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4. Let X = (X,, Z)n>o be a submartingale such that X, > E(¢|%) (P-as.), n > 0,
where E|¢| <cc. Show that if 7, and t, are stopping times with P(z, < 7,) = 1, then

X, 2 E(X,|%,) (P-as).

5. Let &,,&,,... be a sequence of independent random variables with P(§; = 1) =
P(¢; = —1) = %, a and b positive numbers, b > a,

Xy=a ¥ IG=+1)—bY I&=—1)
k=1 k=1
and
t=inf{n=1: X, < —r}, r>0.

Show that Ee** < oo for 4 < &y and Ee** = oo for 1 > ¢, where

2b a 2a

og=——II——+—In——r.
= rs axs arbo arb

6. Let&,. &,, ... beasequence of independent random variables with E¢; = 0, V¢, = o7,
Sa=& -+ &, Fi=c{w: &y, ..., &} Prove the following generalizations of
Wald's identities (14) and (15): IfE Y 7., E|;] < oo thenES, = 0;ifE )}, E&Z < oo,
then

ES?=EY & —EY ok @3)
J=1 j=1

§3. Fundamental Inequalities
1. Let X = (X,,, %), 0 be a stochastic sequence,
X = max X}, IX,l,=(EIX,P)?,  p>o0.
Osjsn
In Theorems 1-3 below, we present Doob’s fundamental “maximal inequal-
ities for probabilities” and “maximal inequalities in L?,” for submartingales,

supermartingales and martingales.

Theorem 1. 1. Let X = (X, %,),- 0 be a submartingale. Then for all A > 0

AP{max X, > A} < EI:X:I(max X, > l)] <EX}, @)
k<n

k<n

k<n k<n

lP{min X, < —1} < E[X,,I (min X, > —1)] —EX, <EX} —EX,, (2)

AP {max | Xl = l} < 3 max E|X;|. 3)
k<n k<n
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IL Let Y = (X, %,),50 be a supermartingale. Then for all A > 0

).P{maxX‘ZA}SEYo—E[Y,,I(maxlﬁ<l)]sEYo+EY,,‘, @

k<n ksn

AP{min Y < —A} < —E[Y,,I(min Y < —l)] <EY, ®)
k<n ksn

lP{max 1%l > l} < 3 max E|Y|. ©)
k<n h<n

IIL Let Y = (Y,, %,).20 be a nonnegative supermartingale. Then for all
A>0

AP{max Y, > }.} <EY,, @

k<n

AP{sup Y, > l} <EY,. [€9)]
kzn

Theorem 2. Let X = (X,, %,),»0 be a nonnegative submartingale. Then for
p = 1 we have the following inequalities:
fp>1,
10, < 10, < p%lIIX,.II,,; ©)
fr=1,

e
X0 < 0X3 < o — {1 + 11X, In* X, }- (10)
Theorem 3. Let X = (X,,, %,),»0 be a martingale, A > 0 and p > 1. Then

x|
P {max | Xl = l} < Ell—p"l (11)

k<n

andif p > 1
10, < 131, < L1 (12)

In particular, if p=2
E|X,I?
FE

P {max 1] = 1} < (13)
k<n

E [max X,f] <4EX2. (14)

k<n



