Differentiation in non-Cartesian coordinates.

We have Cartesian coordinates (r = x1,y = %2,z = x3) and another coordinate system @ =
(¢1, g2, q3) so that
T = Xe(q1, G2, g3), k=1,2,3.
Consider a point with ) coordinates ¢ = ¢1,q2 = 2,93 = c¢3 and the corresponding Cartesian
coordinates x1 = xi(c1,¢a,¢3), 22 = xa(c1,¢2,¢3), 23 = x3(c1,¢2,c3). The Q-coordinate curves
through this point in the Q) coordinates are 71 (t) = (c1 + t,ca,¢3),72(t) = (c1,¢2 + t,¢3),73(t) =
(c1,¢a,c5 +t). The same curves in Cartesian coordinates are

Fl(t> = <Xl(cl + ta Ca, 03)7 X?(cl + t7 Ca, 63)7 X3(Cl + ta Ca, C3)>7
7a(t) = (x1(c1, ca +1,¢3), xa(cr, e + L, ¢3), x3(c1, 2 + 1, ¢3)),
73(t) = (xa(c1, 2,03 + 1), X2(c1, €2, ¢35 + 1), x3(C1, 2,03 + 1))
),

—

We have the corresponding unit vectors 1, Gz, g3 in the direction of 77 /(0), 7 ’(0), 73 '(0), respectively,
and the numbers hy = ||7%'(0)||, k = 1,2,3. Note that, to compute the lengt of 7.'(0), we have to
write 7, in Cartesian coordinates.

We assume that the (-system is orthogonal, that is, ¢, - ¢, = 0 for k£ # k.  Both
cylindrical and spherical coordinates are orthogonal.

H Coords @ (¢1, g2, 43) H hy \ hy \ hs3 H
Cylindrical (r,0,2) |1 |r 1
Spherical (r,0, ¢) 1 |rsing|r

If we have a scalar function f defined at different points in space, then the values of the function
and of its gradient do not depend on the coordinate system, but the representations of the function
and its gradient depend on the coordinate system. For example, if f = x 4+ yz = 21 + xox3
in Cartesian coordinates and ¢; = 7,qo = 6,93 = ¢ are the spherical coordinates, then x; =
rcosfsin g, xy = rsinfsing, x5 = rcosd, and f = rcosfsin g + r?sin fsin ¢ cos . We can then
compute partial derivatives f,, , which immediately give us the gradient in the Cartesian coordinates,
but it is not at all clear how the partial derivative f,, fo, and f, relate to the gradient of f in the
spherical coordinates.

Consider a function with a given representation f = f(qi, ¢2, g3) in the @) coordinates and consider
the point in space with @) coordinates ¢; = c¢1,q2 = ¢2,q3 = c3. Since the ) coordinates are
orthogonal, we have the expression for the gradient as

Vf(er,eo,c3) = (Vf(er,ea,¢3) - q1)gn + (Ve ea,c3) - G2)da + (Vf(cr,ca,cs) - §3)ds.

We need to write V f(cy,co,c3) - G in terms of the partial derivatives of f with respect to its
variables q1, ¢, q3 at the point (ci,c9,c3). To this end, consider the functions gx(t) = f(7%(t)),
k =1,2,3. For example, g,(t) = f(c1 +t,¢2,¢3). Then

9:(0) = Vf(cr,ca,¢3) - 73 7(0) = iV f(cn, e2,¢3) - G-

On the other hand, the special form of the vectors 7 (t), together with the definition of the partial
derivative, implies that

/ o af(CbCZaCS)

For example,

fler+t,coc3) — fler,co,c3)  Of(cr+t,c0,c3)
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As a result, hyVf(er,e0,03) Gp = af(+;f’c3), and so
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where f = f(q1,q2,q3) is the representation of the function in the @ coordinates.
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For example, if the function f is originally defined in Cartesian coordinates by

f=z+yz
then )
f:TCOS@Sin¢+T2SiDQSin¢COSg@:TCOSQSngD—{—%SiDQSiHQQD,
and
of . 1 0 10
oy, L or; 101,

or 7‘5111(,080 1"8(,0
— (cos@sin ¢ + 7sin 0 sin 29)7 + (— sin @ + 1 cos 6 cos )8 + (cos 6 cos  + rsin 0 cos 2¢)p.

Next, we derive the expression for the DIVERGENCE in () coordinates. Recall that, to compute
the divergence in the cartesian coordinates, we consider a family of shrinking cubes with faces
parallel to the coordinate planes. The same approach works in any coordinates by considering
rectangular boxes whose sides are parallel to the local basis vectors ¢y, ¢o, G3. Let P be a point with
Q) coordinates (c1, ¢z, c3), and, for sufficiently small @ > 0, consider a rectangular box with vertices
at the points with the @ coordinates (¢; £ (a/2),ce £ (a/2),c3 = (a/2)). The volume of this box
is approximately a3|7’(0) - (75 /(0) x 73'(0))| = a®hihohs Because the vectors ¢, are orthogonal,
the vector ¢, is normal to two of the faces so that the area of each of those faces is approximately
a*h,,hy,, where ]i # m # n. Consider a continuously differentiable vector field F written in the Q
coordinates as F(q1,q2,q3) = Fi(q1,92,93) 41 + Fa(q1, 2, 3) G2 + F5(q1, G2, g3) 3. Then the flux of
this vector field through the pair of faces with the normal vector ¢, is approximately

a? (hg(@l + (a/2), 2, c3) ha(c1 + (a/2), ea, ¢3) Fi (1 4 (a/2), 2, ¢5)

—h2(01 — (a/2),02,03)h3(01 - (a/2),62,03)F1 (cl — (a/2),62,03)>
&3 8(h2h3F1) ’
Iq
with the approximation getting better as a — 0. Similar expressions hold for the fluxes across the

other two pairs of faces. Summing up all the fluxes, dividing by the volume of the box, and passing
to the limit @ — 0, we get the formula for the divergence of F' in () coordinates:

1 (8(h2h3F1) 1 8(h1h3F2) i 0(h1h2F3)>
hihahs Oq1 gy Jq3 .
In particular, in cylindrical coordinates,
R 1 8(7‘F1) 8F2 8(TF3)
F=- .
div ( 87” + 89 + 82 )

r
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divF =

in spherical coordinates,

1 I(r’sinp Fy) N O(rFy) N d(rsin ¢ F3)
or 00 %) '

Recall that the Laplacian V2f of a scalar field f is defined in every coordinate system as V2f =
div(gradf). Let f = f(qi,q2,q3) be a scalar field defined in an orthogonal coordinate system ().

The
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In particular, in cylindrical coordinates,
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in spherical coordinates,

o ,0f - of
V= (87’ 8r)+r2sin2¢892+r2smg0&p (Smgpﬁgo

Next, we derive the formula for the CURL. Consider a continuously differentiable vector field F
written in the () coordinates as F'(q1, 2, g3) = F1(q1, 92, 33) @1 + Fa(q1, @2, 3) G2 + F3(q1, g2, 43) g3 Let
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us compute curl F (P) - 1, where the point P has Q-coordinates (¢q, ¢2, ¢3). For a sufficiently small
a > 0, consider a rectangle spanned by the vectors a7, (0), k = 2,3, so that P is at the center of the
rectangle. The vertices of the rectangle have the () coordinates (¢y,co &+ (a/2),c3 £ (a/2)) and the

area of this rectangle is approximately a?hohs. The line integral of F' along the two sides parallel
to o is approximately

a(h2(01,02,03 — (a/2))F2(cl,cg,cg — (a/2))

— ha(c1, e, ¢35+ (a/2)) Fa(cr, ca, 05 + ((1/2)))
~ _a28(h2F2)7
93

with the quality of approximation improving as a — 0. The line integral over the remaining two
sides is approximately a®d(h3F3)/0qs. Dividing by the area of the rectangle and passing to the limit

a — 0, we find that
. ) 1 O(hsF3)  O(hoF?)
1F(P)- g, = — h
e ( ) N hihahs ( 6)612 8q3 !

The other two components, curl F (P) - g2 and curlF - g3 are computed similarly. As a result,

hii  haa hsgs
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