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In this note, it is shown tI!at, the number of total preorders on a finite set with n elements is 
equivalent, for n inkite, to n!/2(Log 2)n-r1. 

1. A proposition 

Let X be a set with n elements and let P(n) denote the number of total 
preorders on X. 

Proposition. For n infinite, P(n) is equivalent to n !@(Log 2)“+’ 

2. The proof 

The number of total preorders on X with exactly k classes is-obviously-k ! 

S(n, k), S(n, k) being the Stirling number of second kind (number of X’s 
jdartitions into exactly k classes), Let us compute the generating function F(t) = 

ILO [P(n)/n W. 

F(t) = c -$ ( i k! S(n, k)) tn 
nZ=O l k=O 

= 
c (z 

Sh k) tn 
k! - 

kz=O nak ) n! l 

It is well known that 

c 
S(n, k) tn - = (e’ - Ok (see [21) 

nz=k n! k! 
. 

So 

F(t)= c (et-1)X=&. 
kz0 



312 J.P. Barthelemy 

(convergence for Ill< Log 2). t = Log 2 is the only singularity of the function 
I/[2 --e’) and it is a pole of order one. The “Darboux theorem” (see [l, 31) gives 
US an asymptotic equivalent for P(n): 

P(n) = 
! (Log;).+ c-1 +o((n - l)!) 

where c_ , is the residue at t = Log 2 of F(t). 

c-1 = 
lirn t-Log2 1 =-- 

r-dog2 2-e’ 2’ 

Hence the result. 

3. Same remarks 

From the generating function 

we can deduce that: 

t 1) The derivatives 

2F”‘(t)- t 
p =o 

we get: 

of F(t) satisfying the recurrence: 

VI 
0 

e’F’“-“‘(f) = 0, 
P 

P(n)= 2 (;)P(n--P). 
p=l 

(2) The radius of convergence d Cn>f) [P(n)/n !]t” being Log 2, 

lim 
nP(n- 1) 
--=Log2. 

n--n. P(n) 

nP(n - 1 )/P(it) is the probability for a total preorder to have only one greatest 
element (when all total preorders are eqtiiprobable). 

being the generating function for 

- 1 

BernouElis numbers, we get 

F(t) = --_ 
2(t-I.ig2) 

- H(t-Log2) 

-1 r- &I+1 
%t-Log2) ,&z+l)! +c -(t-LQg2)” 
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(because B0 = 0): this is the Laurent’s expansion of F(t) at t = Log 2. From 

-1 1 tP 

2(t-Log2)=2Log2’,,,(Log2)P c 

and 

m Bn+l 
n=o(n+t)!(t-LOg2)“= c 

O” Bn+l = c 
w 

y1 tP . (_l)“-P(~g 2)(W 

n=O(n+wpw p 
m B n+l = 

c (L 
tP 

p=o 
- ( n)(Log 2y- y-l)“-‘) 

nrp(n+O p 

it follows that 

P(n) = 
n! 

+ i (__l)P Bn+p+l 

2(Log 2y+l p=() (n+p+l)p! 
(Log 2)P. 

c;=o (-- UP[B n+p+l/(n + p + l)p!](Log 2)p is the value of the o ((n - l)!) in the fomula 

P(n) = 
n! 

2(Log 2)“+l 
+o ((n - l)!). 
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