Notes on Linear Algebra and Matrix Analysis

Maxim Neumann
May 2006, Version 0.1.1

1 Matrix Basics

Literature to this topic: [1-4].

x'y <= <y,x >: standard inner product.

x'x = 1 : x is normalized

x'y =0 x,y are orthogonal

x'y =0, x'x =1, y'y =1 : x,y are orthonormal

Ax =y is uniquely solvable if A is linear independent (nonsingular).
Majorization: Arrange b and a in increasing order (b,,,a,,) then:

k k
b majorizes a <—- meIZZami Vkell,...,n]

i=1 i=1

6]

The collection of all vectors b € R” that majorize a given vector a € R” may be obtained by forming the convex hull of !

vectors, which are computed by permuting the n components of a.
Direct sum of matrices A € M,,;,B € M,;»:

A 0
A@B: |:0 B:| GMnH»nZ

[A,B] = trace AB": matrix inner product.

1.1 Trace
n
traceA = Z A
trace(A+B) = traceA +traceB
traceAB = traceBA

1.2 Determinants
The determinant det (A) expresses the volume of a matrix A.

A is singular.

Linear equation is not solvable.
A~! does not exists

vectors in A are linear dependent

det(A) =0 <—

det(A) #£0 < A is regular/nonsingular.
AjjeR—det(A)e R A;;eC—det(A)eC
If A is a square matrix(A, «,) and has the eigenvalues A;, then det(A) = [TA;

detAT = detA
detA"T = detA
detAB = detA detB
Elementary operations on matrix and determinant:
Interchange of two rows : detA x= -1
Multiplication of a row by a nonzero scalar c : detA *x= ¢
Addition of a scalar multiple of one row to another row : detA = detA
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2 EIGENVALUES, EIGENVECTORS, AND SIMILARITY

d

ab‘

=ad — bc

2 Eigenvalues, Eigenvectors, and Similarity

6 (Auxn) = {A1,- .., Ay} is the set of eigenvalues of A, also called the spectrum of A.
p(A) = max{|A;|} is the spectral radius of matrix A.
A =Dy, =diag{A;,..., A, } is the diagonal matrix of eigenvalues.

V ={vy,...,v,} is the matrix of eigenvectors.

2.1 Characteristic Polynomial

pa(t) = det(tI—A)

m

pa(t) = JJ@-2)",

i=1

2.2 Eigendecomposition

If M = }[Re(x),Im(x)]” [Re(x),Im(x)], then A is the variance of M along v. sdev(M) along v is then = v/A.

Characteristic function: AI-M| =0

trace M

detM
G(AB)

My = Av

- Y

— M=~

= o(BA) even if AB # BA

M:MT*

— A€eR

M — Ak

M is squared matrix. With D = diag A; and V = [vg, vy,...]:
MV=DV <= M=VDV'

M =
M =
M =
€M =

MY/2 —

(VDV 1)(VDV 1) = vD?v—!
vD'v!
vDlv1
VePv!
VD1/2V71

with n € N°°
with D™ = diag A;”!
with e® = diag i

with DV/2 = diag A/

i

(24) is also known as square root of the matrix M with M = MY/2M1/2E,

A triangular — 6(A) = {a;|1 <i<n}

2.3 Similarity

A is similar to B if 3 S such that:

B=S"'AS
c(A) = o(B)
detA = detB
A~B— < traceA = traceB
rankA = rankB
pa(t) = ps(t)

—A~B < B~A

pa(t): characteristic polynomial of A

VAeM,A~AT 1! —rankA =rankA” (row rank = column rank).
YAeM,A~S S=ST:=Sisa symmetric matrix

A is diagonalizable <= dD : A ~D

A ~D <= A has n linearly independent eigenvectors V.= {vy,...,v,}:
A~D < D=S'AS withS=V,, D=A,

A B (A ¢ B) are simultaneously diagonalizable, if:

i S:

D,=S"'AS, D, =S"'BS

A,B commute <= A B are simultaneously diagonalizable
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3 UNITARY EQUIVALENCE, NORMAL AND UNITARY MATRICES (REAL ORTHOGONAL MATRICES INRY) 3

Commuting family W C M,: each pair of matrices in ‘W is commutative under multiplication <= W is a simultaneously
diagonalizable family.
If W is a commuting family, then there is a vector x that is an eigenvector of every A € W.

2.4 Eigenvectors, Eigenspace

Eigenspace is the the set of eigenvectors corresponding to the eigenvalue (one or more) of A.

Geometric multiplicity of A is the dimension of the eigenspace of A corresponding to the eigenvalue A. It is the maximum
number of linearly independent eigenvectors associated with an eigenvalue.

Algebraic multiplicity of A is the multiplicity of the eigenvalue A as a zero in the characteristic polynom. It is the amount of
same values of A in 6(A). In general, the term multiplicity usually references the algebraic multiplicity.

Geometric multiplicity of A < algebraic multiplicity of A.

I A €06(A): geometric mult. < algebraic mult. — A is defective. (29)
VA € 6(A): geometric mult. = algebraic mult. — A is nondefective. (30)
VA €o(A): geometric mult. of A=1 — A is nonderogatory. 31

If rank(A) = k then 3x;,y;: A= xlyf +... +Xky}:

3 Unitary Equivalence, Normal and Unitary Matrices (real orthogonal matrices
in R")

«— UU =1
<= U is unitary
U is unitary <= <= U is nonsingular and U~! = U' (32)
<= U columns/rows form an orthonormal set
— Ux=y—yy=x'x < |y| = [x|vx € CX
U,V are unitary — UV is also unitary.
A is unitary equivalent to B if 3 U(unitary matrix) such that:

B=UAU (33)

Unitary equivalence implies similarity, but not conversely. It corresponds, like similarity, to a change of basis, but of a special
type — a change from one orthonormal basis to another. An orthonormal change of basis leaves unchanged the sum of squares
of the absolute values of the entries (trace ATA = trace B'B if A is unitary equivalent to B).

Schur’s theorem: Every matrix A is unitary equivalent to a upper(lower) triangular matrix T:

VAJU,T: U'AU=T (34)

Where U is unitary, T is triangular. U, T are not unique.

3.1 Normal matrices

Normal matrices generalize the unitary, real summetric, Hermitian, and skew— Hermitian matrices(and other). The class of
normal matrices is closed under unitary equivalence. Condition:

ATA = AAT (35)
{Unitary, Hermitian, Skew—Hermitian} C Normal (36)
A is normal
A is unitarily diagonalizable
n n
A normal <= Y laij? =X (37)
i,j i

3 orthonormal set of n eigenvectors of A
JU: AT=AU  Uis unitary

1111

A normal — A is nondefective (geom.mult.=algb.mult.) (38)



4 CANONICAL FORMS 4

4 Canonical Forms

Jordan block J;(A) € My and Jordan matrix J € M,,:

Aol 0
7\‘ .. J’Zl(x’l) 0 k
JeV) = . J= . Yni=n (39)
) .. 7{ 0 Jnk(}\fk) 14

Jordan canonical form theorem: VA € M,, 3S,J : A =S] S!

Where J is unique up to permutations of the diagonal Jordan blocks. By convention, the Jordan blocks corresponding to each
distinct eigenvalue are presented in decreasing order with the largest block first.

Minimal Polynomial g, (¢) of A is the unique monic polynomial g4 (7) of minimum degree that annihilates A. (monic: a
polynomial whose highest—order term has coefficient +1; annihilates: a polynomial whose value is the 0 matrix).

Similar matrices have the same minimal polynomial.

Minimal polynomial g (¢) divides the characteristic polynomial pa () = ga (t)ha (). Also, ga(A) =0 VA€ 6(A).

gat)=1]t-2)", Aco(A) (40)

—

Il
-

14

Where r; is the order of the largest Jordan block of A corresponding to A;.
Polar decomposition: (rank P = rank A)

VA : A = PU P positive semidifinite, U unitary

VA nonsingular: A = GQ G=GT QQ’=I S
Singular value decomposition:
VA :A =VEIW' V W unitary, £ nonnegative diagonal, rank¥ = rank A (42)
Triangular factorization:
VA: A =URU" U unitary, R upper triangular (43)
Others:
VA Hermitian : A = SI,S" S nonsingular, I, = diag € {-1,0,+1} (44)

Where 14 is a diagonal matrix with entries € {—1,0,+1}. The number of +1(—1) entries in I is the same as the number of
positive (negative) eigenvalues of A, the number of O entries is equal to (n —rank A).

VA normal : A = UAU' U unitary, A = diagh; € 6(A)
VA symmetric: A = SK,ST S nonsingular, K, = diag € {0,+1},
rank Ko, =rank A
VA symmetric: A = UzUT U unitary, ¥ = diag > 0, rankX = rank A (45)
VU unitary : U = QcF Q real orthogonal, E real symmetric
VP orthogonal : P = QeF Q real orthogonal, E real skew—symm.
VA : A = SUXU’S™! 8 nonsingular, U unitary, £ = diag > 0

LU factorization: is not unique. Only if all upper left principal submatrices of A are nonsingular (and A is nonsingular):

A =LU L lower triangular, U upper triangular, detA({1,..,k}) #0, k=1,..,n (46)
VA nonsingular: A = PLU P permutation, L, U lower/upper triangular @7)
VA : A = PLUQ P,Q permutation, L, U lower/upper triangular

S Hermitian and Symmetric Matrices

A+AT AAT ATA  Hermitian

A—Af skew—Hermitian

VA A+A+ .. A—AT .. (48)
A =Hj\ +Sa Hj = =5~ Hermitian, Sy = =~ skew-Hermitian
A =Ej5 +iFa Ea,Fa Hermitian, Ep =Hjy, Fo = —iSa

HA,SA,EA,FA are unique VA. Ha,EAr Fp € M(R)

HASA =SAHA < A is normal 49)



5 HERMITIAN AND SYMMETRIC MATRICES

Ak Hermitian V k € N=0
Al Hermitian (A nonsingular)
aA +bB Hermitian V a,b € R
iA skew—Hermitian
xAx € R VxeCr
6(A)eR
STAS Hermitian V S

V A,B Hermitian — { A normal (see 3.1)
AAT=A2=ATA
A = UAU' U unitary, A = diag € 6(A) € R
D =U'AU A is unitarily diagonalizable
V:-rV =0 i#j eigenvectors are othonormal
trace(AB)? < trace A’B?
rank(A) = number of nonzero eigenvalues
rank(4) > R

aA +bB skew—Hermitian V a,b € R
V A, B skew—Hermitian — ¢ iA Hermitian

G6(A) € Imaginary

Commutivity of Hermitian matrices! Let W/ be a given family of Hermitian matrices:
3 U unitary : Dy = UAU', D, is diagonal VA € W <= AB=BA VA Bc W

A,B Hermitian — AB Hermitian <= AB = BA

But in general: AB #~ BA !!! and AB is in general not Hermitian!!!
A class of matrices where A is similar to its Hermitian (A ~ A¥):

< A~B B e M,(R)
> A~AT
A~AT — <= A~A" viaaHermitian similarity transformation
<= A=HK H K Hermitian
<= A =HK H,K Hermitian with at least one nonsingular

A matrix A € M,, is uniquely determined by the Hermitian (sesquilinear) form x' Ax:
xX'Ax=xBx VxecC" < A=B
The class of hermitian matrices is closed under unitary equivalence.

. >0 —o(A)>0 Ais positive semidifinite
— AT . i _J) = =
A=Al Vx: xAx= { >0 Ais positive difinite

5.1 Variational characterization of eigenvalues of Hermitian matrices

Matrix A is a Hermitian matrix with eigenvalues A; € R.
Convention for eigenvalues of Hermitian matrices: Ay = A1 <Ay < ... <Ay = M

Rayleigh—Ritz ratio: X:;i"

Mx'x <x"Ax <Ax'x VxeC”
x"Ax

Mnax = Ay, = max = max X' Ax
x£A0 X'X xTx=1
T
. X'Ax .
Amin = A = min = min X'Ax

x£0 xTx xfx=1

(50)

61y

(52)

(53)

(54)

(55)

(56)

(57)
(58)

(59)

Geometrical interpretation: A, is the largest value of the function x" Ax as x ranges over the unit sphere in C”, a compact set.

Analog is A, the smallest (negative) value.

A1 = inf sup x'Ax A= sup inf x"Ax
wel” iy weCmx'x=1
xlw xlw

(60)



5 HERMITIAN AND SYMMETRIC MATRICES 6

Courant-Fischer:

min max X'AX =Ny (61)
W,W2, Wy €CT yTx—1 xeC?
XLwyp,wo,... W, i

max min X'AX = Ay (62)
Wi, Wo,.. Wi €CT xTx—1 xeC”

VB (evenB#B") — min [x'Bx| < || < max IX'Bx|, 1 <i<n (63)
Xx'x=1 x'x—1
The diagonal entries of A majorizes the vector of eigenvalues of A (comp. (1)):
diag(A) majorizes diag(A)

vV A,B Hermitian — ¢ []diag(A) > [Jdiag(A) = [TA; = det(A) (64)
Ai(A+B) <min{A;(A) +A;(B):i+j=k+n}

5.2 Complex symmetric matrices
A complex symmetric matrix need not to be normal.
A symmetric — A = uzu’ (65)

U is unitary and contains an orthonormal set of eigenvectors of AA; ¥ is a diagonal matrix with the nonnegative square roots
of eigenvalues of AA.

A=A" — 3IB:A=BB’ (66)
A~S S symmetric!!
VAEM, — { A =BC B,C symmetric!! 67
5.3 Congruence and simultaneous diagonalization of Hermitian and symmetric matrices
General quadratic form: Q4 (x) = x” Ax = i ajjxixj, xeC"
ij=1
(General) Hermitian form: Hg(x) = x'Bx = i bixix;, xeC”
ij=1
0A(Sx) = (Sx)TA(Sx) = x7 (STAS)x = Ogr zs (X)
Hp(Sx) = (Sx)"B(Sx) = x'(S'BS)x = Hyspg(x)
ifAS:B= SAS' B is *congruent(“star—congruent”) to A (68)
if1S:B= SAST Bis Tcongruent(“tee—congruent”) to A (69)
Congruence is an equivalence relation.
A=A" - SAS' = (SAS‘L)Jr congruence preserves type of matrix (70)
rank A = rank B
A congruent to B — { B congruent o A 71

Inertia of Hermitian A : i(A) = (i1 (A),i_(A),ip(A)), where i is the number of positive eigenvalues, i_of negative eigenvalues,
and iy is the number of zero eigenvalues.

Signature of Hermitian A : i (A) —i_ (A)

Inertia matrix: I(A) = diag(11,12,...,1; ,—li, 41, .o, —Li, i ,0i 4i 415---,0n)

Sylvester’s law of inertia: A,B Hermitian — 3S: A = SBST <= i(A) = i(B) — A is congruent to B.

A, B are simultaneously diagonalizable by congruence if 3'U unitary : UAU' and UBU" are both diagonal, or 3S : SAST and
SBS' are both diagonal. The same works for symmetric matrices with the transpose operator.

5.4 Consimilarity and condiagonalization

A, B are consimilar if 3S: A = SBS . If S can be taken to be unitary, A and B are unitarily consimilar. Special cases of

consimilarity include " congruence, *congruence, and ordinary similarity. Consimilarity is an equivalence relation.

A is contriangularizable if 3 S : ST'AS is upper triangular. A is condiagonalizable if S can be chosen so that ST'AS is
diagonal.

A is unitarily condiagonalizable <= A is symmetric.



6 NORMS FOR VECTORS AND MATRICES 7

AX = Ax — X is an coneigenvector of A, corresponding to the coneigenvalue k. A matrix may have infinitely many distinct
coneigenvalues or it may have no coneigenvalues at all.

AA=1 < 38: A=S§"' (72)
YA eM,: A isconsimilar to A, AT,AT, to a Hermitian matrix, and to a real matrix.
VAeM,: 38,S; (symmetric), H;, Hy (Hermitian) such that A = S;H; = H,S,
6 Norms for vectors and matrices

Let V be a vector space over a field F (R or C).

A function ||| : V — R is a vector norm if V x,y € V:
IIx|| >0 Nonnegative
Ix|| =0 <= x=0  Positive 73)
llex|| = |c|||x]| ¥ ¢ € F  Homogeneous
Ix+yll <|x|][+|lyl]| Triangle inequality
The Euclidean norm (or I norm) on C": Xll2 = v]x1]2+ ...+ |x.]?
The sum norm (or I} norm) on C": Ix|l1 = |x1] + ... =+ |%4]
The max norm (or I, norm) on C": [IX|le = max{|xi|+...+ |xn|}
n
The [, norm on C": x|, = {/ Y |x1|P
i=1
A function < -,- >: VXV — Fis an inner product if VX,y,z € V:
<x,x>>0 Nonnegative
<x%,x>=0 <<= x=0 Positive
<xX+y,z>=<X,z>+ <y, z> Additive (74)
<cx,y>=c<x,y> VceF Homogeneous
<xX,y>=<y,Xx> Hermitian property
A function ||| - ||| : M, — R is a matrix norm it V A,B € M,;:
[l|A|ll >0 Nonnegative
[All=0 <= A=0 Positive
[llcAlll = [e|[||A]l] V¢ Homogeneous (75)
lIA+BJ[| < |I|All|+|||B|l| Triangle inequality
[IAB]|| < [||A]l]]|[B]|] Submultiplicative
n
The maximum column sum matrix norm ||| - |||; on M,,: Al = [max Y |aij
<jgni=
n
The maximum row sum matrix norm ||| - ||| on M,;: [IA]]leo = max Y |aij|
_l_}’lj:]
The spectral norm ||| - |||2 on M,: [I|A|||2 = max{v/A : A is an eigenvalue of ATA}
General properties:
| <x,y> [ <<x,x><yy>
Ix]| = v/<xx> (76)
p(A) < Al
7 Positive Definite Matrices
A positive definite x'Ax >0 VxeC"#0 (77)
A positive semidefinite x'Ax>0 Vxe& C"#0 (78)

Similarly are the terms negative definite and negative semidefinite defined. If a Hermitian matrix is neither positive, nor negative
semidefinite, it is called indefinite.
Any principal submatrix of a positive definite matrix is positive definite.

G6(A) >0
A positive definite — ¢ trace A >0 (79)
detA >0
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A positive definite <= G(A) >0 (80)

A positive def. Hermitian <= det(A) >0 A Hermitian (81)
A positive definite <= 3C:A=C'C C nonsingular (82)

A positive definite <= dJL:A= LLT L nonsingular lower (83)
triangular with positive diag elements (84)

A positive semidefinite <= 6(A) >0 (85)
A positive definite <= A~! positive definite (86)

A positive definite <= AF positive definite VA€ N >0 87)

(88)

8 Matrices

Block diagonal matrix <= diagonal block matrix, is a square diagonal matrix in which the diagonal elements are square
matrices of any size (possibly even 1x1), and the off-diagonal elements are 0. A block diagonal matrix is therefore a block
matrix in which the blocks off the diagonal are the zero matrices, and the diagonal matrices are square.

The determinant of the a block diagonal matrix is the product of the determinants of the diagonal elements.

Square root of a matrix. This matrix has to be hermitian, positive semi—definite.

Orthogonal matrix Q: QQ7 =1

Symmetric matrix A: A =AT

Skew-Symmetric matrix A : A = —AT

Hermitian matrix A: A=A"

Skew-Hermitian matrix A: A = —A"

Positive semidefinite A — A = AT, 6(A) ¢ R>=0

Scalar matrix A:A=al, acC

9 Rank and Range VS. Nullity and Null Space

The rank of a matrix A, y,, is the smallest value r for which exist F,,, and G, so that A,,x;; = Fyis,Grsm:

3 R OV
rankA,,»,, = rank : : =r with A, xim = FuxrGrxm (89)
am1 - dmn
. rank T¢ = Kk =1
Examples. rank T6 _ <kkT> Z | T(, — A6#67 k — F6#1 (90)
= number of linearly independent vectors in A
< min(m,n)
= rankA” =rankA"
rank A = dimension of the range of A O
= rankAX =rankYA X, Y non-singular
= m—nullity A, x,,
= n—nullity A, «,
rankA”X"{ < n = detAp, =0 < |A|=0 ©2)

Range The range (or image) of A, € F"*" is the subspace of vectors that equal Ax for all x € F. The dimension of this

subspace is the rank of A.
range A« = {Ax:x € F"'} (93)

Null space and Nullity The null space (or kernel) of A, «,,, € F"*™ is the subspace of vectors x € F" for which Ax = 0. The
dimension of this subspace is the nullity of A.

null space A, xn = {x € F": Ax = 0}

The range of A is the orthogonal complement of the null space of A" and vice versa (the null space of A is the orthogonal
complement of the range of A").
The rank of a matrix plus the nullity of the matrix equals the number of columns of the matrix.
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10 Diverse

10.1 Basis Transformation

Vector: v. = Mu 94)
Matrix: V. = MUM' 95)

If M € R"" is real symmetric, then is oMo also real (o € C").

10.2 Nilpotent Matrix
A matrix A is nilpotent to index k if Ak = 0, but A¥=1 #£ 0.

detA =0
A nilpotent at index k — { o(A) = {0} (96)
minimal polynomial of A is ¥

11 Groups

A group is a set that is closed under a single associative binary operation (multiplication) and such that the identity for and
inverses under the operation are contained in the set.

1. The nonsingular matrices in M, (IF) form the general linear group — GL(n,TF)

2. The set of unitary (respectively real orthogonal) matrices in M,, form the n-by-n unitary group (subgroup of GL(n,C)).

12 Diverse

12.1 Joint Diagonalization

The joint diagonalization of a set of square matrices consists in finding the orthonormal change of basis which makes the
matrices as diagonal as possible. When all the matrices in the set commute, this can be achieved exactly. When this is not
the case, it is always possible to optimize a joint diagonality criterion. This defines an approximate joint diagonalization.
When the matrices in the set are ‘almost exactly jointly diagonalizable’, this approach also defines something like the ‘average
eigen-spaces’ of the matrix set.

A Example 2 x 2 Matrix

A - [‘Cl Z]ecm ©7)

pat) = t*—(a+d)t+(ad—bc) (98)
—_ )2

o(A) = {aerj:«/(az d) +4bc} ©9)

detA = ad—bc (100)

B IDL-SAR convention: mathematical notation!
Always mathematically correct!!! First index: row number, second: column number. M, coi = C[row, col]

al .. Ay
Ay = :a[yvx]

anl N ]

Always: transpose the given mathematical matrix after generation!!! (no complex conjugate!)
a b

Matrix M = |:C d:| , M1,2 = b, M271 =c



C NOTATION CONVENTIONS 10

InIDL: M <= C = [Z CCZ] =M”, sothatC[1,2] =b, C[2,1]=¢
Examples:
A, <= IDL:A«+ AT $ A=transpose(Ar)
C,=AB, <= IDL:C+ C!=(AB,)7 $C=transpose(Ar ## Br)
= (ATBT)T = (BA) $ C=B##A=A#B
C,=AB <+ C«—CI'=(AB)"
= (ATB)" =B'A $ C=A#adj(B)
C,=A’B, < C—CI'=(ATB,)T
= (ABT)T =BAT $ C=transpose(A)#B (101)
C =k,kj, <= C=CI=(k,k})"
= (kTky)” = Klk; $ C=k1#adj(k2)
=AB,C, <<= (ABC)T
= (ATBTCT)T = CBA $ A#B#C
Ak, — (Ak)T=(ATK)T =KA $ A#k
ALl = AN'=@Ah"

Short summary : every matrix and vector should be considered as transposed, in relation between math and IDL.

In mathematics first index is the y-row—index, the second is the x—column-index! In IDL its reversed: first x—column— and then
y-row—index.

Using these notations one can use all kinds of matrix multiplications and transpose/conjugate in the mathematical order with #.
(e.g. in mathematics w'Tw will correspond in IDL to ad j(w)#T#w, but it should be considered that w and T are transposed:
T =TT and w = w’ . i.e. w is a row—array during w is a column—vector.)

Matrix input/output in IDL  : To give a matrix from math—book or paper into IDL you have to transpose it (before input or
right after). To read out the correct values, you have also to transpose the IDL matrix. Since the mathematical matrix indexing
and the IDL matrix indexing are transposed and we also transpose the matrix between these systems, the values have the same
indices in mathematical matrices with mathematical indexing as in IDL matrices with IDL indexes! (i.e. A(1,2),, = A[l,2];pL)
Consider these (right!) cases: T6 =TZ, T12 =Te(0:2,3:5),, =Ts[3:5,0:2]1pr, T12=T6[0:2,3:5|;p1 =T6(3:5,0:2),,,
Tip =transp(T12).

Conclusion : Transpose matrices by input/output! And everything else can be used as in mathematical notation: order, matrix
multiplication (with #), indices, transpose, conjugate, etc...

C Notation Conventions

Capital bold letters reference to matrices, small bold letter to vectors.

A is a matrix with dimensions # X n if no other dimensions are supplied.
T transpose

T: transpose conjugate complex.

*: conjugate complex.

D Mathematical Glossary

inf: is the infimum of a set (max over a set with bounds)

sup: is the supremum of a set (min over a set with bounds)

inf(S) = —sup(—S)

Hadamard Product: A oB is the element-wise multiplication of matrices.
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