MATHEMATICAL PROBABILITY AND STATISTICS (IT) QUALIFYING
EXAM (MATH 541A AND 507A)

FALL 1994

(1) (a) Define “The family of random variables { X, X5, ...} is uniformly integrable.”
(b) Give an example of a sequence of random variables X,, n = 1,2,... where
X, = 0, EX,, = 1 and the family of random variables {X;, X5, ...} is not uni-
formly integrable.

For parts (c¢) and (d) assume that X,, — X a.s. as n — oo and that X,, = 0 for

all n. w.

() Assume that {X;, X5,...} is uniformly integrable. Prove that EX,, — EX as
i — B0,

(d) ASsume that EX, — EX as n — oo. Prove that {X;, Xs,...} is uniformly
integrable.

(e) Let f:]0,00) — [0, 00) with

lim
o= :{:

If X, 20, Ef(X,) = ¢ < oo, show that {X;, Xs,...} is uniformly integrable.
(2) (a) Let ¥, n = 1 be random variables and Y independent of ¥,, with the same
distribution as Y. If Y, converges in distribution show that ¥, — Y also
converges in distribution.
(b) Let X, X,,... be independent and identically distributed with characteristic
function f(t) = exp(—c|t|*) where ¢ > 0, a > 0 are constants, and let 5, =
X1+ Xa+---+ X, Find constants a,, so a,5, converges in distribution to some
random variable Z. How is Z related to X7
(3) Let # € B = (—o0,00) and X, X5, ..., X, be independent and identically distributed
with density
fla;8) = I(lz— 0| < 1/2)
as usual, denote the order statistics by Xy < Xy < -+ < Xy.
(a) Show that (X1, Xi,) is sufficient for 4.
(b) Show that T, = £(X,) + X{1)) is unbiased for .
(¢) Compute the variance of T,.
(d) Find a maximum likelihood estimate for ¢ based on (X3, X(y)). Is it unique?
(4) Let # € © = (0,00) and Xy, X, ..., X, be independent and identically distributed
with density
flz;8) = Ilx € [0,6])
Construct uniformly minimum variance unbiased estimators q(f) for the following
choices of ¢(#), or prove they do not exist.
(a) g(@) =6 for k € {1,2,...}.
(b) q(0) = ¢“.



MATHEMATICAL PROBABILITY AND STATISTICS (IT) QUALIFYING
EXAM (MATH 541A AND 507A)

SPRING 1995

(1) Recall that we say the distribution functions F,, converge in distribution to the dis-
tribution function F. written F,, = F., if
lim Fn(z) = F(z)
Ta—r2
at all continuity points of F. Show that F, = F if and only if for all bounded
continnous functions h

/h dF,, — fh dF asn— oo

(2) Suppose X, X, X, ... are iid with values in (1, 00). State a condition on X which
is necessary and sufficient for lim, ..(X;Xo--- X))V to exist almost surely and be
finite. Demonstrate why vour condition is necessary.

(3) (a) Let Xy,..., X, be independent normal variates with common variance o2, With

fi1s ... i ot all zero, derive the level a most powerful test for the hypotheses

Hy:EX; =«v«=EX, =0 wversug H;:EX;=py,.:.;BX, = l;

(b) Find the level o most powerful test for the above hypotheses when X = (X, ..., X )
is multivariate normal with known covariance matrix .

(4) (a) Complete the following statement of the factorization theorem. In a regular
model, a statistic T(X) is sufficient for # if and only if there exists functions g
and h such that:

(b) Let Xy, Xs,..., X, be independent Cauchy (#) random variables each with den-

sity
1 1
)= —
plz; 6) r(lﬂ:c_aji)

Show that the order statistics (X, ..., X)) are minimal sufficient for 6.




4. Let X = (X, X2) be bivariate normal, with commom unknown mean u,

and known variances o7, o3, and correlation p.

a) What is the Fisher information I{g) based on one observation of the pair
{Xir Xﬂ}?

b) Express I{x) as a function of p in the special case ¢} = o} = 1.

¢} Explain why the expression found is part b takes on the values it does. in
the (further) special cases when p =0 and p = 1.

d) What is the Fisher information I(u) based on one observation X of a
multivariate p-dimensional normal vector whose components have common
mean u and known covariance matrix £7

5. Recall for 4 > 0 the exponential density with parameter p is pexp(—pz)
when z is positive. Let u, v be positive and suppose that X,,..., X, are
exponential with parameter yu, and Y),.. ., ¥;, are exponential with parameter
v and that all variables are independent.

a) Construct the generalized likelihood ratio test for the hypotheses Hy : p =
v versus H, : u # v and show that it can be based on the statistic

Xl++xn

T{)&111--,Xn1?1:"‘!}fm] e X]_Jr_.i._;l:n-l-ﬂ +"‘+Ym‘

In particular, express the critical region of this test in terms of T'.
b) What is the distribution of T under the null hypotheses?

c¢) For the case n = m, show that the rejection region can be written as
{T :|T —a| > b} and find a. Can the type [ error probability in this case be
written entirely in terms of the cumulative distribution function of T7



(b) Justify the claim: if S, /n = a in probability, then @'(0) exists and
equals fa. You may assume without proof that for characteristic functions,
if ¢, — ¢ pointwise , then the convergence is uniform on compact sets.

Q4 Assume X, X1, X,,... are i.id. with X = 0 always.

(a) Prove that if EX < oo then Xn/n — 0 almost surely.

(b) Prove that if EX = 0o, then limsup X, /n = oo almost surely, and
hence (X; +--- + Xn)/n = oo almost surely.

Section II. Statistics

DO ANY TWO OF THE FOLLOWING THREE PROBLEMS.

Q1 Let X,,X;,..., X, be independent and identically distributed random
variables having exponential distribution with mean 1/8.

(a) Let Xy < -+ £ Xn) denote the order statistics, and write T} =
}i',:”LTg = Xl'g} = X{lj,,..,Tk - X{H == X(;:._l]. for 2 ﬂ k E n. Find the
Joint distribution of 73, T3, ... Tk

(b) Light bulbs are known to have this exponential distribution. Suppose
that a random sample of n bulbs is put under observation, and observa-
tion is stopped when the &* bulb burns out. Find the maximum likelihood
estimator of the mean lifetime of a bulb.

(c) Find a 95% confidence interval for this mean.

Q2 (a) Give the definition of a sufficient statistic.

(b) Let X;,..., X, be a random sample from a Poisson distribution with
parameter A. Find a sufficient statistic for ).

(c) Show that T = L 3% I(X; = 0) is an unbiased estimator of e™*, and
find its variance. Here, [ (A) =1 if A is true, = 0 if false.

(d) Use the Rao-Blackwell Theorem and (c) to find a better estimator of e~

(¢) What optimality properties does the estimator in (d) have?




Q3 (a) State the Cramér-Rao Inequality.

(b) Let Xi,..., X, be independent and identically distributed Bernoulli ran-
dom variables with mean #. Find the Cramér-Rao lower bound for the vari-
ance of unbiased estimators of 7(8) = (1 — 8).

(¢) State and prove the Neyman-Pearson Lemma.

(d) 1000 individuals were classified according to sex, and according to whether
or not they were color-blind as follows:

Male Female
Normal 442 514
Color-blind 38 6

According to a genetic model, these numbers should have relative frequencies
given by

p/2 | P*/2+ pq
af2| ¢/2

- where ¢ = 1—p is the proportion of color-blind individuals in the population.
Are the data consistent with this model?




MATH 507a/541b QUALIFYING EXAM - FALL 1998

To pass you must do well enough on both the Probability and the Statis-

tics parts — high performance on one portion does not compensate for low
performance on the other.

STATISTICS

1. There are g categories, i = 1,2,..., g with probabilities m, 7, ...,m,. The
random variable X is defined by

P(X =i)=m, 1<:1<g.

Let X1, X2,...,X be 11d as X. Define Z;; by

Zi; =X =1).

The number of times the variables X;,..., X, fall in category i is given by

Yi=3 2

i=1

a) Find the mean and variance of ¥;.
b) Find P{(¥,...,Y,) = in1,...in5))
c) Find the mean vector u and covariance matrix X of the vector (Y3,...,Y;).

d) Give a large sample test for the hypothesis Hy : mp = ma.
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2. Let Xi,..., X, be 1td N(p,0?) with known mean u.

a) Find the UMVE of the parameter o and prove it to be such.
b) Of all estimators of o? of the form
& T
= RZ{)!:' -Ju-]z, a € R,
=1

find the one which achieves the smallest mean square error. (Hint: If Z is
N(0,1) then EZ* =3.)
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1. Let an and p, be deterministic sequences tending to oo and [t respec-
tively, and assume that the random variables Xn, properly scaled, converge
in distribution to X in particular, that

], e s

a) Prove that if g is a function having a continuous derivative at t, then

an(9(Xn) — g(n)) > ¢'(1)X.

Now let ¥1,...,Y, be a sample of independent exponential variables (*failure
times’) with density f(t;\) = de=** for ),{ positive. '
b) Calculate the Fisher information for A in the sample.

c) Find, and justify, the limiting distribution of the maximum likelihood
estimator for A.

d) Suppose it is desired to estimate the probability that an exponential from
the same distribution will not fail before time z: that is, we wish to estimate

g(A) = P(Y > z) = e~

What is the limiting distribution of the maximum likelihood estimator of
g(A)? (Hint: Use part a)

2. a) Prove the following form of the Neyman Pearson Lemma: If X € R™
1s a random vector with density f(x;#), where § € {f;,6,}, then the test
for Ho : @ = 8y versus H; : § = 6, which rejects H, when L(X) =
J(;81)/ f(x; 80) exceeds a level k achieves the maximum power over all tests
of size Fp(L(X) = k).

b) Let Xj,..., X, be independent exponential variables with parameters ei-
ther py,...,4n, or vy,...,v, known values. Find a simple test and test
statistic for the Neyman Pearson tests that distinguish between the two hy-
potheses.



Math 541 Exam Portion

l.a) Let a, and p, be deterministic sequences tending to co and . respec-
tively, and assume that the random variables X, properly scaled, converge
in distribution to X; in particular, that

aﬂ[-xn 3ies ,I'J-ﬂ} '5' X
Prove that if g is a function having a continuous derivative at u, then

an(9(Xn) = 9(n)) 2 o' () X.
b) State a multidimensional version of this fact.

Now let X, ..., X, be iid with mean x and variance o2.
¢) Find a method of moments estimator for the coefficient of variation

CV=E.
m

d) Find the asymptotic distribution of the estimator in ¢). What moments
of the X distribution need to exist?

2) Let Xy,..., X, be iid normal with unknown mean u and known variance
2
(7 )

a) Find the critical region for the Neyman Pearson test at level & € (0, 1) for
Ho: p= g versus Hy : p = iy with gy < .

b) Determine the power function 3(u) of this test.
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MATH 507a/541 QUALIFYING EXAM. MAY 15, 2000.

PLEASE NOTE: To pass you must do well enough on both the Probabil-
ity and the Statistics sections. High performance in one portion does not
compensate for insufficient performance on the other.

STATISTICS SECTION

Q1. Let X, X;,..., X, be independent and identically distributed random
variables having density

e >0 ifx>4
i { 0 if 2 <0
for some 8 € (—o0, 00),

(a) State the Factorization Theorem for sufficient statistics.
(b) Find a one-dimensional sufficient statistic for 8.
(¢) Find a 95% confidence interval for 6.

(d) Derive the likelihood ratio test of the null hypothesis that # > 0 against
the alternative that 8 < 0.

Q2. Outputs X;, Xy,..., X, from a physical device are independent and
identically distributed random variables having exponential distribution with
(unknown) mean A~'. A measuring device records the values of the X; as
long as X; < c, for some known threshold ¢ > 0. If X; > c then the device
returns the value ¢. Define

Sa =Y Xl(X;<e)l; Ta=3_I{X; 20),

=1 j=1
where I(A) denotes the indicator of the event A.

(a) Write down the likelihood function of the observed values in terms of S,
and T5.



(b) Show that the Maximum Likelihood Estimator of X is

s =T
Sn+cln
(¢) Find the joint asymptotic distribution of (S,, Ty).
Hint: 4
fﬂ zAedz = A7 (1= (1+ ch)e™)

and 2
f e *dr = 27! (2 — (24 2eX + cg.ﬂni}e""‘) :
0

(d) Using the result of the previous part, or otherwise, find the asymptotic
distribution of A.



Math 541a Exam Portion. Spring 2001

Problem 1. a) Let X ~ N (A, v?%), where 4 € R" and T € R™" are a
known vector and positive definite matrix respectively, and A € R and v? > ()
are unknown parameters in R.

a) Find the maximum likelihood estimators A and #2 of A and 12 on the basis
of the observation X.

b) Determine whether or not A is unbiased for .
¢) Calculate the variance of A,
d) Demonstrate what the estimators A and #? become when u = (1105 1)

and X is the identity matrix. Explain.

Problem 2. a) Let # > 0 be unknown and suppose that (X,Y) is uniform
over the triangular region with vertices at (0,0), (6, 0) and (0, 8). Let (X;, ¥i)
be iid as (X, Y).

a) Find a one dimensional sufficient statistic T for , and prove it is sufficient.

b) Find an unbiased estimate of § which is a function of T.

¢c) Is § UMVU? Prove your claim,



507a Qualifying exam. September 12, 2001. Be sure to attempt the later
parts of each problem even if you cannot do one of the earlier parts.

L)

a) Prove that for any sequence X, of random variables there exist positive
constants ¢, such that X, /c, converges to 0 almost surely.

b} Can you choose ¢, so that this convergence is pointwise at everyw € 7

¢) Now suppose that X, X5, ... are iid, that [EX, exists and is finite, and
that ¢, = n. Prove that X, /¢, converges to 0 almost surely.

2.} Assume X, X;,X;,... 1.1.d. with characteristic function o for X, i.e
@(t) := Ee*X andlet S, =X, 4+ X,

a) For a random variable X, what special property of its characteristic
function ¢ holds if and only if X and —X have the same distribution? (Show
both the implications.)

b) Express the characteristic function of the sample average, os, /n(f), in
terms of &.

c) If X has ¢'(0) = 0, show that (X; + -+ + X, )/n converges to zero in
probability. [HINTS: Since ¢(0) = 1, ¢'(0) = 0 if and only if ¢(u) = 1 + ofu)
as u — 0. Also, for fixed ¢, as n — oo, (1 +0{t/n))" — 1 can be shown from
log(1l 4+ z) ~ z for small positive x.]

From now on assume that X, X, X,, ... are L.i.d. with the symmetric densitv

fig)= r:; for |z| > 4; f(z) = 0 otherwise,
z? log |z|

where ¢ is an appropriate normalizing constant.

d) Show that IE|.X| = ce.

e) Show that the characteristic function o for X has ¢/'(0) = 0. [HINT:
express | — ¢(t) as an integral over z > 4 and use the change of variables
y = tx to show that |1 — #(t)|/t = 0 as ¢t — 0. You might use |1l —cosy| <
y* 7y, and dominated convergence.|



February 2002
Math 507a Exam

Problem 1.
Let X, X;, ... be a sequence of iid random variables so that
EX,; =0, E|X;|* < oo. Show that

lim max @ I'Efj = {]
n—+0o \/H"”’ﬁ

in probability.

Problem 2.

Let Xy, X3, ... be a sequence of random variables and £, £, . . ., a sequence
of real numbers so that e, > 0, ;51 &, < 00, and ¥,5; P(|X4| > &5) < o0
Show that the series 3,5, [ X converges with probability one.



Math 541b Qualify Exam. Fall 2002

Problem 1. (EM) There are two possibly biased coins. The probability of
heads for the first coin is 1/3 and the probability of heads in the second coin
is p € (0,1), an unknown parameter. An experiment consists of tossing the
two coins together, which we do n times. Only X, the number of heads in
the i** experiment, is observable.

1. Let nj, j =0, 1,2 be the number of experiments where j heads show up.
Write the joint distribution of (X, X3,---, X,) in terms of ng, ny, ng.

2. Write an equation for the maximum likelihood estimate (MLE) of
p. Is it easy to solve this equation? If not, design an expectation-
maximization (EM) algorithm for calculating this MLE.

3. Although we do not have a ‘closed form’ maximum likelihood estimator
p for p, we can still study its approximate distribution. What is the
approximate distribution of § when the sample size n tends to infinity?

4. It was suspected that the second coin is unbiased, that is, that p = 1 12
Outline a procedure for testing this hypothesis.

Problem 2. Let © = (0,00) and suppose that the density flz,u;6) of
(X,Y) is uniform over region A, where Hy : A = [—#, 8)* (the square of side
length 28 centered at the origin, or H, : A is the circle of radius @ centered
at the origin. Let (X;,Y7),...,(X,, Ys), be iid. with density f(z,y;6).

a) For fixed known 6 € ©, describe the (non-trivial) Neyman Pearson tests
for the testing between the simple hypotheses Hy vs. H,?

b) A hypotheses test is said to be consistent if the probability of rejecting
the null hypotheses when it is false tends to 1 as the sample size n tends to
infinity. Prove that the test in part a) is consistent.

¢) Describe a consistent test for the composite hypotheses Hy vs. H, when
£ is only known to lie in ©.



Spring 2003 Math 541b Exam

1. Let @ = (6,,...,60;) be a vector of given probabilities, and e; the i* unit
vector in R™ with a 1 in position i and zeros elsewhere. Let Y, Y,..., Y,
be i.i.d. with distribution
i} 1 e
i=1 §=1

so that X, = (ny,...,n;) has the multinomial distribution M(n,8).

a) Find the mean vector u and covariance matrix ¥ of Y.

b} Write the usual chi-squared statistic

=, (nj — nb;)?
V. = d J
= g

V.=nlX,-0YP X, -8
for some diagonal matrix P.

¢) Find the asymptotic distribution of +/n(X, — @).

d) Show that as n — oo, Vi, —4 %e_1, & chi squared random variable on k—1
degrees of freedom. Hint: Write the asymptotic distribution in terms of a
vector with covariance matrix I" which satisfies ' =T and ['? =T,

2. Suppose data X, X, -, X, are independent identically distributed nor-
mal random variables with mean u and variance oj. Suppose that u is
random with (prior) normal distribution A{ug, o). What is the conditional
distribution (posterior) of u given the data? Give the mean and variance of
the posterior distribution of u in terms of X, ug, o3.



Math 541b, Fall 2003

L. Consider a test with critical region of the form {T > ¢} for testing
H:8 =0 versus K : § > 0. Suppose that T has a continuous distribution
Fy. Define the p-value as

U=1-FT.

a) Show that if the test has level «, the power is
A(8) = P{U < a} =1 - Fp(Fy (1 — a)),
where Fg'(u) = inf{t : Fy(t) > u}.

b) Define the expected p-value as EPV(#) = Eyl/. Let Ty denote a ran-
dom variable with distribution Fj, which is independent of T. Show that
EPV(8) = P(Ty = T).

¢) Suppose that for each a € (0,1), the uniformly most powerful test is of
the form I(T > ¢). Let EPVr(f) be the expected p-value of I(T > ¢) and
EPVr.(6) be the expected p-value for another test T*. Show that for any
¢ > 0, EPVp(8) < EPV(d).

d) Consider the problem of testing Hy : p = 0 versus H; : g > 0 on the
basis of NV(u, 1) sample X;, X5,---, X,,. Let T = X, Show that EPV(f) =
(—/nu/+2), where & denotes the standard normal distribution.

2. Let k and densities f1,..., fy be known, and consider an i.i.d. sample
from the mixture distribution

&
f(z;8) =3 6;fi(x)

=1
where )
6={eRF:6;>0,% 6;=1}.
i=1
a) Write down the equations for which the maximum likelihood estimate of
# is the solution.



b) Describe the EM procedure for finding the MLE.

¢) Calculate the information and determine the asymptotic distribution of
the MLE for the (single) parameter #;, when k = 2 and the densities f1 and
Ja are variance 1 normals with unequal means,



Spring 2004 Math 541b Exam
1. Ratio Estimation,

a) (Midzuno's Procedure) Let 0 < n < N and (z1,91)s .., (zw,un) be a
fixed set of pairs of numbers with r; >0, and let

B = ﬁH — Eil y'e'l
IN E{il Iy

Let I be a random index with distribution

: Iy !
P{IZI}=EF—IT,IEI,-..,N1
=] 1

and let a sample 5 of size n consist of (z,yr) and a simple random sample
of n — 1 of the remaining pairs. Let

T - E!ES yj :
EjES Ly

Find ET. Hint: For a simple random sample of size n, let I; be the indicator
that pair i is included and Zs the average of the z values in that sample.
With I? the indicator that pair i is included using Midzuno’s scheme, show

E(Z.f(L,...,In)) = ZnEf(I},... . I}).

b) Let X; ~ N(px,1),¥; ~ N{py,1),i = l,...,n be independent normal
variables. Find a confidence interval for the ratio of means

g=EX
HXx

Hint: First consider



2. An individual has two coins; one is unbiased and the other one is bi-
ased with head (H) probability p. The person chooses the first coin with
probability 1 — a and the second coin with probability «. Both p and a are
unknown parameters. He then tosses the chosen coin three times. Let N be
the number of times “H” appears.

a). What is the distribution of N7

b). The person does n such experiments, where in each experiment, he
chooses a coin and tosses it three times. Let n, t=0,1,2,3 be the number
of experiments in which ¢ heads appear, ng + n; + ng 4+ ny = n. What is the
likelihood function of the observed data? What is the set of equations for
the maximum likelihood estimates of o and p?

c). Design an EM algorithm for estimating o and p.

d). How would you, in principle, use Wald’s statistic to construct a 1— i con-
fidence region for (a,p)? (Recall that for testing the hypothesis Hy : 8 = 8,
vs Hy : # # 8; Wald's test statistic

Wﬂ{ﬁﬂ:l = ﬂ{gn o — Hﬂ}:IEEﬂ'}{éﬂ o EBL

has an approximate y*-distribution under the null hypothesis, where 6, is
the maximum likelihood estimate of # and 1(8) is the information matrix. )



pra, Math 541b Qualifying Exam (One-hour)

L EeioX = (X , Xn) be a sample from the uniform distribution on (0, #). Show that

(a) For testing H: 8 < g, against K: 6 > 6y, any test is UMP at level a for which
Egy ¢(X) = @, Eg(X) <  for 6 < 6, and ¢(z) = 1 when Tiny = By, where we
denote the order statistics by Xpy<X (0) 5 2oy S Xinge

(b) For testing H: 8 < 6, against K: 6 # 8, a UMP test exists, and is given by
@(x) = 1 when T(n) > B or () < Gpa'/™, and by @¢(z) = 0 otherwise.

2. Suppose that ¥ = (¥}, ¥3), where ¥] takes values from {1, 2}, and Y; takes values from
{1, 2, 3}. We assume that a; =Pr(Y] =4,¥3 = j) > 0 for all (i, §). We want to use
Gibbs sampler to obtain the joint distribution of (W1, ¥2).

(a) Consider the following systematic version of Gibbs sampling. In each round, we
first update the value of ¥; and then the value of ¥3. Please write down the
transition probability matrix for each update,

(b) Consider the following random-scan version of Gibbs sampling. In each step, we
flip a coin with chance ) of obtaining a head, where 0 < A < 1. If it is a head,
we update the value of ¥;. Otherwise, we update the value of Ys. Please show
that the associated Markov chain is in detailed balance. Show this scheme indeed
converges to the joint distribution of (¥;, ¥3).



Math 541b Qualifying Exam, Spring 2005 (One-hour)

1. Let Xy,---, X, be independent identically distributed samples from the uniform dis-
tribution (6,8 + 1,8 € R Suppose that n > 2. Let X{lj,ng], S ,X[“J be the order
statistics from the smallest to the largest.

(a) Show that the uniformly most powerful (UMP) test for testing Hy : 8 < 0 versus
H,; : 0 > 0 is of the form

0 X1 {l—m”“,.?f ]
To( X1y, X)) = { { ntLLmiEE ()

(b) Find a level 100(1 — @)% confidence interval for 4.

2. Suppose that the length of life X of a light bulb manufactured by a certain process has
an exponential distribution with unknown mean 1/8, that is, the probability density
function for X4 is

fiz|6) = pe~0=,
Let X;,X3,---, X, be a random sample from the population.
(a) Prove that the gamma prior distribution for # with density function

1
()

Eu—le—-mf,ﬂ

9(0la, B) =

is a conjugate prior.

(b) Find the Bayesian estimate of 8 corresponding to the quadratic loss function.

3. Let (I,¥:),1 <i < nbe independent identically distributed according to Py, 0 =
(A ) € (0,1) x R where

Bh=1= =1-pB[L =0,
and given I, = j, ¥} ~ N(p,0%),j =0,1 and oy # o; known.

(a) Find the maximum likelihood estimate of § = (A, ), when they exist.

(b) Suppose that I;,i = 1,2,---,n are not observed. Give as explicitly as possible the
E-Step and the M-step of the EM algorithm for this problem.



541b Qualifying Exam
Fall, 2005
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2
total




i)

1. Suppose X, Xy,---, X, are independent observations from the location
model with density f(z — #), —o0 < # < oo, where f is differentiable and
the Fisher information for @ is finite,

a) Show that the Fisher information I(f) for 6 is constant, and compute I(f).

We consider the test of level a for H, : 8 = 8 versus K, : § = 6 + h/\/7,
where h > 0. Under the null F, the following expansion is valid:

f{XhXE;' Xﬂfﬂ—ﬁn+h‘fﬂ _fr{}:- Eﬂ] 1
(X1, X2, Xn; 0 = o) ; e g 1 or, ().

log

b) Show that the log-likelihood-ratio tends to N(—1h2 I(f),h? I(f)) in dis-
tribution.

¢) Show that the rejection region of the asymptotically most powerful test of
level o is of the form 30, :ﬁ%ﬁﬁ > cn(c), for some c,(a). Find c.(a).

d) When f is double exponential, namely,

flz—6) = -EKP{ |z —6]}.

find the asymptotically most powerful test of level &



2. Consider an aperiodic and irreducible Markov Chain on a finite state space
S with transition matrix P = (py;); jes-

a) Show that if the probabilities m;,i € S, satisfy the detail balance equation
TPy = TiPsi 1,J € 5,

then they give the unique stationary distribution of the chain.

b) Let gi; be a ‘proposal’ transition rule on S. Given 7,1 € S, show how to
construct transitions probabilities p;;, depending on ¢ and the quantity
Tfjﬂ:‘:'}

Tigi

which satisfy the detail balance equation. What conditions, if any, should
the proposal g satisfy in order that 7 be the unique stationary distribution?

Fij = mm{l,

c) Let S, be the collection of rooted binary trees on n vertices, where each
vertex has either 0 or 2 descendants, Construct, in general, a Markov Chain
on 5 that has the uniform stationary distribution, and calculate one tran-
sition probability for a simple small example. If it adds clarity, you may
illustrate your proposal distribution and subsequent calculation with figures.



Spring 2006 Math 541b Exam

1. Let Xy,--+, X, be iid. samples from a Weibull distribution with den-
sity f(z, A) = Aex®le ™, where z > 0, and e is a known positive
constant and A > 0 is the scale parameter of interest. Let u = 1/A.

(a) Show that 30 , X7¥is an optimal test statistic or testing H: p =
versus K po= py > pp. That is, the most powerful test takes the
form:

reject A if 31, X > critical value
accept H if 3. | X7 < critical value.

(b) Show that AX? follows the standard exponential distribution Exp(1).
(¢) Find the eritical value for the size o most powerful test.

(d) Show that the power of the most powerful test of size a is given
by

where (&, is the distribution funetion of I'(n., 1), g.(1 — &) is the
(1 — a)th quantile of I'(n, 1), and prove that 3(u) is increasing in
4.

(e) Show that the most powerful test of size a for the simple hy-
potheses in (a) is uniformly most powerful, at size o, for testing
the composite hypotheses H: o < pg versus K: p > .

(f) When n is large, please use normal approximation to find the
eritical value and power,

2. Let X;, B;,1 = 1,...,n be independent Bernoulli variables where X; has
unknown success probahility p € (0, 1), and B; has success probability
1/3. Suppose we observes

K:BIX1+|:1—B,::|{1—.¥?] leﬂf

that is, we see the original X; with probability 1/3, and 1 — X; with
probability 2/3.

(a) Write the log likelihood in term so the sum 5, = ¥, Y, and
the equation one would solve for finding the maximum likelihood
estimator.



(b) Introduce appropriate missing data for the implementation of the
EM algorithm and write out the full likelihood, and the maximum
likelihood estimator using this data.

(¢) Detail the steps of the EM algorithm.



Spring 2007 Math 541b Exam

1. Let p = (py,...,p) be a vector of positive numbers summing to one,
and X ~ M(n, p), the multinomial distribution given by

P(X =k)= (E)Phr

where k = (k. .., k) are non-negative integers summing to n,

(:) =ﬁ and p* =] pk.

For a given probability vector py we test Hy : p = py versus H; : p # Do
using the chi-squared test statistic

Ve = i (Xi - "Pi.ﬂF‘

=1 npin

(a) Calculate the mean vector and the covariance matrix of X.
(b) Define a matrix P such that

V2 =n"Y(X - np)P (X - np).
(c) Show that
n~Y2(X — np) =, ¥ ~ N,(0, )

(d) Find the distribution of U = P~2Y, and show that the covari-
ance matrix of U is a projection. (Recall that Q is a projection
matrix if @' = @? = Q.) Hint: show

plivnp-1/2 _ I — P-l"llﬂpij-l'm.
(¢) Show that
VE _PI'.'I o=1%

that is, that V* converges in distribution to a chi squared distri-
bution with ¢ — 1 degrees of freedom.

2. Suppose Xy,-.., X, are independently and identically distributed with
variance g°.



(a) Show that the estimate of variance § = ™, (z; — #)?/n has bias
equal to —¢*/n as an estimator of o*.

(b) Show that the bias of the jackknife estimate is —s®/n, where 5% =
Yim1(Zi — Z)* /0.



Fall 2007 Math 541b Exam

1. Let pg(x) and p;(x) be two distinct density functions on R

density p. it is desired to test Hy : p = py versus H, : p = py.
Prove the Neymann Pearson Lemma, that the test which rejects
Hy when the likelihood ratio

(a) Based on Xy, ...,X, independent and identically distributed with

= P]{K:'J
LF-!- —
,-l.—_'[| pol X,

exceeds a threshold has maximum power over all tests having the
same Type I error,

(b) Let Eyi € {0,1} be the expectation when the density of X is
pilx). Prove that

K(1,0) <0 where K(1,0)= Eylog PI{K}.
po(X)

(¢) Let Xy, X, ... be an infinite sequence of observations independent
and identically distributed with density p, which are observed one
at a time. Let a < 0 < b and consider the test which, after n
observations, rejects Hy if log L,, > b, accepts Hy if log L,, < a,
and takes an additional observation otherwise. By considering
n~'log L,. show that this test always terminates, whether Hy or
H, is true.
2. Let X|,....X, beiid. with mean p and variance ¢*
with continuous derivative.

, and g a function

Show that the jackknife estimate of variance of
0 = g(X)

is asymptotically equivalent to what is produced using the delta method.



Spring 2008 Math 541b Exam

1. Suppose that X, .-, X, are i.i.d. samples from the uniform distribu-
tion on (0, #).

(a) Show that the MLE of 8 is
g = max(Xy, -+, Xn)

(h) Show that n(# — ) converges in distribution to an exponential,
Please specify the parameter.

(c) Let A, = supg(L,(#)/L.(f)), where L,(#) is the likelihood of
Xi,-++, X,. Show that

=
T
Fal
S

2n log

ilthAﬂz{ 2
o0 H}HD

(d) Show that 2log A, — x3 in distribution. Please notice that the
degree of freedom is 2.

(e) What is the asyvmptotic distribution of the likelihood ratio test
under the general regularity conditions? Is the result in the last
part consistent with the general result?

2. Consider the following formulation of the EM algorithm for the estima-
tion of the parameter v € 2 upon observing incomplete data y which
is obtained through a (many to one) function as y = y(z). The incom-
plete data is distributed according to gly; ¢): the full data x according
to ge(x;17). These two densities are are related through the mapping
y = ylz) by

gy v) = [ gelx, v)dz.

Jdey=ylr)

Begin with any initial value «/'%! € €1, then iterate the following £ and
M steps.

E step. Calculate
Qv ™) = E ) (log L(v)]y) .
M step. Let ¢/'**1 he any value in Q that maximizes Q (v, v''*)), that

is
QY ™)y > Q(yr, ¥v™*)  for all ¢ € Q.



(a) Argue that the conditional density of = given y when y = y(z) is

and zero otherwise. Letting
H(w, ') = By (log k(zly, v)|y).

prove that

H(w, *) < H{y™ ™)) for all ¢ € Q.

(1)

(b) Use (1) to write the log likelihood of the incomplete data log L(y) =

log g(y; 1) as a difference involving the functions @ and H.

(¢) Prove that the log likelihood sequence log L(v)'"*!) is monotone

nondecreasing (Hint: consider differences).



Fall 2008 Math 541b Exam

1. Let Ay, ..., A, be lid. from a normal distribution with unknown mean g and known variance 1.
Suppose that negative values of X; are truncated at 0, so that instead of X; we actually observe

¥; = max{0, X;}, i=1,...,n,

from which we would like to estimate pu.

(a)

(b)

Explain how to use the EM algorithm to estimate p from Y5.....Y,. Specifically, give the
complete log-likelihood function log L.(p) (i.e., the log of the joint density of X,,..., X,)
and a recursive formula for the successive EM estimates p'**+1), Write these in terms of the
density ¢ and c.d.f. # of the standard normal distribution. Hint; To simplifv things, assume
that X;,..., Ay are not truncated, and Xpq;.0 05 Ap 81,

Find the partial log-likelihood function log L{p) (i.e., the log of the joint density of ¥7,....Y,)
and use it to write down a {nonlinear) equation which the MLE j satisfies, Use this equation
to manmually verify that g is indeed a fixed point of the recursion found in (a).

2. Let f denote the true density function of X, and consider testing the simple hypotheses

Hool =% & Hisf=%

for given densities fo, fi. For a fixed value m € (0,1), suppose that the probabilities 7y = 7 and
w1 = 1 — m can be assigned to Hy and Hy prior to the experiment. We will describe tests of Hy
vs. Hy by their indicator functions

(a)

(b)

_ | 1. the test rejects Hy
w(X) = { 0, the test accepts Hy.

show that the overall probability of an error resulting from using a test 4 is
TEodp(X) + (1 - m)E1[1 - $(X)]- (1)

Call the test v¥»* minimizing (1) the Bayes optimal test. By writing (1) as a single £y expec-
tation using the “change of measure” techmigue

Er() = Eo [c-jflm],

fal &)
show that the Baves optimal test is equivalent to a simple likelihood ratio test. Also, give the
value of the likelihood ratio test’s critical value.

Argue that the Bayes optimal test is hence most powerful for detecting f; at a certain sig-
nificance level. Write down an expression for this significance level, and also give an upper
bound for it as a function of .

The posterior probability of H; is the conditional probability that H; is true, given X = x.
Show that the posterior probability of H; is
i filx)

mofolz) +mifilz)

(2)

Show that the Bayes optimal test is also equivalent to choosing which hypothesis has the
larger posterior probability.



sSpring 2009 Math 541b Exam

1. Let Xp,..., X, beiid N(g,ol) and ¥;,....¥,, Lid. N{ps, 03), where yy, pg, 01, 05 are all
unknown and ey, o2 are not necessarily assumed to be equal. This problem concerns the generalized
likelihood ratio (GLR) test of

Hy:py = pe vs. Hyipg # po.

(a) Letting L{p1, pz,o7.a2) be the log of the likelihood function of (Xy,...,Xn, . Y1.-... Voo ),
find the (unrestricted) maximum likelihood estimates (MLEs) iy, fis, 73, 72 and write down

L{ji1, jia. 73, 03)

in as simple form as possible,
2
17

o~ =2 -3
(b) For the Hy-restricted MLEs ji, 7.5,

. 2 : o =
i. Write down formulas for 7, as functions of 77 and i,

T

ii. Find a eubic equation, not depending explicitly on §i, that ﬁ satisfies. You do not need
to solve this equation.

{c) Give the asvmptotic distribution of the GLR statistic under Hy, as ny,ns — oo,

2. Let Eﬂ_ be a parameter estimate computed from the random sample X,..... X, let E{E] be the
estimate computed from

Xy ooy K s Kipryo ooy Ay

and let
. T iy
By = Hzﬂqea-
=1

Recall that the Jackknife estimate of the bias of @ is given by

-

biack = (n— 1)(6) — 8n).

Now let Xy, ..., Xy be the order statistics of the sample, which we assume are from a continuous
distribution. The sample median m,, is

i, = { X{{n_-”;g:., n odd
' Ex{*lfﬂl 1 Xf{r=f2]+1}]|f2. noeven.

(a) Compute the jackknife estimate of bias by - p for the sample median m,, in both cases.

(b) Let b denote the true bias of my,. Is bpacx always unbiased for b in the even case?



Fall 2009 Math 541b Exam

1. With X;,...,X,, i.i.d. with density p(x:60).# € R?, consider the usual
likelihood ratio test for Hy : # € By versus H, : # € B based on

Lt

(a)

(b)

T

SUPgea, ]._L'.;1 P{}C;; 'H}
n =
SUPgeo, U0, ]._L'=1 p(x;; f)

A=

}l" == _2 ].':'g Ilql.n-
Under sufficient regularity there exists ¥ such that,
An =4 Y as n — oc.

State the distribution of Y.

In parts b) and ¢) assume # = (#,#2), and let p(x:#) be the den-
sity of the bivariate normal X whose components have unknown
mean (#q, fs), known variances ﬁf,ﬂr"é and known correlation coef-
ficient p € (—1,1). For testing with 6, = {#; = 0.8, = 0} and
O, U By = R2, verify that the distribution of X is as specified in
part a).

For testing with 8 = {#1 = 0,02 = 0} and ©,UB2 = {#h > 0,0z €
R}, determine the distribution of A, Compare this distribution to
the one in part b), and explain.

State whether we can generalize the distributional result in c¢)
asymptotically under the regularity assumed for the convergence
in a), and justify yvour answer,

2. Let Xq..... X, beiid. from the exponential distribution £(a,b) with
density

b'exp{—(x —a)/b} - 1H{r>a}, —-x<a<oc, b>0,

and let Xy = min{Xy,..., X.}.

(a)

Determine the uniformly most powerful (UMP) test for testing
Hy:a=ap vs. Hy : a # ap when b is assumed known,

1



(b) Show that the most powerful level-ar test of Hy vs. H) : a = ay,
for some given a; < ag, has power equal to

flay) =1—(1- u-:lfﬂ_"['z“_”’”&. (1)

(¢) Show that, for the problem in part (a) but with b unknown, any
level-av test which rejects when
X1y — ag

2(Xi — Xqy)

is most powerful at all alternatives (ay,b) with a; < ay (indepen-
dent of the particular choice of T, Cy).

€ (Cy,Ch) (2)



Spring 2010 Math 541b Exam

1. Consider the multinomial model with cell probabilities p = (py, p2, -+ . Pm) €
Q,in which >, ps=1,ps >0, fori=1,--+ ,m. And the count data
generated from a multinominal is denoted by = = (x, 79, -, 7)),
where 3" x; = n. Under the null hypothesis Hy, the vector of cell
probabilities p is specified by p = p(f) € wy, where 6 € 8, One ex-
ample i3 the parameter specification in the Pearson’s chi-square test
of independence. In the alternative model H 4, the parameter vector

FEH—L&".

(a) Denote p; = ﬁ;:;,-g’n, and the maximum likelihood estimate of @
under Hy by @, Show that the log-likelihood ratio test statistic is

(L

—2log A = EZ 0; lug{%] '
i=1 =

-

where J; = np; and E; = np(@).

(b) Assume that dimw, = k, what is the asymptotic distribution of
the likelihood ratio test statistic as n — +o0c.

(¢) What is the Pearson test statistic in this general scenario?

(d) Show that the likelihood ratio test statistic and the Pearson test
statistic are approximately equivalent. (Hint: You may use a
Taylor expansion. )

2. Consider the Bernoulli-Laplace model in which there are two urns, each
containing M balls, and of these 2M total balls M are black and M
are white. Suppose at each time step, one ball is chosen from each urn
at random and they are interchanged. Let X, € {0...., M} be the

number of black balls in the first urn just after the nth step.

(a) Find the transition probabilities of the Markov Chain X,

(b) Find the stationary distribution of X,,. Prove stationarity.



Fall 2010 Math 541b Exam

1. Let p(x) and g{x) be two distinet density functions that are positive
on R.

(a) We define the Kullack Leibler diverzence as

plx)

qlir)

where F, means taking the expectation under density p{x). Prove
that D(p||q) is strictly positive.

D(p|lq) = E,log

(b) Let Xy,..., X, beiid. with density
pla; ) —{ ota) F=1.

For some fixed & > (), consider the test Hy : @ =0 versus H, : 6 = 1
which has rejection region A, given by

X5

."1” = {E'-ilf] s ;":1-;-,] ¢ gD (pl|g)—-4) < l_[ rﬂ,{

M DWlg) -l-ri}}r-

Prove that the sequence of Type I errors P(A,,) tend to zero as
n — oo, where P(-) is the probability under p(z).

(¢} With ¢)(-) the probability under g(x), prove that the Type L1 errors
AL satisty

limn lim l log Q(AL) = —Dipllg).

A— () n—pog T

2. Suppose that X follows a Poisson distribution P(#), # > 0. Let £ have
a Gamma I'(p, A) distribution,

(a) Show that the posterior distribution is I'(p 4+ 2.1 + A)

(b) Show that if we take the loss function as [{#,a) = (a — #)7, then
the Bayes estimate of # is (p+ x)/(1 + A).

(¢} Find the Bayes estimate if the loss function is (8, a) = (a — #)%/0



1. Let IE_T“ }'Fl J.,

Fall 2010 Math 541b Exam

coa (XL YL be independent pairs of independent random
variables X; and Y}, where X and Y have continuous distribution fune-
tions F(x) and Glx), respectively. We want to test the hypothesis
Hg : F = G versus the alternative Hy : FF # (. Let Z; = X; — Y; and
Z1ls|Zaly e s

. 50 that the smallest absolute value receives the rank

rank the numbers Zn| in increasing order, and let r; be
the rank of |Z,

of 1.

Define the Wilcoxon signed-rank statistic W as
W = sign(Zr;,

where sign(z) = 1 if z > 0, sign(z) = —1if z < 0, and sign(z) = 0 if
g

(a) Calculate P(sign(Z;)) = 1) and P(sign{Z;}}) = 0) under the null
hypotheses Hy.

(b) Calculate the mean and the variance of W under the null hypoth-
esis My,

(¢} Propose atest for Hy versus H; that has approximate Type I error
level & when the sample size is large.

. Let Xy, Xq,--- , X, be i.id observations drawn from a mixture of two
normal densities N(py, 1) and N {ps.1). where @ and 1 — o are the
probabilities that a given observation is taken from the first and sec-
ond normal distribution, respectively. We suppose that (. e, o) are
unknown.

(a) Write down the likelihood function of the observed data (X, Xs, - -

as a function of 8 = (g, g2, o).

(b) In order to design an EM algorithm to estimate #, define miss-
ing data (£, Z2,--+,2Zy) where Z; = 1 if X; is drawn from the
first population A'(p;.1), and Z;, = 0 if it comes from the second
population. Write the likelihood function of the complete data
(X1 Z1) (X2, Z2), -+ ( Xy Zi))-

(c) Design an EM algorithm to estimate the parameter vector f.



Fall 2011 Maih 5418 Exam

1. Let ¥7,....Y, be a random sample from the uniform density on [0, #], where # is an unknown
parameter.

(a) Caleulate the Likelihood funetion Lif|Y;,. .., o F=plk 0. ¥5|8) for 8.

(b) Let @ = {# : 0 < # < #g}. Show that max{L(8|¥1,....Y,) : 8 € @} = (Yiu)™™; where
..!;II'IJI..'H' = 11]3]{'[?-1- ceeg 1‘,!”!_

{c) Write out the form of the Generalized Likelihood Ratio A for the test of Hy : 8 = 8, versus
Jrlf] s H{j.

(d) Show that the Generalized Likelihood Ratio Test calls for Hy to be rejected at level o if
HII:L’&. E‘ E'-'lﬂ 'LI"'{E-

2. Let (I}, Vikio oy (B, ¥y ) be idd. from distribution Py, where # = (A, u) € (0;1) = R,
Bylli=1)=A=1—F(l; =0),
and, given I; = 4, Y; ~ N{u, u:rf,}l, where g = o are known positive values.

(a) Write down the complete likelihood tunction L.( A, g) assuming that all of (14, Y37), ... . (1. Y5s)
are observed,
(b) Give explicitly the maximum likelihood estimates of A and p.

{e) Now suppose that the I; are not observed. Give as explicitly as possible the £- and M-steps
of the EM algorithm, including recursive formulae for the EM iterates A% and p'*,



