A note on characteristic functions.:

By definition, the characteristic function of a (real-valued) random variable ¢ is a (complex-
valued) function ¢ of the real variable t:

o(t) =Ee'® i=+/—1.

The definition immediately implies the following properties of ¢:

(1) (0) =1
(2) |p(t)] <1 forall t;
(3) ¢ is (uniformly) continuous [check out the uniform part].

The main necessary and sufficient result is known as the Bochner-Khinchin theorem: a complex-
valued function ¢ of a real variable t is a characteristic function of some random variable if and
only if all the following three properties hold

(1) ¢(0) =1

(2) ¢ is continuous for all ¢

(3) for every collection ty,...,t, of real numbers the matrix (¢(t; — t;), 4,7 = 1,...,n) is
Hermitian and non-negative definite.

The third property is not so easy to verify. One famous sufficient condition is due to Polya: If
©(t) is even, ¢(0) = 1, ¢ is convex for ¢t > 0, and limy;_, 1, p(t) = 0, then ¢ is a characteristic
function of an absolutely continuous random variable. For more, see [1,3].

Here is a necessary condition [1, Theorem 4.1.1]: if ¢ is a characteristic function and ¢(t) =
1+ o(t?),t — 0, then o(t) = 1 for all ¢ [indeed, the random variable with such a characteristic
function must have zero mean and zero variance]. In particular, if r > 2, then e7 " is not a
characteristic function.

Another necessary condition is due to Marcinkiewitz (see [2], no proof...): if o(t) = e?® is a
characteristic function and p = p(t) is a polynomial, then the degree of p is at most 2. For
example, e " is not a characteristic function.

One more necessary condition is a consequence of trig identities: R(1— ¢(¢)) > R(1 — ¢(2t)) /4.
Indeed, R(1 — ¢(t)) = E(1 — cos(t£)), and
4(1 — cos(tx)) = 8sin?(tz/2) > 8sin?(tx/2) cos?(tr/2) = 2sin’(tx) = 1 — cos(2tx).
For real ¢, this becomes
3+ p(2t) > 4p(t).

An immediate consequence is that if ¢(¢) = 1 in some neighborhood of ¢ = 0, then ¢(¢) = 1 in
twice that neighborhood, and then, by induction, for all £ € R, so that £ = 0 with probability
one.

Some other facts:

1) If € is absolutely continuous, then limy . |©(f)| = 0 [Riemann-Lebesquel;
It]
(2) If ffooo lo(t)]|dt < 0o, then £ is absolutely continuous with pdf

) = = / eV () dt.

:ﬁ N

1Sergey Lototsky, USC. Most recent update on November 6, 2025.
1



(3) If limygyo0 [0(2)] = O, then ¢ is continuous: P({ = a) = 0 for every a € R. Indeed, if
P(¢ = ag) = po, then o(t) has a component eV~ that does not go to zero.

(4) Tt is possible to have a continuous random variable with limsupy,_,. [¢(t)] = 1. For
example, the random variable £ = >~/ e;/k!, where ¢, are iid taking values £1 with
probability 1/2, is continuous [because all converging sums of the form ), ayej are con-
tinuous|, but, by the dominated convergence theorem,

lim p(27n!) = lim Hcos 2! k) =

n—oo n—0o0

(5) With g, as above, it is known that a random variable & = 37, e/a" is singular if a > 2;

if @ > 2 is not an integer, then |p(t)| = O((ln|t\)_r>, |t| — oo for some r > 0 [not

obvious|; for a = 2, £ is uniform on (—1,1) (and thus absolutely continuous) because

sint  sin(t/2) sin(t/4) sin(t/27) 1" |
o t/2 cos(t/2) = 25/—4 os(t/2)cos(t/4) = ... = ——— Hcos(t/2k),

t/2r
as n — 00, the right hand side converges to the characteristic function of £ (with a = 2);
the left hand side is the characteristic function of the uniform on (—1,1).
(6) TEE[¢]" < oo, then ¢®)(0) = E(i&)* and o(t) = 1 + Y0, €204k 4 o(|t["), ¢ — 0.
(7) If o™ (0) exists then E|¢|F < oo for k < n, if n is even and for kE<n-—1,if nis odd.
(8) ¢
(9)

'(0) exits if and only limy|e |2|P(|€] > x) = 0.
9) If o(t +27) = @(t), then @(t) = >7>° _cpe so that ¢, = P(E = k) > 0and 3, ¢ = 1.

Question 1. Is e~ 1=*" a characteristic function? [Technically, |¢| — t* is not a polynomial.. ]

Question 2. Let X, X5,... be iid random variables with support on the standard mid-third
Cantor set; the cdf of X is the Cantor ladder (or Devil’s staircase...); the characteristic function
of X1 is p(t) = V=122, cos(t/3%). Does there exist an n > 1 such that the sum X, +...+X,
18 absolutely continuous? The answer is no, and the proof involves some very non-trivial mathematics. Check out Brown,
Gavin; Hewitt, Edwin Continuous singular measures with small Fourier-Stieltjes transforms. Adv. in Math. 87 (1980), no. 1,
27-60, in particular, page 29.

Question 3. How many different arguments can you present to explain why f(¢) = | cos(¢)] is not
a characteristic function?
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