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Abstract

A recursive in time Wiener chaos representation of the optimal nonlinear filter is
derived for a continuous time diffusion model with uncorrelated noises. The existing rep-
resentations are either not recursive or require a prior computation of the unnormalized
filtering density, which is time consuming. An algorithm is developed for computing a re-
cursive approximation of the filter, and the error of the approximation is obtained. When
the parameters of the model are known in advance, the on-line speed of the algorithm
can be increased by performing part of the computations off line.

Key words: multiple Wiener integrals, nonlinear filtering, recursive filter.

*This work was partially supported by ONR Grant #N00014-95-1-0229 and ARO Grant DAAH 04-95-1-
0164. The paper is based on [10].



1 Introduction

In a typical filtering model, a non-anticipative functional f;(x) of the unobserved signal
process X = X(t) is estimated from the observations Y = Y (s), s < t. The best
mean square estimate is known to be the conditional expectation E[f;(X)|Y (s), s < ],
called the optimal filter. When the observation noise is additive, the Kallianpur-Striebel
formula [6, 8] provides the representation of the optimal filter as follows:

i

Ge[1]”
where ¢[-] is a functional called the unnormalized optimal filter. In the particular case
fi(X) = f(X(t)), there are two approaches to computing ¢;[f].

In the first approach [9, 12, 13], the functional ¢;[f] is expanded in a series of multiple
integrals with respect to the observation process. This approach can be used to obtain
representations of general functionals, but these representations are not recursive in time.
In fact, there is no closed form differential equation satisfied by ¢[f].

In the second approach [6, 8, 14] it is proved that under certain regularity assumptions
the functional ¢¢[f] can be written as

ailf) = [ f@putt.2)da (1)

for some function u(t,x), called the unnormalized filtering density. Even though the
computation of u(t, x) can be organized recursively in time, and there are many numerical
algorithms to do this [1, 2, 3, 5, 10, etc.], these algorithms are time consuming because
they involve evaluation of u(t, z) at many spatial points. Moreover, computation of ¢;[f]
using this approach requires subsequent evaluation of the integral (1.1).

The objective of the current work is to develop a recursive in time algorithm for
computing ¢;[f] without computing u(¢,z). The analysis is based on the multiple integral
representation of the unnormalized filtering density [10, 11, 13] with subsequent Fourier
series expansion in the spatial domain. In the proposed algorithm, the computations
involving the parameters of the model can be done separately from those involving the
observation process. If the parameters of the model are known in advance, this separation
can substantially increase the on-line speed of the algorithm.

E[f((X)[Y(s), s <1]

2 Representation of the Unnormalized Optimal
Filter

Let (Q2, F,P) be a complete probability space, on which standard Wiener processes V =
V(t) and W = W (t) are given of dimensions d; and r. Random processes X = X (t) and
Y =Y (t) of dimention d and r are defined by the equations

X (1) :Xo+/0t b(X(s))ds+/Ota(X(s))dV(s),

v = |

(2.1)
h(X(s))ds+W(t), 0<t<T.



In applications, X (¢) represents the unobserved state process subject to estimation from
the observations Y (s), s <t. The o - algebra generated by Y (s), s <, will be denoted
by F{.
The following regularity assumptions are made:
(A1) The Wiener processes V and W are independent of Xy and of each other;

(A2) The functions b(x), o(z), and h(z) are infinitely differentiable and bounded with
all the derivatives;

(A3) The random variable Xy has a density p(z), = € IR?, so that the function p = p(z)
is infinitely differentiable and decays at infinity with all the derivatives faster than
any power of |z|.

The coefficients b, o, h, the density function p, and the lenght of the time interval T will
be referred to as the parameters of the filtering model (2.1).
Let f = f(z) be a measurable function such that

|f(@)] < L(1 + |z]*) (2.2)

for some kg > 0 and L > 0. Assumptions (A2) and (A3) imply that E|f(z(t))|> < oo
for all t > 0 [8]. Suppose that T > 0 is fixed. It is known [6, 8, 14] that the best mean
square estimate of f(X (t)) given Y (s), s <t < T, is f; = B[f(X(t))|F7], and under the
above regularity assumptions this estimate can be written as follows:

:_ Glf]
fe= o]’

The functional ¢¢[f] is called the unnormalized optimal filter and admits a repre-
sentation

oilf] = /Bd f(z)u(t, z)dz.

The random field u = u(t, z) is called the unnrmalized filtering density.
Denote by P, ¢(x) the solution of the equation

ovu(t, ) 1 & 62((002jv(t»33))

ot E.E drdr;
4,j=1
d .
3 8(bz(x)v(t,w))’ £>0;
i=1 Iz

v(0,7) = (),

and consider 0 =ty < t; < ... < tpr = T, a uniform (for simplicity) partition of [0, 7]
with steps A = t; — t;_1; this partition will be fixed hereafter. The following theorem
gives a recursive representation of the unnormalized filtering density at the points of the
partition.



Theorem 2.1 Under assumptions (A1) — (A3),

u(to, z) = p(x), N
ulti,x)=Pulti 1, ) @)+ S 3 /O/O 0 03
P hyy - - i Payu(tiog, ) (2)dY, ) (sy) ... dY,
P —a.s.

fori=1,..., M, where Yl(i)(t) =Yt +tic1) = Yi(ti1), 0 <t <A.

Proof. Under different assumptions that are typically less restrictive than (A1-A3)
the various forms of the representation (2.3) were established by Kunita [7], Mikulevicius
and Rozovskii [12], and Ocone [13]. O

To simplify the further presentation, the following notations are introduced. For an
F{_, - measurable function g = g(z,w) and 0 <t < A,

R, g)( ) = Pg(x),

24
F(t, g)( Z/Pt MFD (s,9)dV,(s), k> 1. (24)
With these notations, (2.3) becomes
u(ty, z) = ZF tic, ))(x), i=1,..., M. (2.5)
k>0
It can be shown [14] that the regularity assumptions (A1) and (A2) imply

u(ti,-) € Loy(RY), i=1,...,M (P—as.)

Consequently, if {e, }n>0 is an orthonormal basis in Ly (IR?), then
)= Z Un(i)e, (P —as.), (2.6)

n>0

where 1y, (

i) = (u(t;,), en)o and (-, ) is the inner product in Ly(IR?). Substitution of
(2.6) into (2.5) yie

lds

¢n(2) = Z (Z(Flgl)(Ah 61), en)Owl(i - 1))7
k>0 1>0 (2.7)
1=1,...,M.
Together with the initial relation

¢n(o) = (pa en)O

equation (2.7) can be used for recursive computation of the coefficients 1, (7).



Clearly, for computational purposes both infinite sums in (2.7) must be truncated.
To study the effects of the truncation it is necessary to specify the basis {e,}.

There are two main reasons why the desired filtering algorithm cannot be described
using a general basis {ey, }. One reason is that, to estimate the error due to the truncation
of the infinite sum in (2.7), it is necessary to know the rate of decay of the coefficients
(i) as n — oo, and this rate, in general, depends on the basis {e,,}. The other reason
is that, once the UFD is represented in the form (2.6) — exact or truncated, it is natural
to write the unnormalized optimal filter ¢;[f] as

th[f] = Z %(Z)fn,

n>0

where

fn= /]Rd f(z)en(x)d.

On the other hand, if the only restriction on the function f is the growth condition (2.2),
then the last integral need not be defined for a general basis functions e,,.

Below, the approximations of the UFD and of the optimal filter will be constructed
using the Hermite basis in Ly(IR?). The basis is defined as follows. Let T' = {y : v =
(Y1,...,72),7 € Z4} be the set of d dimensional multi-indices; |y| = 3¢, ~;. To define
the ordering of ', set v < 7 if |y| < |r| orif |y| = |7|, vi =T, ¢ < j < d, 7; < 75. For
~v € T" define

d
ey(x,...,2q) = H ey, (24), (2.8)
i=1
where, for n € Z,, t € IR,
en(t) = ! t%ﬁe—t?

Vongl/2p) ©a

It is known [14] that under the regularity assumptions (A2) and (A3) the UFD u(t, z)
is infinitely differentiable as a function of x and decays at infinity with all the derivatives
faster than any power of |z|. Consequently, using the results from [4], it can be shown
that for every v > 0 there is a constant C'(v) depending only on v and the parameters of
the model so that for all i =0,..., M

N < CW)
El, (i) < T

Also, since each function e, = e,(x) decays at infinity as exp(—C(v)|z|*) for some
positive number C(v), the coefficients

f= [ f@e (@)de

can be defined for every function f satisfying the condition (2.2).



3 Recursive Approximation of the Unnormalized
Optimal Filter

It was already mentioned that the infinite sums in (2.7) must be approximated by truncat-
ing the number of terms if the formula is to be used for practical computations. Multiple
integrals in (2.4) must also be approximated. The effects of these approximations are
studied below.

Given a positive integer x, define the set

o= {yel: ]| < r}

and then the random variables v (i), v € I'x, i =0,..., M, by

y
w%l@(i) = Z ((PAeTaegm)O+

i(mhzenew ¥ilt) — Vilti)]+

3.1
72 PAhleTaefy [(Yi(t;) — Yl(ti—l))2—A]—|— (3.1)

[\

i Pahihumer, e3)o(Yi(ts) — Yi(ti 1))
=1 m=1
Vnl8) = Ynlti))) ran(i — 1), i = 1,...., M.

Then the corresponding approximations to u(t;,z) and ¢, [f] are

t“ Z ¢7,
S 3.2
bl f] = Z Vs (3) fr- (3.2)

v€ls

The errors of these approximations are given in the following theorem. The main
steps in deriving (3.1) and (3.2) and the idea of the proof are given in the Appendix.
Below, || - [|o denotes the norm in the space Ly (IR?).

Theorem 3.1 If assumptions (A1) — (A3) and (2.2) hold and the basis {e,} is chosen
according to (2.8) then

C
mas Blu(t,) — ult Yo < OA + 0, (33)
C
i Blou 7] — o ]| < 0n 4 S c



Remark. The constants in (3.3) and (3.4) are determined by the parameters of the
model, i.e. the bounds on the functions b, o, h, and p and their derivatives and by the
length 7" of the time interval. The constants in (3.4) also depend on L and ko from (2.2).

The error bounds in (3.3) and (3.4) involve two asymptotic parameters: A (the size
of the partition of the time interval) and s (which determines the number of the spatial
basis functions). With the appropriate choice of these parameters, the errors can be
made arbitrarily small.

The following is the description of the algorithm based on the formulas (3.1) and
(3.2).

1. Off line (before the observations are available):

— forl,m=1,...,r and v,7 € 'y, compute (Paer,eqm)o, (Pahier,egm)o,
(Pahier,egm)o, (Pahihmer, egm)o, fr = [a f(x)ey(z)dx, and 1y (0).
— set u(to,x) = 23761",€ Uy (0 )e’Y( z) and ¢t0,f€[f] = Zwel"&w%n(o)f['y'

2. On line, k-th step (as the measurements become available): compute

¢'y, Z Q'yT (Z -1), ~ely, (3.5)

T€l'y

where .
Q’YT(Y(l)) = (PAeTa e'y)o+

Z(PAhlen ey)olYi(ti) = Yi(ti—1)]+
=1

%Z (Pahfer, e )ol(Yiti) — Yiltio1))? — Al+

S 3 (Pahiher. o (Yi(t) — Yifti)x

I=1m=1

Yin(ti) = Ym(ti-1)),
then compute

w(tisr) = > (i (3.6)

V€l
¢ti,f§[ﬂ = Z w'y,/i(i)f'w
v€lk
i D1l
£ _ Ptk
fti,/i - d)th,{[l] . (37)

We would like to remark the following features of the algorithm:

(1) The time consuming operations of solving the partial differential equations and
computing integrals are performed off line;

(2) The overall amount of the off-line computations does not depend on the number of
the on-line time steps;



(3) Formula (3.7) can be used to compute an approximation to f;, (e.g. conditional
moments) without the time consuming computations of u,(t;, ) and the related
integrals;

(4) Only the Fourier coefficients 1), ,, must be computed at every time step while the
approximate filter f;, , and/or UFD w(t;,z) can be computed as needed, e.g. at
the final time moment.

(5) The on-line part of the algorithm can be easily parallelized.

The number of on-line operations (in flops) to update the coefficients () is about
Kop = (r* +3r + 1)[T|?,

where [I'x| = (k + d)!/(k!d!) is the number of elements in the set I'y; for k = 10 and
d =6, |I',, = 8008. We believe that, due to the high spatial regularity of the unnormalized
filtering density, relatively small values of x will suffice to achieve the desired accuracy
so that the above number of operations is not too large and can be performed on line by
a sufficiently powerful computer even for high dimensional state processes.

4 Conclusion

An optimal nonlinear filtering algorithm is suggested for a continuous time diffusion
model with independent noise. The algorithm is based on the multiple Wiener inte-
gral expansion of the unnormalized filtering density. Recursive approximations of the
unnormalized filtering density and of the optimal filter are computed independently of
each other using a finite collection of (approximate) Fourier coefficients with respect to
the Hermite basis. The coefficients are updated using the increments of the observation
process. The on-line speed of the algorithm is increased by shifting off line the time
consuming operations of solving partial differential equations and computing integrals.
The approximation error can be controlled by increasing the number of the coefficients
and decreasing the size of the time step.
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Appendix

Below, the main steps of the proof of Theorem 3.1 are presented. These steps also
illustrate how formulas (3.1) and (3.2) were obtained.
Step 1. Define

u'(to, x) == p(2),
2

ul(t ) = 3" F (A ultior, ) ().

k=0
It is proved in [10, Theorem 2.4], that

.. J— 1 Y
Jmax Blu(ti,) —u!(ti, )0 < CA. (A1)



Step 2. Define

F(A, g)(x) = Pag(x),
A, g)(

Pa(hug)(x)[Yi(t:) — Yi(ti-1)],

Z i (hihmg) (@) (Yi(t:) — Yi(ti—1)) %
O (Yalt) = Yaltin)

and then by induction

It can be shown that

. J— 1 . .
max B! (t,) — ul (6, ) o < CA. (A.2)

Step 3. The same arguments as in the proof of Theorem 2.6 in [10] show that

C(v)
kYA

Combining (A.1), (A.2), (A.3), and the triangle inequality results in (3.3).

2. Inequality (3.4) follows from (3.3) and the Cauchy inequality. To deal with the
technical difficulty that, in general, f ¢ Ly(IR?), the following spaces are introduced
(14, Sec. 4.3 for w € R, Ly(R%,w) = {¢ : [p¢*(®)(1 + |2|*)*dr < co}. The growth
condition (2.2) then implies that f € Lo(—w) for sufficiently large positive w, while the
regularity assumptions and the choice of the basis {e,} imply that both the UFD and
its approximation belong to Lo (]Rd, w) for all positive w. The idea is then to establish
the analog of inequality (3.3) with the norm of the space Lo(IR,w) for sufficiently large
positive w and then to use the generalized Cauchy — Schwartz inequality.

E|la' (i, ) — u(ti,)[lo < (A.3)
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