (3,1).

The 1/ H-variation of Wick stochastic integrals with respect to the fractional Brow-
nian motion with parameter H > 1/2 has been computed by Guerra and Nualart

in [20].

3. Stochastic calculus with respect to the fBm

The aim of the stochastic calculus is to define stochastic integrals of the form

T
/ u, dBJ, (3.1)
0

where u = {u;, t € [0, T]}is some stochastic process. If u is a deterministic function
there is a general procedure to define the stochastic integral of u# with respect to a
Gaussian process using the convergence in L?(2). We will first review this general
approach in the particular case of the fBm.

3.1. Integration of deterministic processes. Consider an fBm B = {BH,t > 0}
with Hurst parameter H € (0, 1). Fix a time interval [0, T'] and denote by & the set
of step functions on [0, T']. The integral of a step function of the form

m
¢r = Z ajl(tj_l,tj](t)
j=1

is defined in a natural way by

T m
H H H
/0 pdB! = a;(BI — B/ ).
j=1

We would like to extend this integral to a more general class of functions, using the
convergence in L%(R). To do this we introduce the Hilbert space #€ defined as the
closure of & with respect to the scalar product

(110,11, Lj0,51)7¢ = Ru (t, s).
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Then the mapping ¢ —> fOT ord B,H can be extended to a linear isometry between J¢
and the Gaussian subspace Hr (BHYof L2(Q2, ¥, P) spanned by the random variables
{BH .t €10, T]}. We will denote this isometry by ¢ — B (¢).

We would like to interpret B (¢) as the stochastic integral of ¢ € Hy(B) with
respect to B and to write B (¢) = fOT ord BtH . However, we do not know whether
the elements of #f can be considered as real-valued functions. This turns out to be
true for H < %, but is false when H > % (see Pipiras and Taqqu [38], [39]). We state
without proof the following results about the space #€.

3.1.1. Case H > % In this case the second partial derivative of the covariance
function

0*Ru 2H-2
=oaglt—=s R
atas | |

where oy = H(2H — 1), is integrable, and we can write

t s
Ry(t,s) = aH/ / Ir —u* =2 dudr. (3.2)
0 JO

Formula (3.2) implies that the scalar product in the Hilbert space # can be written as

T T
0 Vg = an / / I — uP" 2, dudr (3.3)
0 0

for any pair of step functions ¢ and v in §.

As a consequence, we can exhibit a linear space of functions contained in # in the
following way. Let |#| be the Banach space of measurable functions ¢: [0, T] - R
such that

T T
||(P||\2;g| = OlH/ / Ir — ul** 2|g,|lgu| dudr < oco.
0 0

It has been shown in [39] that the space |#| equipped with the inner product (-, -) 7
is not complete and it is isometric to a subspace of . The following estimate has
been proved in [31] using Holder and Hardy—Littlewood inequalities.

Lemma 3.1. Let H > 4 and ¢ € L7 ([0, T)). Then

lollizer < ballell (3.4)

1 9
LH(0,T])
for some constant by .

Thus we have the embeddings

L2([0, T]) C L7 ([0, T]) C |#| C X,
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and Wiener-type integral fOT ¢:d By can be defined for functions ¢ in the Banach
space | #|. Notice that we can integrate more functions that in the case of the Brownian
motion, and the isometry property of the Itd stochastic integral is replaced here by the
formula

T 2 T T
E((/ gotdB,H)>=aHf / I — 4P 20,0, dudr = |-
0 0 0

1_
3.1.2. Case H < % In this case, one can show that J = Iﬁ_H(LZ([O, T1))

1_
(see [14] and Proposition 6 of [2]), where 17%_ H is the right-sided fractional integral
operator defined by

H-1 1 T 3
I (1) = —/ (s — )1 2¢, ds.
! r(H—3) /i )

This means that # is a space of functions. Moreover the norm of the Hilbert space
J€ can be computed as follows:

ro. 1 g _1 2
lol% = & /O 1221 (D27 (1Y) (s) ds, (3.5)

1
. . >—H . . . . .
where cp is a constant depending on H and D;._ " is the right-sided fractional deriva-

. i-H . . H-1 . .
tive operator. The operator D;_ " is the inverse of I, *, and it has the following
integral expression:

1- 1 ¢r 1 T o =g
D2 o) = < +(——H>/ —d). 3.6
O R\ i 2 oo )

The following embeddings hold:

CY(0,T]) c # c LYH o0, T

foranyy > H— % The firstinclusion is a direct consequence of formula (3.6), and the
second one follows from Hardy—Littlewood inequality. Roughly speaking, in this case
the fractional Brownian motion is more irregular than the classical Brownian motion,
and some Holder continuity is required for a function to be integrable. Moreover the
computation of the variance of an integral using formula (3.5) is more involved.

3.2. Integration of random processes. Different approaches have been used in the
literature in order to define stochastic integrals with respect to the fBm. Lin [26]

and Dai and Heyde [13] have defined a stochastic integral fOT u;dBH as limit in L?

of Riemann sums in the case H > % The techniques of Malliavin calculus have

been used to develop the stochastic calculus for the fBm starting from the pioneering
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work of Decreusefond and Ustiinel [14]. We refer to the works of Carmona and
Coutin in [7], Alos, Mazet and Nualart [1], [2], Alos and Nualart [3], and the recent
monograph by Hu [21], among others. We will first describe a path-wise approach
based on Young integrals.

3.2.1. Path-wise approach. We can define fOT u; dBH using path-wise Riemann—
Stieltjes integrals taking into account the results of Young in [43]. In fact, Young
proved that the Riemann-Stieltjes integral fOT fidg: exists, provided that
f, g: [0, T] — R are Holder continuous functions of orders @ and g witha + g8 > 1.
Therefore, if u = {u;,t € [0, T]} is a stochastic process with y-Holder continuous
trajectories, where y > 1 — H, then the Riemann—Stieltjes integral fOT u; dBJ! exists

path-wise. That is for any element @ € €2, the integral fOT uy(w)d BtH (w) exists as the
point-wise limit of Riemann sums. In particular, if H > 1/2, the path-wise Riemann—
Stieltjes integral fOT F(BH)dB[ exists if F is a continuously differentiable function.
Moreover the following change of variables formula holds:

t
o (Bl = cp(0)+/ F(BHyaBH (3.7)
0

ifd' =F.
In the case zlt < H < % , there is a path-wise approach to the stochastic integrals
of the form

T
/ FBFydBl
0

using the theory of rough paths analysis introduced by Lyons in [27] (see also [28]).
This theory has allowed Coutin and Qian [12] to show the existence of a solution and to
prove the convergence of the Wong—Zakai approximations for stochastic differential
equations driven by an fBm with Hurst parameter H € (1, 1).

Nevertheless, unlike the case of the It6 stochastic integral with respect to the
Brownian motion, the path-wise integral fOT F (B,H )d BtH does not have zero mean
and there is no easy formula for its variance. We are going to explain how the
techniques of Malliavin calculus allow us to compute the mean and the variance of
this integral.

3.3. Malliavin calculus for the fBm. Let B = {BtH ,t > 0} be an fBm with
Hurst parameter H € (0, 1). The process B is Gaussian and we can develop the
corresponding stochastic calculus of variations or Malliavin calculus. The Malli-
avin calculus is an infinite dimensional differential calculus introduced by Malliavin
in [29] to provide a probabilistic proof of Hormander hypoellipticity theorem. The
basic operators of Malliavin calculus are the derivative operator D and its adjoint the
divergence operator §. We refer to Nualart [32] and [33] for a detailed account of the
Malliavin calculus and its application in the framework of the fBm.
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Fix a time interval [0, T']. Let 4 be the set of elementary random variables of the
form

F=fBY@),...., B (gn)), (3.8)

where n > 1, f € C;°(R") (f and all its partial derivatives have polynomial growth
order), and ¢; € F.

The derivative operator D of an elementary random variable F' of the form (3.8)
is defined as the #¢-valued random variable

.9
DF — Z a_i(BH(@), s BT (o).
i=1

The following integration-by-parts formula holds.

Lemma 3.2. Let F be an elementary random variable of the form (3.8). Then, for
any ¢ € ¥ we have

E(DF, ) ) = E(FB" (¢)). (3.9

Proof. First notice that we can normalize Eq. (3.9) and assume that the norm of ¢ is
one. There exist orthonormal elements of #, ey, ..., e,, such that ¢ = ¢y and F is
an elementary random variable of the form

F = f(BH(el), Ceey BH(en)),

where f isin C;O (R™). Let ¢ (x) denote the density of the standard normal distribution
on R”, that is,

n 1
b0 =Cm) Fexp( -5 Y x?).
Then we have

f

E(DF, ¢) %) = / S (D0 dx
R 0X]

=/ F(x)p(x)x; dx

=E(FB" (e)) = E(FB" (9)),

which completes the proof of the lemma. |

As a consequence, if F and G are elementary random variables and i € #, then
we have

E(G(DF, h) %) = E(—F(DG, h) 3% + FGB (h)). (3.10)
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Formula (3.10) implies that the derivative operator D is a closable operator from
LP(Q) into LP(S2; #), for any p > 1. We denote by he Sobolev space D!? is the
closure of 4 with respect to the norm

IFl1,, = [E(IFI?) +E(IDF |51V

One can interpret D!>? as an infinite-dimensional weighted Sobolev space.

The divergence operator § is the adjoint of the derivative operator. That is, we
say that a random variable u in L?(2; #) belongs to the domain of the divergence
operator, denoted by Dom &, if

[ECDF, u)ge)| < cullFllp 2
for any F € 4. In this case §(u) is defined by the duality relationship
E(F8(u)) =E(DF, u)g), (3.11)

for any F € D2,

For example, consider an elementary #¢-valued random variable of the form u =
Y i Feyk, where Fy € D2 and ¢ € H. Then, u belongs to the domain of the
divergence and from (3.10) we deduce

) =Y [FeBY (@) — (DFe, oi) se). (3.12)
k=1

The expression F.BH (o) — (D Fg, @x) g is called the Wick product of the random
variables Fy and B (¢;) and it is denoted by

F © B (o) = Fi B (91) — (DFy, i) 3. (3.13)

With this notation (3.12) can be written as

Su) =Y Fc OB (1)
k=1

We will make use of the notation
T
8(u) = / u; O dBHE,
0

when u is a stochastic process in the domain of the divergence operator.
Here are some basic formulas of the Malliavin calculus which hold for any ele-
mentary random variables F' and u.

E3w)*) = E(ull3e) + E(Du, (Du)*) seex), (3.14)
8(Fu) =Fé(u) — (DF, u) g, (3.15)
(D)), h)ge = (u, h) 3¢ +5((Du, h)5), (3.16)
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where (Du)* is the adjoint of Du in the Hilbert space # ® J€. Equation (3.14) holds
for any u in the Sobolev space D!2(#) of #-valued random variables and it implies
that D'2(#) c Dom§ . Equation (3.15) holds if F' € Dh2, belongs to the domain
of 6 and Fu and Fd(u) + (DF, u) g are square integrable. Finally, the commutation
relation (3.16) holds for any & € # and u € D'2(#) such that §(u) € D2

In case of an ordinary Brownian motion, the adapted processes in L2([0, T] x )
belong to the domain of the divergence operator, and on this class of processes the
divergence operator coincides with the Itd stochastic integral (see Nualart and Par-
doux [34]). Actually, the divergence operator coincides with an extension of Itd’s
stochastic integral introduced by Skorohod in [42]. This is a consequence of formula
(3.13), because if ¢ = 1j4 5] and Fy is a random variable measurable with respect

to the o-field generated by {Btl/z, t < ai}, then (D Fi, 114, b)) 120,77 = O, and the

Wick product of Fi and B;k/ 2 B;k/ % s equal to the ordinary product. Notice here

that the random variables Fj, and ng/ 2_ Bék/ 2 are independent.

3.4. Wick integrals with respect to the fBm. A natural question in this framework
is to ask in which sense the divergence operator with respect to a fractional Brown-
ian motion B can be interpreted as a stochastic integral. The following proposition
provides an answer to this question.

Proposition 3.3. Fix a time interval [0, T]. Let F be a function of class C' such
which satisfies, together with F', the growth condition

[F(0)] < e, (3.17)
1

4T2H"
F (B,H ) belongs to the domain of the divergence operator and

where c and A are positive constants such that \ < Suppose that H > % Then,

T T T
f F(BH) o aBH :/ F(BHydBH —H/ F'BH = ar,  (3.18)
0 0 0

where fOT F (BIH )d B,H is the path-wise Riemann—Stieltjes integral.

Remarks. 1. Formula (3.18) leads to the following equation for the expectation of a
path-wise integral:

T T
E([ F(B,’*)dBﬁ) = H/ E(F'(Bf)*1= dr.
0 0

2. Suppose that F is a function of class C? such that F, F’ and F” satisfy the
growth condition (3.17). Then, (3.18) and (3.7) yield

T T
F(BY) = F(O)—|—/O F’(B,H)<>dBtH+H/O F'BEYH= 4, (3.19)

which can be considered as an [t6 formula for the Wick integral.
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Proof of Proposition 3.3. Sett; = % Then formula (3.13) yields
n
S FBH o B -8 )—ZF(B DB — Bl

_ Z<D(F(B,i’{l)), 1 1) e

We have, using the chain rule and DB}’ = 1j0,,,_,),

(D(F(BJ" ). 1) se = F'(BY )00 1y ) ¢
= F' (B )(Ru(ti-1. 1) — Ru(ti—1. ti-1)

1
= S F' B @)™ = @0 = (=16,

Then it suffices to take the limit as n tends to infinity. The convergences are almost
surely and in L2(). O

As an application of Proposition 3.3 we will derive the following estimate for the
variance of the path-wise stochastic integral of a trigonometric function.

Proposition 3.4. Let BY be a d-dimensional fractional Brownian motion with Hurst
parameter H > 1/2. Then for any & € R¢ we have

o 2
E(H/ (6B g pH
0

C

) < CUAETD), (3.20)

where ||z|lc = Z?:l 77" and C is a constant depending on T, d and H.

Proof. From (3.18) we get
T o T oy r e pH
/ 6B gpH =/ B0 & aBH +H/ i EBO A g (3.21)
0 0 0

We denote by mg (x) = x — | 5‘2 (€, x) the projection operator on the orthogonal sub-
space of &. Clearly

T T .
f 6B gpH — ﬂg(f e‘@’BIPI)dBﬂ) + é%(e‘@’B;’) 1), (322
0 0

and, as a consequence, it suffices to show the estimate (3.20) for the first summand in
the right-hand side of (3.22). From (3.21) it follows that

L L
Z:= m;(/o e 6:Bi >dBtH) :ng</0 el &:Bi ><>dBtH>.
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Then we need to compute the expectation of the square norm of the C3-valued ran-
dom variable Z. This is done using the duality relationship (3.11) and the commuta-
tion formula (3.16). The composition of the projection operator ng and the derivative

operator D vanishes on a random variable of the form ¢/ BfY), Hence, only the

first term in the commutation formula (3.16) applied to u; = ¢! B/") will contribute
to E(||Z||C) and we obtain

d I
E(1ZI2) =Y EZ/Z)

j=1

Sj)z —i Hy H
Z( " ) E((e 168", (65N )

=1

(d—l)OlH/ / ¢l (6B =B/ >)Is—rlw_zdsdr

PR e 2H-2
= - l)aH/ / 1€ |s —r|“" ~° dsdr,
0 0

which leads to the desired estimate. |

Proposition 3.3 also holds for H € (%, %] if we replace the path-wise integral

in the right-hand side of (3.18) by the Stratonovich integral defined as the limit in
probability of symmetric sums

T n
) 1
/0 FBMdB = lim 5 S[F(B{Lyr) + FBID](BE - BiLr).
i 1 n n
For H = 1/2 the Wick integral appearing in Equation (3.18) is the classical It6
integral and it is the limit of forward Wick or ordinary Riemann sums:

T n
/()F(B,I/Z)OdB = lim ZF(B&)O(B%Z—B%)T)

- im 3 (B (8~ Bl

Nevertheless, for H < 1/2 the forward Riemann sums do not converge in general.
For example, in the simplest case F(x) = x, we have, with the notation t; = %

<zn:(Bz, 1(Bt1;1 B, 1))> Zn: [tz'ZH - ttzfl — (i - ti—1)2H]
i=l1 i

t:l

_ 1T2H(1 _ plm2H

— —00,
2

as n tends to infinity.
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The convergence of the forward Wick Riemann sums to the forward Wick integral
in the case H € (%, %) has been recently established in [36] and [5]. More precisely,
the following theorem has been proved in [36].

Theorem 3.5. Suppose H € (%, %) and let F be a function of class C” such that F
together with its derivatives satisfy the growth condition (3.17). Then, the forward
Wick integral

T n
| P odBs = im S F(BLL) © (8~ BLy)
i=1 " "

exists and the Wick—Ito formula (3.19) holds.

More generally, we can replace the fractional Brownian motion B by an arbitrary
Gaussian process {X;,t > 0} with zero mean and continuous covariance function
R(s,t) = E(XsX;). Suppose that the variance function V; = E(X,Z) has bounded
variation on any finite interval and the following conditions hold for any 7' > 0:

Jim 3 (B((X — Xaonr) (Xir - X(jfnm)))2 0, (3.23)
ij=1
n
lim Y sup (E((Xir — Xanr)X/))* = 0. (3.24)
n— o0 1 OSl‘fT n n

Then it is proved in [36] that the forward Wick integral fOT F(X;) & dX; exists and
the following version of the Wick—Itd formula holds:

T 1 T
F(X7) = F(X0) +/ F'(X)<OdX, + 5/ F"(X)dV,.
0 0

4. Application of fBm in turbulence

The observations of three-dimensional turbulent fluids indicate that the vorticity field
of the fluid is concentrated along thin structures called vortex filaments. In his book
Chorin [10] suggests probabilistic descriptions of vortex filaments by trajectories of
self-avoiding walks on a lattice. Flandoli [17] introduced a model of vortex filaments
based on a three-dimensional Brownian motion. A basic problem in these models is
the computation of the kynetic energy of a given configuration.

Denote by u(x) the velocity field of the fluid at point x € R>, and let £ = curlu
be the associated vorticity field. The kynetic energy of the field will be

= l/ |u(x)|2dx = i/ Ma’xdy. 4.1)
2 Jgs 8 Jr3 Jr3  |x — V|
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We will assume that the vorticity field is concentrated along a thin tube centered
inacurve y = {y4,0 <t < T}. Moreover, we will choose a random model
and consider this curve as the trajectory of a three-dimensional fractional Brownian
motion B = {BH ,0 <t < T} with Hurst parameter H. That is, the components of
the process B! are independent fractional Brownian motions. This modelization is
justified by the fact that the trajectories of the fractional Brownian motion are Holder
continuous of any order H € (0, 1). For technical reasons we are going to consider
only the case H > %

Then the vorticity field can be formally expressed as

T .
E(x) = r/ (/ S(x—y— Bf’)des>p @y, 4.2)
R3 0

where I is a parameter called the circuitation, and p is a probability measure on R>
with compact support.

Substituting (4.2) into (4.1) we derive the following formal expression for the
kinetic energy:

H=/ / Hyyp(dx)p(dy), (4.3)
R3 JR3

where the so-called interaction energy Hl,y is given by the double integral

23 (7T 1 H,i jpH,i
H,y = — / / dBH-iaB/"". (4.4)
Y 871; o Jo Ix+BIl—y—BH T !

We are interested in the following problems: Is H a well defined random variable?
Does it have moments of all orders and even exponential moments?

In order to give a rigorous meaning to the double integral (4.4) we introduce the
regularization of the function | - |-

on=1-1""% pi/m, (4.5)

where py,, is the Gaussian kernel with variance % Then the smoothed interaction
energy

T T )
(/ on(x + B —y — BH) dBSH”> dB[ (4.6)
1 0 0

is well defined, where the integrals are path-wise Riemann—Stieltjes integrals. Set
w = [ [ . @)
R3 JR3

The following result has been proved in [35].
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Theorem 4.1. Suppose that the measure p satisfies

/RS fR x — ¥ p(dx)p(dy) < oo. 438)

Let Hﬁy be the smoothed interaction energy defined by (4.5). Then H" defined in (4.7)

converges, forallk > 1, in L*(2) to a random variable H > 0 that we call the energy
associated with the vorticity field (4.2).

If H = the fBm B¥ is a classical three-dimensional Brownian motion. In

= 2,
this case condition (4.8) would be fR3 fR3 lx — y|™ l,o(dx),o(dy) < 00, which is
the assumption made by Flandoli [17] and Flandoli and Gubinelli [18]. In this last
paper, using Fourier approach and Itd’s stochastic calculus, the authors show that
E(e ™) < oo for sufficiently small negative .

The proof of Theorem 4.1 is based on the stochastic calculus with respect to fBm

and the application of Fourier transform. Using Fourier transform we can write

Izl /( |§|2 @

0, (x) = /RS &2t EXI—IER/2n e (4.9)

and

Substituting (4.9) into in (4.6), we obtain the following formula for the smoothed

interaction energy:
e~ 1§17/2n o
E)H—Bt y—By) dB; J g
1§12 t

— i vy —£]2
o fR P2 IR 2 g, (4.10

where

T "
Ye =/ 6B gpH,
0

Integrating with respect to p yields

r? D2~
Hn=§/]Rz 1Y IE 16172 15&) P /2ag > 0. (4.11)

From Fourier analysis and condition (4.8) we know that

ff|x—y|‘—f5p<dx>p<dy>=cﬂf BEPIETdE <00, (4.12)
R3 JR3 R3
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Then, taking into account (4.12) and (4.11), in order to show the convergence in LK(Q)
of H" to a random variable H > 0 it suffices to check that

E(IYelZ) < C(1 A EFF2), (4.13)

For k = 2 this has been proved in Proposition 3.4. The general case k > 2 follows
by similar arguments making use of the local nondeterminism property of fBm (see
Berman [4]):

Var( 3B = BI) = ki Y1 = 50,

S. Application to financial mathematics

Fractional Brownian motion has been used to describe the behavior to prices of assets
and volatilities in stock markets. The long-range dependence self-similarity prop-
erties make this process a suitable model to describe these quantities. We refer to
Shiryaev [41] for a general description of the applications of fractional Brownian mo-
tion to model financial quantities. We will briefly present in this section two different
uses of fBm in mathematical finance.

5.1. Fractional Black and Scholes model. It has been proposed by several authors
to replace the classical Black and Scholes model which has no memory and is based on
the geometric Brownian motion by the so-called fractional Black and Scholes model.
In this model the market stock price of the risky asset is given by

2
S; = Spexp (Mt + JB,H — %t”I), (5.1

where BY is an fBm with Hurst parameter H, j is the mean rate of return and o > 0
is the volatility. The price of the non-risky assets at time 7 is ¢’’, where r is the interest
rate.

Consider an investor who starts with some initial endowment Vy > 0 and invests
in the assets described above. Let o; be the number of non-risky assets and let 8; the
number of stocks owned by the investor at time ¢. The couple (oy, B;), t € [0, T] is
called a portfolio and we assume that «; and B; are stochastic processes. Then the
investor’s wealth or value of the portfolio at time ¢ is

Vi = Olten + B St

We say that the portfolio is self-financing if

t t
Vi =V + r/ age’Sds —i—/ BsdSs. (5.2)
0 0
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This means that there is no fresh investment and there is no consumption. We see here
that the self-financing condition requires the definition of a stochastic integral with
respect to the fBm, and there are two possibilities: path-wise integrals and Wick-type
integrals.

The use of path-wise integrals leads to the existence of arbitrage opportunities,
which is one of the main drawbacks of the model (5.1). Different authors have
proved the existence of arbitrages for the fractional Black and Scholes model (see
Rogers [40], Shiryaev [41], and Cheridito [9]). By definition, an arbitrage is a self-
financing portfolio which satisfies Vo =0, V7 > 0and P(Vr > 0) > 0.

In the case H > % one can construct an arbitrage in the following simple way.
Suppose, to simplify, that u = r = 0. Consider the self-financing portfolio defined
by

ﬂl‘ ZSI‘_SOa

t
oy = / BsdSs — Bt S;.
0

This portfolio satisfies Vo = 0 and V; = (S; — So)? > 0 forall # > 0, and hence it is
an arbitrage.

In the classical Black and Scholes model (case H = %), there exists an equivalent
probability measure Q under which u = r and the discounted price process S, =
e~ "' S, isamartingale. Then, the discounted value of a self-financing adapted portfolio
satisfying Eg ( fOT ,Bszgszds) < oo is a martingale on the time interval [0, T'] given by
the It6 stochastic integral

t
Vi=W —I—f Bsd S;.
0

Asaconsequence, V; = e (T—=1) Eo (Vr|#:), and the price of an European option with
payoff G at the maturity time T is given by e (T ~/ )EQ(G|}',). The probability O
is called the martingale measure. In the case H # %, there exist an equivalent

probability Q under which © = r and S; = Spexp(o BIH — %tZH ) has constant
expectation. However, e "' S, is not a martingale under Q.

The existence of arbitrages can be avoided using forward Wick integrals to define
the self-financing property (5.2). In fact, using the Wick—It6 formula in (5.1) yields

dS; = uS,dt +oS, O dBl,
and then the self-financing condition (5.2) could be written as

t t
Vi=W —l—/ (rage”™ + uBsSs)ds + 0'/ Bs Ss OdBAf{.
0 0

Applying the stochastic calculus with respect to the Wick integral, Hu and @ksendal
in [22], and Elliott and Hoek in [16] have derived the following formula for the value
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of the call option with payoff (S7 — K)™ at time ¢ € [0, T']:
C(t,8) =S®(ys)— Ke " T Dd(y_), (5.3)

where

2,r2H _ 2H
o = (m% YT —1)+ M)/UN/TM 2H, (5.4

2

In [6] Bjork and Hult argue that the definition of a self-financing portfolio using the
Wick product is quite restrictive and in [37] Nualart and Taqqu explain the fact that in
formula (5.4) only the increment of the variance of the process in the interval [z, T']
appears, and extend this formula to price models driven by a general Gaussian process.

5.2. Stochastic volatility models. It has been observed that in the classical Black
and Scholes model the implied volatility a; f?p obtained from formula (5.3) for different
options written on the same asset is not constant and heavily depends on the time ¢,
the time to maturity 7 — ¢ and the strike price S;. The U-shaped pattern of implied
volatilites across different strike prices is called “smile”, and it is believed that this
and other features as the volatility clustering can be explained by stochastic volatility
models. Hull and White have proposed in [23] an option pricing model in which the
volatility of the asset price is of the form exp(Y;), where Y; is an Ornstein—Uhlenbeck
process.

Consider the following stochastic volatility model based on the fractional Ornstein—
Uhlenbeck process. The price of the asset S; is given by

dS[ = ,LLStdt + O'[S[th,
where 0; = f(Y;) and Y; is a fractional Ornstein—Uhlenbeck process:
dY, = a(m — Y,)dt + B,dBH.

The process W, is an ordinary Brownian motion and B is a fractional Brownian
motion with Hurst parameter H > % independent of W. Examples of functions f
are f(x) = e and f(x) = |x|.

Comte and Renault studied in [11] this type of stochastic volatility model which
introduces long memory and mean reverting in the Hull and White setting. The
long-memory property allows this model to capture the well-documented evidence of
persistence of the stochastic feature of Black and Scholes implied volatilities, when
time to maturity increases.

Hu has proved in [21] the following properties of this model.

1) The market is incomplete and martingale measures are not unique.

2) Sety; = (r — n)/or and

dQ r 1 (T
d_P:eXp<fo thWz—E/O |)/t|2dt>-

Then Q is the minimal martingale measure associated with P.
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3) The risk minimizing-hedging price at time ¢ = 0 of an European call option
with payoff (S7 — K)™ is given by

Co=e"TEQI(ST — K)T1. (5.5)

As a consequence of (5.5), if §, denotes the filtration generated by fBm, we obtain
Co=e"TEQ[Eo((ST — K)*I§7)]
= e "TEg[Cps(0)].

Here o = ,/ fOT o2ds and Cpg (o) is the Black and Scholes price function given by

Cps = So®(y1) — Ke T d(y_),
where

yizln%ﬂri%j

oNT

References

[1] Alos, E., Mazet, O., Nualart, D., Stochastic calculus with respect to fractional Brownian
motion with Hurst parameter lesser than % Stoch. Proc. Appl. 86 (1999), 121-139.

2

—

Alos, E., Mazet, O., Nualart, D., Stochastic calculus with respect to Gaussian processes.
Ann. Probab. 29 (2001), 766-801.

[3] Alos, E., Nualart, D., Stochastic integration with respect to the fractional Brownian motion.
Stoch. Stoch. Rep. 75 (2003), 129-152.

[4] Berman, S., Local nondeterminism and local times of Gaussian processes. Indiana Univ.
Math. J. 23 (1973), 69-94.

[5] Biagini, F., @ksendal, B., Forward integrals and an Itd formula for fractional Brownian
motion. Preprint, 2005.

[6] Bjork, R., Hult, H., A note on Wick products and the fractional Black-Scholes model.
Preprint, 2005.

[7] Carmona, P., Coutin, L., Stochastic integration with respect to fractional Brownian motion.
Ann. Inst. Henri Poincaré 39 (2003), 27-68.

[8] Cheridito, P., Mixed fractional Brownian motion. Bernoulli 7 (2001), 913-934.

[9] Cheridito, P, Regularizing Fractional Brownian Motion with a View towards Stock Price
Modelling. PhD Dissertation, ETH, Ziirich, 2001.

[10] Chorin, A., Vorticity and Turbulence. Appl. Math. Sci. 103, Springer-Verlag, New York
1994.

[11] Comte, F., Renault, E., Long memory in continuous-time stochastic volatility models.
Math. Finance 8 (1998), 291-323



Fractional Brownian motion: stochastic calculus and applications 1561

[12]

[13]

[14]

[15]

[16]

(171

(18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

[26]

[27]

(30]

[31]

Coutin, L., Qian, Z., Stochastic analysis, rough paths analysis and fractional Brownian
motions. Probab. Theory Related Fields 122 (2002), 108-140.

Dai, W., Heyde, C. C., Itd’s formula with respect to fractional Brownian motion and its
application. J. Appl. Math. Stochastic Anal. 9 (1996), 439-448.

Decreusefond, L., Ustiinel, A. S., Stochastic analysis of the fractional Brownian motion.
Potential Anal. 10 (1998), 177-214.

Duncan, T. E., Hu, Y., Pasik-Duncan, B., Stochastic calculus for fractional Brownian mo-
tion I. Theory. SIAM J. Control Optim. 38 (2000), 582-612.

Elliott, R. J., van der Hoek, J., A general fractional white noise theory and applications to
finance. Math. Finance 13 (2003), 301-330.

Flandoli, F., On a probabilistic description of small scale structures in 3D fluids. Ann. Inst.
Henri Poincaré 38 (2002), 207-228.

Flandoli, F., Gubinelli, M., The Gibbs ensemble of a vortex filament. Probab. Theory
Related Fields 122 (2001), 317-340.

Garsia, A. M., Rodemich, E., Rumsey, H., Jr., A real variable lemma and the continuity of
paths of some Gaussian processes. Indiana Univ. Math. J. 20 (1970/1971), 565-578.

Guerra, J., Nualart, D., The 1/H-variation of the divergence integral with respect to the
fractional Brownian motion for H > 1/2 and fractional Bessel processes. Stoch. Process.
Appl. 115 (2005), 91-115.

Hu, Y., Integral transformations and anticipative calculus for fractional Brownian motions.
Mem. Amer. Math. Soc. 175 (2005).

Hu, Y. , @ksendal, B., Fractional white noise calculus and applications to finance. Infin.
Dimens. Anal. Quantum Probab. Relat. Top. 6 (2003), 1-32.

Hull, J., White, A., The pricing of options on assets with stochastic volatilities. J. Finance
3(1987), 281-300.

Hurst, H., E. Long-term storage capacity in reservoirs. Trans. Amer. Soc. Civil Eng. 116
(1951), 400-410.

Kolmogorov, A. N., Wienersche Spiralen und einige andere interessante Kurven im
Hilbertschen Raum. C. R. (Doklady) Acad. URSS (N.S.) 26 (1940), 115-118.

Lin, S.J., Stochastic analysis of fractional Brownian motions. Stoch. Stoch. Rep. 55 (1995),
121-140.

Lyons, T., Differential equations driven by rough signals. Rev. Mat. Iberoamericana 14
(1998), 215-310.

Lyons, T., Qian, Z., System control and rough paths. Oxford Math. Monogr., Oxford Uni-
versity Press, Oxford 2002.

Malliavin, P., Stochastic calculus of variations and hypoelliptic operators. In Proceedings
of the International Symposium on Stochastic Differential Equations (Kyoto, 1976), Wiley,
New York, Chichester, Brisbane 1978, 195-263.

Mandelbrot, B. B., Van Ness, J. W., Fractional Brownian motions, fractional noises and
applications. SIAM Review 10 (1968), 422-437.

Memin, J., Mishura, Y., Valkeila, E., Inequalities for the moments of Wiener integrals with
respecto to fractional Brownian motions. Statist. Prob. Letters 55 (2001), 421-430.



1562 David Nualart

(32]

(33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

(42]

[43]

Nualart, D., The Malliavin calculus and related topics. 2nd edition, Probab. Appl., Springer
Verlag, New York 2005.

Nualart, D., Stochastic integration with respect to fractional Brownian motion and appli-
cations. Contemp. Math. 336 (2003), 3-39.

Nualart, D., Pardoux, E., Stochastic calculus with anticipating integrands. Probab. Theory
Related Fields 78 (1988), 535-581.

Nualart, D., Rovira, C., Tindel, S., Probabilistic models for vortex filaments based on
fractional Brownian motion. Ann. Probab. 31 (2003), 1862—-1899.

Nualart, D., Taqqu, M. S., Wick-It6 formula for Gaussian processes. Stoch. Anal. Appl., to
appear.

Nualart, D., Taqqu, M. S., Some issues concerning Wick integrals and the Black and Scholes
formula. Preprint.

Pipiras, V., Taqqu, M. S., Integration questions related to fractional Brownian motion.
Probab. Theory Related Fields 118 (2000), 121-291.

Pipiras, V., Tagqu, M. S., Are classes of deterministic integrands for fractional Brownian
motion on a interval complete? Bernoulli 7 (2001), 873-897.

Rogers, L. C. G., Arbitrage with fractional Brownian motion. Math. Finance 7 (1997),
95-105.

Shiryaev, A. N., Essentials of Stochastic Finance: Facts, Models and Theory. Adv. Ser.
Stat. Sci. Appl. Probab. 3, World Scientific, Singapore 1999.

Skorohod, A. V., On a generalization of a stochastic integral. Theory Probab. Appl. 20
(1975), 219-233.

Young, L. C., An inequality of the Holder type connected with Stieltjes integration. Acta
Math. 67 (1936), 251-282.

Department of Mathematics, University of Kansas, Lawrence, Kansas 66045, U.S.A.

E-mail: nualart @math.ku.edu



