A Summary of Continuous Time Markov Chains

1. Intuition. For a regular continuous time Markov chain X with a countable state space Sx = {x1,22o,...}, the
process sits in the state zj for random time Tk, then jumps to another state x;, sits there for random time 7;, then
jumps to another state, and so on. The times 7; spent in each state are independent and exponentially distributed.

2. As a motivation, consider a two-state discrete time Markov chain with possible jumps between the states at times
ti = k/At. To make the situation nontrivial, we need to assume the possibility of no jumps. More precisely, assume
that the probability to jump from state 1 to state 2 is g1 At and the probability to jump from state 2 to state 1 is
q2/At, where ¢ and g are positive numbers and ¢ At < 1, go/At < 1. Then, at each time t;, = k/At, the probability
to stay in state 1 is 1 — ¢; At and the probability to stay in state 2 is 1 — goAt. If X(0) = 1 and At = T'/n, then

P(X(t)=1,t<T|X(0)=1)=P(X(ty) =1L,k=1,...,n|X(0) =1) = (1 — (T/n))" = e ", n = 0.
Similarly, if X (0) = 2 and At = T/n, then

P(X(t) =2t <T|X(0)=2) =P(X(tx) = Lk=1,...,n|X(0) = 2) = (1 — (¢2T/n))" = e =T, n — co.
3. As a further motivation, consider the discrete time Markov chain with more than two states. Again, assume the

possibility of not jumping. For the process at state i, the probability to jump to state j is ¢;;At. Then, with At
sufficiently small, the probability of no jump is then 1 — ¢; At, where

4 = Z dij

Jig#i
By the same argument, if At =T/n and we let n — oo, then the probability to stay in state i for time T is

P(X(ty) =4, k=1,...,n|X(0) = i) = (1 — (¢;T/n))" — e 47,

4. Recall that X = X (t), t > 0, with values in a measurable space Sx is called a continuous time Markov process
if, for every t,, > t,_1 > tn,_2 > --- > t; > 0 and every measurable set B C Sx,

P(X(tn) € B Xt 1 Xty 1se-or Xty) = P(X(tn) € B|X;, ,)
Alternatively, we can say that, for every ¢t > s > 0,
P(X(t) € B|X[07s]) = P(X(t) € B|X5), Xo,s] = CT(X(T), 0<r< t).

In what follows, we assume that

1. Sx = {x1,22,...} (countable state space);
2. The trajectories of X are right-continuous;
3. The process is time-homogeneous, that is, for all z;,z; € Sx and all t,5 > 0,

P(X(t+s)=2;|X(s) = ;) =P(X(t) = 2;|X(0) = ;);
4. The functions p;;(t) = P(X(t) = 2;|X(0) = x;) are continuous at zero, that is,

1, ifi=j,
0, ifi#j.

t—0+

lim pij(t) = {

By the Chapman-Kolmogorov equation,

pij(t+s) = Zpik(t)pkj(s) = ZPik(S)ij (t).
k k



THEOREM 1.1.1. Under the above assumptions 1-4,

pi; (1)

= exists and is finite;

1. for every i # j, the limit g;; = lim;_, o+

2. for every i, the limit ¢; = lim;_,o+ pr”m exists, but can be +oo;

3. Zj:j;éi qij < q;.

DEFINITION 1.1.2.
(a) The process X is called regular if, for every i, ¢; is finite and
Z Qij = qi
Jij#i
(b) The state x; of the process X is called instantaneous if ¢; = +o0.

Intuitively, z; is instantaneous if
IP’(X(t) =z;|]X(0) = xz) =0

for every t > 0.

COROLLARY 1.1.3. If X is regular, then
pij(t) = 61’]’ + qijt + O(t), t — 0+,

where ¢;; = —q;.

For a regular Markov process X, define the matrices P = P(t) with components p;;(t) (row 4, column j) and Q with
components ¢;; (row i, column j).

THEOREM 1.1.4. If X is regular, then P(t) = QP(t) = P(t)Q and Q is the generator of X. In particular,
P(t) = e'9.
Embedded Markov chain

If X is regular and we define the sequence of random variables y, and random times 7,, by
Ty = 0,y0 = X(0), Tpp1 = inf{t > T,, : X(t) # yn}, Yn+1 = X (Tnt1),

then y,,n > 1, is a Markov sequence with transition probabilities

.
P(yns1 = zj|yn = ;) = =~

K2

and
P(Thi1 — Ty > tlyn = ;) = e @L.



