Basic Inequalities in Probability?
Standard Notations: 1, = EX (expected value), 02 = E(X — i, )* (variance).

FUNDAMENTAL INEQUALITIES.

(1) RE-ARRANGEMENT: for every ream numbers a; < as < -+ < a, and by < by < --- < b, and every
permutation 7 of the set {1,2,...,n},

albn + agbn_l + ...+ anbl S ale(l) + a/2b7-(2) + ...+ aan(n) S Cl,lbl + agbg + ...+ Cl,nbn.

Proof: induction can work.

Example: if z,y,2 > 0, then ﬁ + ziz + miy > % Indeed, with no loss of generality, assume
that + <y < z,sothat y+2 > o +2 > x+yand 1/(y+2) < 1/(z+2) < 1/(z +vy).
Now take ay = 1/(y + z),a2 = 1/(z + 2),a3 = 1/(x + y), by = x,by = y,bs = z, and note that

3 = ay(by + b3) + az(by + b3) + as(by + ba) < 2(arby + asbs + asbs).

(2) POWER MEAN: If a; > 0,a2 > 0,...,a, > 0, and
(A a)"”, p#0,%00,
M. — Moz(alaQ---an)l/”, p=0,
b M, = max(ai,...,a,), p=—+00,
M_o = min(ay,...,a,), p=—00,
then

lim M, = My, lim M,=M_, lim M,= M,
p—0

p——00 p——+00
and the function p — M, is strictly increasing unless a1 = as = ... = a,.
Proof: induction can work.
Special names: M, is arithmetic mean (AG), M, is geometric mean (GM), M_; is harmonic
mean (HM). The (famous) AG/GM/HM inequality, M; > My > M_4, is a particular case of the
power mean inequality.

CONCENTRATION INEQUALITIES.
(1) MARKOV [1880]: if Y > 0, then

P(Y > a) EY

a
Proof. EY > EYIys, > aElyso = aP(Y > a).
(2) CHEBYSHEV [1865]: with u, = EX, 0% = E(X — pu,)?,
2
P(IX — pi | > a) < 2%

a?’
Proof. Apply Markov with Y = (X — pu, ).
VARIATIONS.
e STANDARTIZED: )
B(IX = iy | > kox) < .

e CANTELLI [1928]:
2

9x

Proof. For t > 0, by Markov, P(X —p, +t > a+t) = P((X —p, +1)* > (a+1)?) < (6% +t2)/(a+1)2.
Direct computations show that the right hand side is minimized by taking t = 0§< /a.
e VYSOCHANSKIJ-PETUNIN [1980]: if X is unimodal, then
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(3)

(4)

CHERNOFF [1955]: If Mx(t) = EeX exists for all £ > 0, and a > 0, then

IP)(X Z a) S elnMX(t)—at

9

with subsequent minimization of the right-hand side with respect to ¢ > 0.

Proof. Use Markov with Y = /X,

Example. If X is standard normal, then My (t) = e"’/2, so that (12/2) — at > —a?/2, with the lower
bound achieved for t = a/2, and therefore P(X > a) < e=9°/2.

PALEY-ZYGMUND [1932]: if Y > 0 and 0 < 6 < 1, then

2
My
PY > 6p,) > (1 —0)> =2
(¥ > 0n,) 2 (1=0)' 52y
Proof. Keeping in mind that EY? = o3, + 43, py, = EY Iy<g, + EY Iysg, . Then EY Iy, < Op,
(obviously), and EY Iy g, < VEY?2,/P(Y > 6y, ) (Cauchy-Schwarz; see below).

MOMENT INEQUALITIES.

(1)

JENSEN [1905]: If g = g(x), = € R, is convez, then
Eg(X) > g(EX) (e.g. Ee* > etx))
If f= f(z) is concave, then
Ef(X)<f(EX) (eg. X>0 = ElnX <lnpu,.)

Proof: g convex & for every zp € R there is a number C' € R such that g(x) > g(x¢) + C(z — x0); if ¢’
exists, then C' = ¢/(xo) [the graph of g is above the tangent line at zy]. Now put z = X,z9 = p,, and
take expected value on both sides.

LyAapuNov [1900]: if 0 < p < r, then

1/r

(BIX]P)"" < (BIX])

Proof: Use Jensen with g(z) = |z|"/? and | X|P instead of X.
HOLDER [1885]: if p > 1,¢ > 1, and (1/p) + (1/¢q) = 1, then

EIXY| < (B|IX]?)"" (B[y|2)".
The inequality is strict unless X = c¢Y for some non-random number c.

Proof. Using concavity of the log function, argue that ab < (a?/p) + (b%/q),a,b > 0. Then set a =

| X|/(E|X]|P) 1/p, b=|Y|/(E[Y]9) 1/q, and take expectation on both sides. Note that the Holder inequality
is trivial if E|X|P = 0 and/or E|Y'|? = 0.
CAUCHY-BUNYAKOVSKY-SCHWARZ [1820—1855—1885]:

E|XY| < VEX2VEY?.

Proof: take p = ¢ = 2.
MINKOWSKI [1900]: if p > 1, then

(BIX + YV ]P)? < (BIX]P)Y? + (BIY]P)?

(that is, the functional X (E]X|p)l/p satisfies the triangle inequality and thus defines a norm on
the space of random variables with finite p-th moment.)

Proof. p =1 is obvious. For p > 1, take ¢ = p/(p — 1) [so that (1/p) + (1/q) = 1], note that | X + Y|P =
X +Y| [ X+YP P <|X|- | X+YPPt+ Y] |X + Y|P}, and then, by Hélder, E(|X| - |X +Y[P!) <
(E[X\p)l/p(MX + Y]p)l/q, E(|Y]-|X +Y[P) < (E]Y]p)l/p(E\X + Y]p)l/q. It remains to combine the
inequalities: E|X + Y|P < ((E|X|p)1/p + (E[Y )Y p) (E|X + Y|?)"/? and then simplify, keeping in mind
that 1 — (1/q) = 1/p.
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