Summary' of Stable Distributions.

Terminology and notations
(1) 1{} — the indicator function for the event {-}.
2) i = 4/—1 is the imaginary unit;
N (11, 0%) is a Gaussian (normal) random variable with mean p and variance o?;
For a random variable X, ¢, (t) = Ee'™X is the characteristic function of X;

(S

is equality in distribution for random variables or vectors;

|Ih ||9~

is a equality of distributions in a function space;

iid: independent and identically distributed;

Non-degenerate random variable/distribution: not equal to the same number with
probability one/not a point mass; in what follows, this is an underlying assumption about
all the random variables.
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General Definitions.
e X is infinitely divisible (ID): for everyn = 1,2, ... there exist iid random variables
X" k=1,...,nsothat X L3 X"
e X is self-decomposable (SD): for every A > 0, there exists a random variable X},

independent of X, so that X LAX + X).
e X is stable (8): for every real numbers A, B, there exist real numbers C' > 0 and D so

that AX, + BX, Lox + D, where X1, X5, and X are iid.
e X is strictly stable (SS): Stable with D = 0.

Immediate implications: (SD) implies (ID); (SS) implies (S); (S) implies (ID).

Immediate Examples:

o If X is (S) and X £ — X, then X is (SS).
e Poisson distribution is (ID) but not (S) or (SD);
o N(1,0%) is (SD): N1, 0%) £ AN (11,0%) + N ((1 = N, (1 = \)or?);
o N(p,0?)is (S), and it is (SS) if and only if u = 0: given A and B, we get C' = /A2 + B?
and D = (A+ B —-C)p.
Non-trivial implication: if X is stable, then there exists a unique number 0 < o < 2 so that

A®+B* = C. The proof uses symmetrization but avoids characteristic functions.?> The number « is
called index or characteristic exponents of X and, once « is determined, X is called a-stable.

Equivalent definitions of (S): X stable if
e For every n = 1,2, ... there exist real numbers C,, > 0 and D,, so that the characteristic
function px of X satisfies (gpx (t)) =Pt o (C,t).

e for every n = 1,2, ... there exist real numbers C,, > 0 and D,, so that ZZ=1 X 2 C,.X+D,,
where X, X1,..., X, are iid. In fact, it is enough to have it for n = 1,2,3. The proof uses
characteristic functions and some number theory.® If X is a-stable, then C,, = n'/®.

e there exists a sequence Y, k > 1, of iid random variables and two sequences ay, b, k > 1,
of real numbers, with a, > 0, so that

Yi+...+Y,—b
(1.1) lim U R

n—o0 an

X.

1Sergey Lototsky, USC; version of May 15, 2026.
2Feller, Section VI.1
3Zolotarev, pp. 14-15.



There is a similar characterization of (ID), in terms of limits of triangular arrays.

The Lévy-Khinchin theorem.* The random variable X is a-stable if and only if ¢, has the
form®

0. (1) = exp (itﬁ — g [t|* (1 +1i6sign(t) G(t, a)))
for some € R, 0 > 0, and 6 € [—1, 1], where

tan(ra/2), a #1, 1, t>0,
G(t,a) =< 2 sign(t) =40, t=0,

— In|t|, a=1,

T -1, t<O.

In this case, we write X ~ S, (0,0, /). Symmetric a-stable distribution Sa.S corresponds
to B =6=0:
SaS (o) = 84(0,0,0).
Note that

e For v € (0,2), 0 >0, and r > 0, E|X|" < oo if and only if r < «;

e 0 = ( corresponds to a degenerate random variable X = j3;

e (3 is the location parameter of X and o is the scale parameter [because of 0|;

e G(t,2) =0 so that Sy(0,0,8) = N(8,20?);

e Two other special cases are S1(c,0,3) [the Cauchy distribution|, and Si/2(c, 1, 5) [known
as the Lévy distribution, which is a particular case of the inverse Gamma distribution and
describes the distribution of the first hitting time of the standard Brownian motion].

A practical result.’ Let Y, Y], Y5, ..., be iid with the following properties: for some a € (0,2)
and v € [0, 1],
. t"P(JY] > to) . P(Y]>x)
1 ———————==1,t>0 d 1 —_— =
o P(Y]| > z) ’ S (o P(Y > z)

Define a,, = inf{x > 0 : P(|Y| > z) < 1/n} and b, = nE<Y1{|y|<an}>. Then (1.1) holds with

X ~ Su(0,2v —1,3). For example, if YV’ £ 1/N(0,1), then a =1,y =1/2, 5 =0.
Immediate questions for further investigation are
e How to identify o and (57
e What is the functional version of this result?
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