Topics for the Graduate Exam in Statistics 541a

Most of the following topics are normally covered in the course Math 541a
This is a one hour exam.
Parametric models, families of discrete and continmons distribntions.

Exponential families, natural parameter space, Jensen, correlation, Holder, Markov and Chebyshev
inequalities.

Order statistics, quartiles, percentiles, probability integral transformation and its inverse.

Multivariate normal Distribution, derived distributions from normal samples, t, chisquared, I, Mix-
tures.

Modes of convergence, limit theorems, Slutsky theorems. Delta method, variance stabilizing trans-
formations.

Simple Random Sampling.
Sufficiency, completeness. Rao Blackwell and Lehman Scheffe Theorem.
Estimation, method of moments, maximum likelihood, unbiased estimation. Baves estimation,

Comparison of estimators, optimality, Fisher information, Cramer Rao inequality, asymptotic effi-
Clency.

Application of the EM algorithm, jackknife and bootstrap.
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B. Efron, The Jackknife, the Bootstrap and Other Resampling Plans

W.R. Gilks, 5. Richardson, and I.J. Spiegelhalter, Markov Chain Monte Carlo in Practice



MATHEMATICAL STATISTICS (I) QUALIFYING EXAM (MATH 541A)

SPRING 2000

(1) Let Xy, Xa......X, be independent and identically distributed random variables hav-
ing density
(z—8)  if
. e ifx>¥6
flz) :
() if o< 8

for some ## € (—o0, 00).

(a) State the Factorization Theorem for sufficient statistics.

{hj Find a oneldimensional sufheient statistic for 6.

(¢) Find a 95% confidence interval for #.

{rij Derive the likelihood ratio test of the null hypothesis that # = (0 agamst that

alternative that ¢ < 0.

(2) Outputs X7, X5, ... ,. X, [rom a physical device are independent and identically dis-
tributed random variables having exponential distribution with (unknown) mean A~
A measuring device records the values of the X; as long as X; < ¢ for some known
threshold ¢ > 0. If X; = ¢ then the device “.'1.1.11-11":- the value ¢. Define

. ijj{xj <e)y, Th= ift-f
j=1 F=1

where I{A) denotes the indicator of the event A,
(a) Write down the likelihood function of the observed values in terms of S, and T5,.
(b) Show that the Maximum Likelihood Estimator of A is

£ oo =
4
(¢) Find the joint asymptotic distribution of (5,.15).
Hint: :
f 11,;'\,51_.1...!: d-r e }H_I{] . {1 +Frl‘5l}f:‘_t:'}':|
il
and

j ?he M dax = A7 (2 = (24 2eA + EEX%)e
[

(d) Using the result of the previous part. or otherwise, find the asymptotic distri-
bution of A.



STATISTICS QUALIFYING EXAM (MATH 541A)

SPRING 2001

Problem 1: Let X ~ AN(Au, v*%), where p € B", and £ € B"*" are a known vee-
tor and positive difinite matrix respectively, and A € B and v* > 0 are unknown
parameters in [R.

(a) Find the maximum likelihood estimators A and % of A and v? on the basis of
the observation X. )

(b) Determine whether or not A is unbiased for A.

(¢) Calculate the variance of .

{d) Demonstrate what the estimators X and ©2 become when o= (114, 1) and
¥ 18 the identity matrix. Explain.

Problem 2: Let # > 0 be unknown and suppose that (X.Y) is uniform over the
triangular region with vertices at (0,0), (#,0), and (0.#). Let (X,;.Y;) be iid as
(X ¥
(a) Find a one dimensional sutficient statistic T for #, and prove it is sufficient.

(b) Find an unbiased estimate of § which is a function of 7.
() Is # UMVU? Prove vour claim.



MATHEMATICAL STATISTICS QUALIFYING EXAM (MATH 541A)

FALL 2001

Problem 1: Let X, Xs...., X, be independently distributed random variables and X;
has an exponential distribution with mean i, where g is unknown.
(i) [10 points] Find a one dimensional sufficient statistic. Is that statistic complete?
Why?
(i1} [20 points] Find the maximum likelihood estimate i for g. Show whether j is
an unbiased estimator of g,
(iii) [20 points| Caleulate Var(ji). Determine if it achieves the Cramer-Rao lower
bound.
Problem 2: Let X,,..., X, be iid with mean x and variance o
(i) [20 points] Using any method of your choice, show that

2

n

. 1 —— e e
i n—1 Z‘{AI a Xj?
=1

is an unbiased estimator of @, Note that we DO NOT assume X; to be normal.

(ii) [10 points] Derive the following formula for the decomposition of the mean
squared error of the estimator T' = T(X,, X4....,X,) for the function ¢(#)
of an unknown parameter ¢

I\EEEH(T] == HI:L‘%{T} - \L'THI'H('T:I,

where MSEy(T) = Eg(T — q(f))* and Biasg(T) = EgT — q(f).
(iii) [20 points] Let Xy,..., X, be iid normal N{g, 0%),8 = (p,0?). Compute the

mean square error MSEg(aS%) for the estimation of o2 and find the value of a
which minimizes it. (Hint: If Z is standard normal N(0,1), E(Z') = 3.)



February 2002
Math 541ab Exam

Problem 1.
Let X,,..., X, be iid with distribution
E f=| :
f(z|8) = (-j) (1-0" z=-1,01;0<8<1.

1. Find the maximum likelihood estimate 8, of 6.

2. Assuming n is large, find the approximate distribution of &,. Based on
the approximate distribution, find an approximate 95% confidence interval
for @.

3. Derive the likelihood ratio test for testing 8 = 1/2 vs. 8 > 1/2.
Problem 2.

Let Xy,..., X, be iid with distribution

- ].HE—:nfEl! T >
By, 05) = 1T U3
f[.'l-'ll '2) 1 J210s

191 +'|92 :

T <0,

where 8,6 > 0 are unknown.

1. Show that Ty = YL, XiI(X; > 0) and T = 30, XiI(X; < 0) are
suflicient. statistics.

2, Find the maximum likelihood estimates of #; and ..

3. How will vou test 8; = ;3 vs. 8 # 657



Math 541a Exam, continuation

3. Let X be a multivariate normal random vector in R® with unknown mean
vector 8 = (g, ..., pug) and known invertible covariance matrix I,

a) Show that the score function (derivative of the log density with respect to
f) is E-1X - 8).

b} Calculate the Fisher information matrix I{#).

c} Calculate the Cramer Rao lower bound for the estimation of

1 ad
9(6) = 53 u
=1

from an iid sample of n vectors with distribution as X.

d) Compute the lower bound in ¢) when d = 2 and ¥ is the diagonal matrix

with positive diagonal entries of, o3.



Fall 2002 Math 541a Exam

l. From the set R = {I,... N}, a set s, of n numbers are chosen without
replacement, 0 < n < N.

a) Find the probability that a particular set s, is chosen.

Fori,7 € R,1 # 7, let I; and I, be the indicator that i and j are included in
Sy, TESpECtively.

b) Find the mean EI; and the covariance Cov(I,, I;).

c) With given numbers ay, ..., ay, let
W = E Q2.
iEan

Calculate the mean and variance of W,

e

d) For what special case does W have the hypergeometric distribution? Find
the mean and variance of the hypergeometric W using the formulas you de-
rived in part b.

2. Let Xy, Xy, -+, X, be independently distributed with exponential density
ge~*® for x > 0, and let the ordered X's be denoted by ¥; < V- < ¥,
that is I:}’i, Yo -0, }’n:l = EX{UJ X{3]1 .ee _.X,:,-,J}. Show that

1. The joint distribution (Y7, Y3, -+, ¥;) is an exponential family with den-
sity

1 nl D imt Yi + (0 — )Y
Fin—r)y P~ 7 '

ﬂEyligyr-

2. Let Ej be independent exponential random variables with mean 1/,
7=1,2,---, and set



L
I

Ep+ Eyy,

i—1

E Eﬂ—k:-

k=0

Zy

Show that (2, Zy, -+ -, Z,) has the same distribution as (Y /8, ¥2/8, - -, Y, /).
3. Based on the result in 2), show that

2Tl Yo+ (n— 1)Y,)
i

is chi-square with 2r degrees of freedom.



Math 541a Qualify Exam. Spring 2003

1. Let p be the proportion of successes in n independent Bernoulli trials each
having probability p of success.

a) Compute the expectation of p(1 — p).

b} Compute the approximate mean and variance of p(1 — p) using the delta
method,

2. Let (X,...,X,) € R" have density function p(x).

a) Find the density function of the order statistics (X, ..., X))

b) Use part a) to find the density of (L7yy, .. ., Upy), the order statistics from
a sample of i.i.d. &|0, 1] variables,

c) Let Ey,..., Enyq be iid. exponential with density p(z) = e™*1iz > 0),
and for k=1,...,n+ 1 set

Sx=FE+...+ E.

Show that
S 8

Jr iy
Su-q—l Sﬂ'l

-

(

:l =d {Lrl:l:la sy U[n]}'-

For parts d) and e), recall that for & € (D,1) the o quantile r, of the
distribution F' is a number which satisfies

F(z.) = o

d) For m an integer such that m/n — a as n — oo, take Uy, as the esti-
mate of x,; for [0, 1] we have z, = @. The error made in estimating z,, is
Uim) — To. Using part ¢}, find the asymptotic distribution, as n — oo, of /n
times this error.



e) Now let X;,..., X, be iid with density f(z) > 0 for all x € R. Use d)
to find the scaled asymptotic distribution of the error when using X, to
estimate the o quantile of the distribution of the data.



Fall 2003 Math 541a Exam

1. Forn = 1, let X,, be a random vector in R". For © ¢ R, assume Un(x, @)
15 twice differentiable in #, and for 8; € O, that there exist SEQUENCEs a,
and by, such that for some non-trivial random variable ¥ and some constant
A#0D

ann{x1gﬂ:| L | K ﬂnU;{:{1 Eﬂ:' g "'q'l and

anl (X, #) = Oy(1) uniformly in some neighborhood of B
(We say V,,(0) = Oy(1) uniformly in B if for every ¢ € (0,1) there exists K
such that for all n, P(|V,(0)| < K, € B)>1—¢)

a) If the solution 8, to

Uﬂl:xﬂ1 'sl} =0,

12 consistent for €y, determine a sequence ¢, and the distribution of a non-
trivial Z such that i
Calfln — ) —4 Z.

b} What special case of a) corresponds to Maximum Likelihood Estimation?

2. Let T and C be independent Geometric random variables with success
probability of r and s, respectively. That is

PET == j] i r{l _T}jtl;j = llgr""l

PIC = j) = s(1 -8y Yj =1,2,---,
Let X = (min(T,C), I(T < ).

a) What is the distribution of X? Caleulate EX.

b) Let X(1), X(2),---, X(n) be a random sample from X. Denote X (i) =
(X1(i), X2(i)) and define



5 = i le::[:l = imin{ﬂ,ﬂi]

i=]

=3 Xui) = S I(T < C).

imm] =1

What is the maximum likelihood estimate of (r, 5), (7, 8) in terms of Sy and
Sy ?

¢) Using any methods of your choice, find the asymptotic covariance matrix
of (F, §).



Fy
e

Spring 2004 Math 541a Exam

L. Let X = (X,...,X,) be a vector of i.i.d, variables from the smooth
density (or mass function) f(z,6;),60 € 8 c R. Let L{#) be the likelihood,
and I{#) the information of X for 8.

a} State the Cramér Rao Inequality,

b) Prove that an unbiased estimator § of @ achieves the Cramér Rao inequality
if and only if
dlog L{d) -
——= e HEE <55,
o = 1(6)(0 - 0)
c) For
x z*
flwi0%) = Sew{-25), 220,

determine the Cramér-Rao lower bound for o2 and & and demonstrate whether
or not it is attainable in these two cases,

2. This problem is related to extreme value distribution.
a) Let Z be a standard normal random variable N (0,1). Prave that for t = 0,

E—t t II"EJ {2
Voo (-3) Pz < e (-5).

(Hint: For the left side inequality, note that, for = = t, TE! -
ﬁr- Note also that {up{-ﬂﬁ};ﬂr — _ (1#22 —zt )

b} Let Xy, X3, -+ X,,- - - are independent identically distributed random vari-
ables with the same chi-square distribution with one degree of freedom. Find
an and by, such that a, (max, <i<n Xi— by) converges in distribution to a non-
degenerate random variable.



Fall Math 541a Exam, Fall 2004

1. Let X;,..., X, be iid Geometric random variables with parameter
pe (0,1},
PX=z)=(1-p)p*, 2=1,2,....

a. Find a complete sufficient statistic for p, and Justify its properties.

b. Compute the conditional distribution

Pl:xl = I].-"':-X:i = Inlzx_f = E'J
J=1

c. Find the UMVUE (uniformly minumum variance unbiased estimator) for
pwhen n = 1.

d. Find the UMVUE for p in general.

2. Let X ~ AN, (u, %), a multivariate normal vector in R"™, with unknown
mean vector g = (py, ..., pu,) and known covariance matrix 3.

i) Calculate the Fisher information of X for 4. You may use that dy' Ay [0y =
2Ay.

b) Calculate the Fisher information in X for the estimation of Py -

¢} Suppose that for some unknown scalar parameter u we have 4 = au with
a € R" a known vector. Calculate the Fisher information of X for i,

d} With a = (1,...,1) in part b) and § = diag(c],...,o?), state and Jiis-
tify necessary and sufficient conditions on o2, . ,02 such that there exists a
consistent estimator of .



e) For n = 2,a = (1,1) and Var(X,) = Var(X;) = 1, how should & be
chosen to minimize Var(ji) for the UMVU fi of u?



Math 541a Qualifying Exam, Spring 2005 (One-hour)

1. Assume Xy, X;,--- are iid. with uniform [0, 1] distribution. Let KXy, e +, X(m) be

the order statistics from the smallest to the largest.
1) Find the pdf (probability density function) of X ;
2) Find the joint pdf of (X 1) Xny )i
3) Find the pdf of Xy, + Xin);

2. Assume X,,--- , An are i.id. with pdf f(z|0) = a;E_azl::l

»& & IR, where > 0 is an
unknown parameter.

(1) Find the Maximum Likelihood Estimator 8 of # (not, of %) ;

(2) Find the Fisher information J (6)

1
1

(3) Find the asymptotical distribution of 4.

3. Assume X, -- X, are iid. with pdf f(z|a, 3) =

3
mma_le"'ﬁ,x = 0, where
o0 [} :2

Ma, 3) = A 8 'e"Bdr and 9 = (a, 3)

lies in the parameter space

8={(a48):a = 0,8 > 0}.

1) Find the natural parameter space =:

2) Find a complete and sufficient statistic (vector) for #; and Justify your answer:
3) Find the UMVUE (uniformly minimum variance

unbiased estimator) for e and
Justify vour answer.



541a Qualifying Exam
Fall, 2005

Name:
|

2
total

] -



1. Assume X, .-, X, are i.i.d. with p.d.f. (probability density function)

where # € 8 = ((, o0} is an unknown parameter.

a) Find the Method of Moment Estimator 8; of 6, and its expectation and
variance. Is it unbiased?

b) Find the Maximum Likelihood Estimator f, of @ and its density function.
Is it unbiased?

¢) Find a complete sufficient statistic for, and the UMVU (uniformly mini-
mum variance unbiased estimator) of, 8.

d) Find constants a,, b, such that aﬂ{:{:‘l — b, ) converges to a nondegenerate
random variable in distribution, and give the limiting distribution,

e) Find constants ¢, d,, such that ¢,(f, — d,,) converges to a nondegenerate
random variable in distribution, and give the limiting distribution.



2. Observations (X, Xy,--+, X,) are independently distributed over [0, 27)
according to the density f(z,8) = explfy cosz + 03 sinz — e(f)], where
0= {51,3-3} € R%

a) Find an expression for the Fisher information [(#) (perhaps involving in-
tegrals) and show that it is positive definite for all § € R?.

b) Please reparameterize the model by p = \/ 07 + 62, cosp = @8, /p, sing =
B2/ p, and show that ¢(f) only depends on p.

¢) Find in closed form an asymptotically efficient estimate for (cos ¢, sin ¢).
Hint: cos(a — /) = cosacosf + simasinf, sinfoe — 3) = sinacosd —
cos o sin (7.



541a Qualifying Exam
Spring, 2006

Name:
1

2
w' total |




1. Let Xy,---, X, be a random sample from a N{#,1) distribution, where
# € R is an unknown parameter.

a) Find the Fisher information 7(4).

b) Find a complete and sufficient statistic for 6.

¢) Find an unbiased estimate of P(X < 0).

d) Find the UMVUE [unifnrﬁﬂy minimum variance unbiased estimator) of
P(X <0).



2. Let Xl:—u* ,Xn be i.1.d. with P[X.I = i} =1 - F[TX, = DJ =np = (EI, l]‘
a) Show that the average, X, is the MLE of p

b) Find the mean p, and variance o2 of X,, and invoke the Central Limit
Theorem to determine the asymptotic distribution of X,,, properly centered
and +/n scaled.

¢) Find the MLE § of the log odds parameter,

and, under proper centering and /% scaling, apply the Delta Method to find
its non-trivial asymptotic distribution.

d) Find a variance stabilizing transformation for the estimate of § in a).
(Recall that a variance stabilizing transformation for the estimator @ is a
function g such that the (properly centered and scaled) non-trivial asymptotic
distribution of g(f) does not depend on any unknown parameters.)



Fall 2006 Math 541a Examn

1. Let Xy, .-+, X, be independent identically distributed samples taking
values () or 1 with distribution

PX; =1 =1 P, =0 =9

Suppose that
= S =1 = 1)
g=]

is observed.

(a) Calculate the expectation T,,.
(b) Find the method of moment estimator p,, for p based on T;,.
(¢) Calculate the variance of T,.

(d} Find the (properly scaled and centered ) non-trival asymptotic dis-
tribution of p,.

2. Suppose Xi,---, X, are i.i.d. samples with density f(z,f), where # €
E, an open set in R. Suppose Eg(X;) = 6. Let Varg(X,) = o*(f) < oc,
be integrable in #. A transformation h: E — R such that A’ > 0 is
called variance stabilizing if for all 8, /n(h(X) = h(#)) — N{0.b).
where b is a constant,

(a) Show that A is variance stabilizing if and only if K'(#) = bo™ ' (#)
for some b and all # € F.

(b) Let Xy,-+-, X, be the indicators of n binomial trials with prob-
ability of success rate ¢, Show that the only variance stabilizing
transformation h such that A{0) = 0, k(1) = 1, and A'(t) = 0 for
all ¢, is given by h(t) = (2/7) sin ' (/1).

(¢) (Continue) Let S = ¥, X; and X = §/n. Show that sin ’{v‘ﬁ’-].fjr
2(1—-0.5a)/(2y/n) is an approximate level (1 —«a) confidence inter-
val for sin“'(v/#), where z(a) is the a-th quantile of the standard
normal distribution.



Spring 2007 Math 541a Exam

1. Let P = {y.42.-+- ., yn}. where y; € R are N distinct real numbers.
The size N of P may be very large and it is impractical to sample
all the values of P. Suppose that we are interested in the population

average
' N

; 1
b= N His
A i=1

In a survey, a subset 8 € P of n elements, (0 << n < N, are selected from
P without replacement and the values are recorded as X, Xo, -+, X,

(a) Describe the probability space and the resulting joint distribution
U[ {.}fl 4 ..jfg}.
(b) Calculate the mean FX, and the covariance Cov{X;, Xs).

(¢) Suppose that we use the sampling average

l n

..-'f — - ij.._

mn .

to estimate the population mean g, Show that X is an unbiased
estimator of u.

(d) Show that

,I-{ .}E e "".l
A = R = X
where
B
V=5 2y =)
4

2. Suppose that X = (X1, Xa,---, X,,) follows a first order antoregressive
model
Xt—p:=p[f{.«_] —,l'.ll'}+ﬁ1 f=],2,31'1ﬂ-1

where y € Rand p € (—1, 1) and unknown and ¢;'s are iid from N (0, 1).
Let 8 = (u, p). Suppose Xy = (.

(a) What is the joint density function for (X, Xs, .-+, X,,).



(b) Find the maximum likelihood estimator for (g, g).

(¢) Caleulate Fisher's information matrix and a lower bound for the
variance of an unbiased estimator of u®.



Fall 2007 Math 541a Exam
1. (a) Show that for all o > 0,3 > ()
Glz; o, 3) = e ™™ farreR
is a distribution function (Gumbel family), and find its density

and moment generating function.

(b) Is G'a; e, 7) is a member of the exponential family? Find sufficient
statistics for X1, ..., X, an i.i.d. sample from G(xr; o, 3).

(¢) Let X;, Xa....be independent and identically distributed random
variables with distribution lunction F{z). Find the distribution
function of

Xy = max X; and Xy = min X,
I =i<n 1<i<n

(d) Let Gy,...,G, beiid. with distribution G(z; o, 3) for some pos-
itive o and 3. Show that the largest variable G, = max <<, G;
is of the same family, and determine its parameters.

(e¢) Taking the distribution
Flz)=1—e™ forz>0

in part a, find a sequence b, such that X, — b, converges to the
Gumbel distribution as n — o0, and determine the parameters of
the limit distribution.

2. Let (X;,Y;),i=1,--- n be independent where X; has an exponential
distribution £(A;) with density p(z, ) = Xe ™", 2 > 0, and Y; is
independent of X; with the exponential distribution £(8A;), # = 0.

(a) Show that the maximum likelihood estimates of (A, .-+, A, #) are
: 9 |
Ni=——-—, i=1l-m
Xi + 0Y;

and ri' which uniquely solves g(#) = 0 where

90 =2 2w~ )



(b) Show that the Fisher information bound for # under the assump-
tion that Ay, ---, A, are known is #°/n

(c) Show that U; = X, /(X + €Y;).i=1,-+-.n are independent uni-
form Z4(0,1).

(d) Now suppose 6240, Show that

-

Va6 — 8) - A(0, 36%)

by using the Tavlor expansion

g(8) = g(8) + g'(8)(8 — ) + 0,(6 — ).



Spring 2008 Math 541a Exam

[ 7, T Xy be ii.d. Poisson with mean A.

Note that
po=P(X; =0)=¢?,

so if Y = ##{i : X; = 0}, then A might be estimated by
B log(Y/n).

(a) What is the distribution of ¥'7
(b} Use Taylor series to find approximations of £ {,3;} and Var(ijl.

() Compare (your approximation of ) ‘»"ar(i} with the variance of the
MLE A of A.

(d) Determine the Fisher information in the sample, and whether the
MLE A achieves the Cramer-Rao lower bound.

2. Let Xy,-++, X, be i.i.d. N(u.0?) and ¢ be the standard Gaussian
density, and define the average absolute deviation, or AAD, by

] T B
—_— o i I.
AAD = 2 | Xy — X
(a) Show that

T 2
vI{AAD — 26¢(0)} — N(0,0%(1 = =)).
n
(b) Let med(X) be the median of X = (X4,..., X)), and sign{z) =
—1,0, 1 if & is negative, zero or positive, respectively, Assuming
l "

med(X) = p + e (0) ; sign(X; — p) + r};.['n.‘lf"*},_

and using the bivarite CLT, deduce that

[2 T2 0
(ﬁ(mmux}—p.},ﬁ[mu—aﬁ};—h-‘»'z (u,g?l ui 1_,2;,??]).



Hint: For part a. show that

1 s 1 r
I 21X = X = 23 |1Xi = pl] = 0p(n ™)
by assuming (without loss of generality) that < X, verifying

|3 {1 — X| — | X — pl}
X — (| 2{1(X € ) — HXe > p)}H +23 1(p < X: < X)),

and then applying the law of large numbers.

The following fact may also be useful: E|X—pu| = 20¢(0) = E,@a.



Fall 2008 Math 541a Examn

1. Let pe (0,1) and g=1—p.

(a) Show that
PiIX=—1)=p and P(X=k)=¢p", k=0,1,...

defines a probability distribution for the random variable X,

(b) Given the single observation X, the statistic X is sufficient; is X
also complete?

(¢) Determine all unbiased estimators of p, given one observation of
X from the family above. Hint: Consider T(X) = 1(X = —1).

(d) Find the UMVU of p, or prove that it does not exist.

2. Consider the Pareto distribution Fla,c), with positive parameters a
and ¢, whose density function is given by

ae”

plxia;c) = for ¢ = c.

E'"E.I.'I']

(a) Verify p(ax:a,e) is a density funection, and find the associated dis-
tribution function.

(b) When X has density p{x;a,c), determine the distribution of ¥ =
Iﬂfi_: ..-'!{.

(¢) Let Xy,...,X, be a random sample from the Pareto FP(a,¢) dis-

tribution. Find the maximum likelihood estimators a and ¢ of a
and ¢, respectively.

(d) Determine the distribution of ¢ or of 2na/a.



Spring 2009 Math 541a Exam

1. Let X;.....X, bearandom sample from a Bernoulli distribution with

parameter p € (0, 1), that is,

(a)
(b)

P(X;=1)=p, and P(X;=0)=1-p

Find a complete sufficient statistic T, (Xq,. ... A, tor p.

Justify T,.( X, ..., X, ) iz sufficient and complete using the defini-

tions of sufficiency and completeness.

Find the maximum likelihood estimator (MLE) of p, and deter-
mine 15 asymptotic distribution by a direct application of the Cen-
tral Limit Theorem.
(Calculate the Fisher information for the sample, and verifv that
vour result in part (¢) agrees with the general theorem which pro-
vides the asymptotic distribution of MLE's.
Find a variance stabilizing transtormation for p, that is, a function
g such that
" P 2
vnl(g(p) — g(p)) —a N'(0, 07

where o2 = 0 and does not depend on p; identify both ¢ and o2,

Let @ have a Gamma I'(a, 3) distribution with «, 3 positive,

ﬂ-:l. lEf f:a

2% B) = —garta)

and suppose that the conditional distribution of X' given # is nor-
mal with mean zero and variance 1/6.

Show that the conditional distribution of # given X also has a
Gamma distribution, and determine its parameters.

Conditional on # as in part (a), suppose that a sample Xy,..., X,
is composed of independent variables, normally distributed with
mean zero and variance 1/f#. Find the conditional expectation
E[f| Xy, ..., X,] of # given the sample, and show that it is a con-
sistent estimate of #, that is, that

oAl

Xioooy Xyl = a3 n — oa.



Fall 2009 Math 541a Examn

1. Let X;..... X, be a random sample from a Bernoulli distribution with
parameter p € (0, 1), that is,

PiX;=1)=p, and P(X;=0)=1-p.
(a) Determine the UMV of
g(p) = p(1—p).

(b) Prove that the odds ratio

JL
q(p) = -

is not unbiasedly estimable.

(¢) Determine necessary and sufficient conditions on g(p) such that

the UMVU of g(p) exists.

2. Let Yi,....Y, be independent with distribution ¥; ~ N(fy + #1234, 1),
where xy,...,x, are known real numbers.

(a) Determine the maximum likelihood estimator (éﬂ,ﬁi} of {8y, 0,).
(b) Caleulate the Fisher information matrix for (6, 8,).

(c) Compare the Cramer Rao lower bound for the estimation of &,
when #, is unknown to the case where f; is known, and show this
second lower bound is the smaller.

(d) With both parameters unknown, find a simple necessary condi-

tion on a sequence of real numbers xq, xs,... such that (fy, 8, ) is
consistent for (.60, ).



Spring 2010 Math 541a Exam

1. Let Xy,---, X, beiid. T'(p,1/)\) with density gs(zx) = ﬁ}'ﬁ” pP—le™
r>0,0=(pAX),p=0, =10

(a) Find a moment estimate of the parameter.

(b) Show that the moment estimates, f are asymptotically bi-variate
normal and give their asymptotic mean and variance covariance
matrix.

(¢} Compute the asymptotic variance covariance matrix of the max-
imum likelihood estimates. You may leave vour answer in terms
of I' function derivatives,

2. Recall that the {-distribution with & = 0 degrees of freedom, location
parameter £, and scale parameter s > 0 has density

—(k+1)/2

P {(k+1)/2) ey (:r:—r“)z
1+ k
I(k/2)V ks 2

Show that the f-distribution can be written as a mixture of Gaussian
distributions by letting X ~ N{u.c6%). 7 = 1/a* ~ I'(a, 3). and inte-
erating the joint density f(x,7|u) to get the marginal density f{x|pn).
What are the parameters of the resulting ¢-distribution, as functions of
4, 0, 37

S



Fall 2010 Math 541a Exam

1. Let g = 0 be an unknown parameter, and suppose that X; and X, are
independent random variables, each having the exponential distribution
with density function

! i
plein]l=<expl——1], x>I.
1 i
It is elear that since the distribution p{r; g) has mean g that an unhi-
ased estimator of p is given by X = (X, + X3)/2.
(a) Calculate the variance of the estimator X of .

(b) Now consider the estimator of g given by T(X,, X3) = v X X,
Calculate the bias of T(Xy, X5).

(¢) Show that the mean square error of T'(X;, Xs) as an estimator of
i, that is
MSE(T) = E(T(X,,X3) — n)*,

is strictly smaller than the mean squared error of the estimator X
of .

2. A random variable X has the Weibull{a, 3) distribution if
Pos(X > x) = exp{—(2/a)”} forz > 0. (1)
Suppose that X, ..., X, are i.i.d. Weibull{ay, 35), where (ag, 33) is in

the interior of a compact parameter space © C BT x BT,

(a) Show that the MLE of & is given by

.

1/3

I - E
~ —1 i3
o= |mn E X

i=l

where 3 is the MLE of 3.

(b] As an alternative to maximum likelihood, let & be anv estimator
of 3 and consider the estimator of o given by

I _,". ;'-'.|

a=[n'Y X7 . (3)

i=1



Show that a is a “pseudo-MLE"” in the sense that it maximizes
{ev, 3), where f{a, 3) is the log-likelihood function.

Prove that EX7 = ai®.
Prove that if 5 is any consistent estimator, than a given by (3) is
consistent for «. Hint: Letting Y, (3) = n~! Zr X.{F._ argue that i

suffices to prove that Y,(3) — o™ in probability. Then, using the
convexity of Y5, (), show that

Yo(3) — YalBo)| = 0 in probability,

and complete the argument by applying part (2c) and the law of
large numbers.



Spring 2011 Math 541a Exam

1. Let Xi,..., Xy be iid. with distribution N'(i,¢*) and n = 2.

-

(a}) Find UMVU estimates fi and o2 of u and ¢?, respectively, and
prove that they are such.

(b} Derive the marginal distributions of i and o2, and prove that
these estimators are independent,

2. For # € & let Xy, X3, +-+ , X, be independent continuous random wvari-
ables, each having density function

plx:#) = exp(—(z — 8)) [ {zx = 8},

where I{x) =1ifx > () and I{x) = 0 otherwise. Let X1y, Xigy. -+ . Xy
be the corresponding order statisties.

(a) Find the joint density function of (X1, X(z)), and the marginal
densities of Xy and X ).

(b) Show that
T=Xun—(n=1)(Xg—Xqy)/n
is an unbiased estimator of #.

(¢) Find the maximum likelihood estimate of #,



