MATH 445 Final Exam, Fall 2024

Instructor — S. Lototsky (KAP 248D; x0-2389; lototsky@usc.edu)
Instructions:
e No notes, no books or other printed materials (including printouts from the
web), no calculators, no collaboration with anybody (or anything, like AT).
e Answer all questions, show your work (when appropriate), upload solutions
to Gradescope.
e There are nine problems. Each of the problems 1-9 is worth 10
points. Problem 10 is a collection of 5 multiple choice questions
e =1+2+22/2)+23/3) +---;sin(z) = 2 — 23/(3) + 2°/(5!) — -+ - ;
cos(z) = 1 — (22/2!) + (21/4!) +
Problem 1.
(a) [5 pts] Compute the line integral / Vf-dr, where f(z,y,z) = 223 +y°2", Vf is the gradient
of f, and C' is a straight line segment frocm the point (0,0,0) to the point (1,1,1).

Solution. By the Fundamental Theorem of Calculus,

/Vf-dr:f(l,l,l)—f(0,0,0):3.
C

(b) [5 pts] Compute the flux of the vector field F = (3z + 2x2) % + (2% — y*) 7 + (42 + xz) & out
of the sphere (z +1)> + (y — 3)* + (2 — 1)? = 9.

Solution. Using the divergence theorem and the fact that the centroid of a ball is its center,
we get, with G denoting the ball centered at (—1,3,1),

//aGF-d&:///dldeV /// (B34+2z—2y+4+x)dV

=vol(G)(T+Z — 2y +22) = (473 /3)(T — 1 — 6 + 2) = 727.
Problem 2. )
(a) [5 pts] Compute 7{ 5 © 1dz, where C' is the circle |z| = 5, oriented counterclockwise.
c e z

Solution. with f(z) = 2?/(e** — 1), the singular points of f are z, = ik, k =0, +1,£2, ...:
those are the points where €** = 1. Of those points, only three (29, 21, z_;) are inside C'. Moreover,
2p is a removable singularity (either by Taylor or L’Hospital, lim, o f(2) = 0), and the other two
are simple poles; by the standard formula, the residue at z4 is (z41)%/(2e**') = —72/2. As a result,

by the residue theorem,
2
z
7{ 5 dz = =2,
c € |

(b) [5 pts] Compute the Laurent series expansion of the function f(z) =

2
( 5 around the
Z —

point zg = 5.

Solution. with > —5 already at the bottom, we need to re-write the function in the form
of the Laurent series:

(z=5)(z+5)  z+5 z-5+10 10 1
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Problem 3. Solve the initial value problem
y"(x) — zy'(x) + 3y(z) =0, y(0)=0, ¢'(0)=-3.

Solution. with y(z) = Y 450 axr”®, the equation suggests using y'(z) = >, kapz* " and
y'(x) = im0 k2(k + 1)(k + 2)2*, Then

k—3
k+1)(k+2 — (k-3 F=0 = :
;(( + 1) (k4 2)agrs — (k= 3)ar)z" =0, axps ERED
Witha():y(O):0anda1:y’(()):—3,Wegeta2:a4:...:O,anda3:%-(—3):1,
as = a7 = ... =0, for the final answer

y(r) = 2° — 3.

Problem 4. Let f(x) = 14 cos(mz), 0 <z < 1, and let Sy = S¢(x), © € (—00,+00) be the sum
of the Fourier series of the periodic extension of f with period 1.

(a) [4pt] Draw the graph of Sy for x € [-3, 3];

(b) [3pt] Compute S¢(1);

(c) [3pt] Compute S¢(5/2).

Solution. (a) We have the graph of cosine on (0,7) (half-period, going from 1 to —1) that
is compressed in the horizontal direction by the factor of 7 and shifted up by 1.

(b) Sp(1) = (f(0+) + f(1-))/2 = (2+0)/2 = 1, (¢) 57(5/2) = 5;(1/2) = f(1/2) = L.

Problem 5. The Fourier transform of the function f(z) = e /2 ig f(w) = ¢ /2. Compute
the Fourier transform of the function g(z) = e~ (+5)”,
Solution. We have g(z) = h(z +5) and h(z) = f(v/2z). As a result,
/g\(w) — hw /ﬁ(w) _ hiwo—1/2 J/c\(w/\/ﬁ) _ 2—1/265@6_“12/4.

Problem 6. The Fourier transform of the function f(z) = el is
~ 2 1
flw) = \/;1 + w?

/ Cos w .
oo L w?

Solution. The properties of the Fourier integral imply that, in this case,

1 e Iy iwx
@) = —= | fa

o—lol _ 1 /°° cos(wx) + isin(wx) do.
T ) o 1+ w?
Putting x = 1 and using that w + sinw is an odd function, we get the answer:

* cosw T
dw = —.
/001+w2 e

Problem 7. Use separation of variables to find a non-constant solution u = u(t, z) of the equa-
tion u; = udu,.

Use the result to compute the integral

for all x, that is,

Solution. Writing u(t, z) = F(t)G(z), we get F'G = F’G°FG', which, after separation of ¢
and z, results in (F~°)(t) = (G®)'(z), leading to the answer

cxr+a 15
u(t,x)z(b_ct> , a,bceR, c#0.




Problem 8. Solve the following initial-boundary value problem:

uy = DUy, u=u(t,z), t >0, z € (0,m),
uw(0,2) = sin(x) — sin(3z).
u(t,0) = 0,
u(t,m) = 0.
Solution. The boundary conditions suggest the general form of the solution u(t,z) =
D kst upe ok sin(kz). The initial condition implies u; = 1,u3 = —1, ux = 0 otherwise, leading

to the final answer
u(t,r) = e " sin(x) — e * sin(3x).

Problem 9. Solve the following initial-boundary value problem:

Ugt = Uy, u=u(t,x), t >0, € (0,7),
u(0,2) = 0,

u(0,z) = sin(2x) + 3sin(bx),

u(t,0) = 0,

u(t,m) = 0.

Solution. The boundary conditions and zero initial displacement suggest the general form
of the solution w(t,x) = ), uxsin(2kt) sin(kz). Initial speed gives 4uy = 1, 10us = 3, up = 0
otherwise, leading to the final answer

ult 7) = sin(4t) sin(2x) N 3sin(10¢) sin(5x)'
4 10

Problem 10. This is a multiple choice part. For each of the five questions, circle (or otherwise
indicate) the answer you think is correct (there is always only one correct answer). You get two
points for each correct selection, zero points for each wrong selection. No need to show your work.

(i) What is the radius of convergence of the Taylor series expansion of the function

Z 4+ 5sinz )
f(z) = — 5 around the point zg = 07
z — 3i

1 2 4 5

The singular point of the function is 3i, which is 3 units away from the origin where we do the
expansion.

(ii) True or false: the Fourier series of the 27 periodic extension of the function f(z) = a°,

|z| < 7, converges uniformly on the interval [—10, 10]7

True False Need more information

The sum of the Fourier series is not a continuous function, but all the partial sums are, so con-
vergence cannot be uniform.

(iii) Identify the sequence that converges uniformly to zero on the interval z € [0, 1], as n — oo:

" nx/(1+ nx) nln (1+2) nsin (fb_;l)

The first does not converge to 0 when x = 1; the second converges to 0 only for x = 0; the third
converges to z; the last one works because sin(z) < x.



(iv) Identify the function f = f(z) for which the Fourier transform f is real [that is, the imaginary
part of f is identically equal to zero.]

o~ 22+sin(2z) m e~ +a’ e (cos(2z)+sin(z))

Look for an even function (the one that does not change if you replace x with —z).

(v) Let f be a scalar field for which all partial derivatives exist and are continuous. Which of the
following expressions defines the Laplacian A f of f?

div (grad(f)) grad (div(f)) curl (grad(f)) grad (Curl f)

Note that the second and forth make no sense, whereas the third is 0.



Properties of the Fourier series and transform

Series Name Transform
+00
- [ st Forvard f) == [ s
= — x)e x rwar w)=— x)e T
27 J_ . 27
“+oo
1 o
Sp(z) = kzzoo en(f)ek® Inverse If(z) = Nor / f(w)e™ dw
™ R +o0o
colf) = \/%/7r f(@) da Obvious o) = \/127/00 (@) da
io cr(f) = S(0) = J(04) + F(0-) Obvious /m (W) dw = 1;(0)
k=—o0 ' ! 2 2m !
_ fOH)+f(0-)
2
|k1|iinC>c> lex(f)] =0 Riemann-Lebesgue: f € L; ‘ 1‘131 |f(w)| =0, f continuous

/_Wlf ) da

Parseval/Plancherel: f € Lo

oo +00
/\f(w)dez / f(2)]? da

Further properties of the Fourier transform

Function Fourier transform Function Fourier transform
f(x) flw)=Flflw) | f() f(—w)
flx—a) —aw f(w) s f () flw—a)
flz/o) o f(ow) e/ e/
f'(z) iw f(w) zf(x) if'(w)
f"(x) —w? f(w) z? f () —f"(x)
/f(m) dx fl(:) f(;) - /f(w) dw
(Feo@) VI | S VoL

W 2 1 1 T
e \/;1—1—w2 1422 \/;ell
(e < 1) VEEL NERERSY
Jo(z) e~ /\on cos(az) 772(80(w) —|—<5_a(w)>




