Basics of Gamma and Beta functions.
GAMMA FUNCTION
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BETA FUNCTION
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Basic NOTES

(7)

e The first equality in (2) follows from (1) after integration by parts and can be used to define

[(x) for . <0,  # —1,—2,-3,...; the second equality in (2) corresponds to z = n.

e Equality (3) is equivalent to

+o0 9
/ e du = /T.
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e Equality (5) is known as Euler’s reflection formula. There is no “elementary” proof.

When z € (0,1), one approach is to use (7), with y =1 — x:
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F(x)F(l—x):/Oltz_l(l—t)_xdt:/om ° ds,
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where the second equality follows after the substitution ¢ = s/(s + 1); the second integral

can then be evaluated using contour integration in the complex plane.

e Equality (4) is known as Legendre’s duplication formula and follows from (7) after

setting © = y, changing variables in the integral to get

and using (3).
e To prove equality (7), make substitution ¢ = «? in (1) to get

+oo
I(z) = 2/ u? e du,
0
and make substitution ¢ = sin?# in (6) to get

w/2
B(z,y) = 2/ sin®* 16 cos® "0 db.
0
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Then
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I'(@)I'(y) = 4/ / w2 em ) dudy = B(x,y)T(z + y),
0 0
where the second equality follows after switching to polar coordinates u = rsinf, v = r cos 6.
FURTHER NOTES

e With some imagination, one can replace real number z in (1) with a complex number z =
x+iy and define I' as an analytic function in the complex region {z € C : Re(z) > 0}. Then
(2) extends I' to a meromorphic function in C with simple poles at z =0, —-1,—-2,..., —n,...
with corresponding residue (—1)"/n!.

e The function z — 1/I'(z) is entire (analytic everywhere in C) and has product representation

%z) = zewﬁ (1 + %) e_z/n, (8)

where

N
. Zl

is the Euler-Mascheroni constant. Then

which, together with the equalities I'(1 — z) = —2zI'(—2) [using (2) with 2 = —z] and

e =1 (1 2)

n=1

leads to Euler’s reflection formula (5). Note that an equivalent form of (5) is

()G i

e Equality (4) is a particular case of Gauss’s multiplication formula

n—1
k

H r (z + —) = (2m) V2D () n=2,3,4,. ..,
n
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which can be derived from (8).
e The n-the derivative of the function

Yo(z) =

is called the polygamma function of order n. In particular, ¢ itself is known as the digamma
function, and

G =rm= [t mtd= .

e Various trigonometric and hyperbolic substitutions in the Gamma and Beta integrals lead
to a number of remarkable identities, such as
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