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ABSTRACT. An approximation to the solution of a stochastic parabolic equation is con-
structed using the Galerkin approximation followed by the Wiener Chaos decomposition.
The result is applied to the nonlinear filtering problem for the time homogeneous diffusion
model with correlated noise. An algorithm is proposed for computing recursive approxima-
tions of the unnormalized filtering density and filter, and the errors of the approximations
are estimated. Unlike most existing algorithms for nonlinear filtering, the real-time part of
the algorithm does not require solving partial differential equations or evaluating integrals.
The algorithm can be used for both continuous and discrete time observations.
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1. INTRODUCTION

Let (2, F,P) be a probability space with a Wiener process W = W (t), 0 <t < T. Consider
a random field v = u(z), x € RY, so that u € Ly(Q; Ly(R?)) and u is measurable with respect
to the sigma-algebra ) generated by the Wiener process up to time 7. If {ey, k > 1} is an
orthonormal basis in Ly(R?) and {,,,m > 1} is an orthonormal basis in Lo(Q2, F}'), then
we can write

(1'1> u(x) = Z @g,kgmek(m)a

m,k>1

where ¢, ,, are some deterministic coefficients. The objective of the current work is to study
an approximation of u using representation (1.1) when the random field u is a solution
of a stochastic parabolic equation. For such random fields it is possible to derive explicit
representation for the coefficients ¢, and to get an upper bound on the approximation
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error in (1.1). The results are then used to derive an approximate algorithm for solving the
nonlinear filtering problem of diffusion processes with correlated noise.

The problem of nonlinear filtering can be briefly described as follows. Assume that (X =
X(t),Y =Y(t)), t >0, are two diffusion processes with values in R? and R" respectively, so
that X is the unobservable component and the observable component Y is given by

yg):/O h(X (s))ds + W (t).

The problem is called noise-uncorrelated, if the Wiener process W = W (t), representing the
observation noise, is independent of X. The problem is called noise-correlated, if there is
correlation between W and X. If f = f(z) is a measurable function satisfying E|f(X (¢))|? <
oo, t > 0, then the problem of nonlinear filtering is to find the best mean square estimate
f; of f(X(t)) given the trajectory Y(s), s < t. It is known [12, 17, 26] that, under certain
regularity assumptions, we have

o Jra f(@)p(t, 2)da
(1.2) j = St o)

where p = p(t,x) is a random field called the unnormalized filtering density (UFD). The
problem of estimating f(X(¢)) is thus reduced to the problem of computing the UFD p. It
is also known [26] that p = p(t, z) is the solution of the Zakai filtering equation, a stochastic
parabolic equation, driven by the observation process. The exact solution of this equation
can be found only in some special cases, and the development of numerical schemes for
solving the Zakai equation has become an area of active research.

Many of the existing numerical schemes for the Zakai equation use various generalizations of
the corresponding algorithms for the deterministic partial differential equations. Examples
of the corresponding algorithms can be found in Bennaton [1], Florchinger and LeGland
[7], Ito [11], etc. Because of the large amount of calculations, these algorithms cannot be
implemented in real time when the dimension of the state process is more than three. An

alternative approach is based on the Monte-Carlo method; see, for example, Del Moral et.
al [6].

In some applications, like target tracking, the filter estimate must be computed in real
time. Such applications require filtering algorithms with fast on line computations. When
the parameters of the model are known in advance, the real time computations can be
simplified by separating the deterministic and stochastic components of the Zakai equation
and performing the computations related to the deterministic component in advance. The
separation is based on the Wiener chaos decomposition of solutions of stochastic parabolic
equations. Starting with the works of Kunita [15], Ocone [25], and Lo and Ng [18], this
approach was further developed by Budhiraja and Kallianpur [2, 3, 4] and Mikulevicius and
Rozovskii [20, 21, 22, 23]. An algorithm to solve the Zakai equation using this approach for
the noise uncorrelated problem was suggested in Lototsky et al. [19]. The algorithm in [19]

was based on the following representation of the unnormalized filtering density. First, the
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UFD p(T,x) was expanded in the Wiener Chaos:
(1.3) p(T,2) =Y om(T, 2)6m.
m=1

After that, the coefficients ¢, were expanded in the basis {e;} in Ly(R?), resulting in the
representation
(1.4) p(T,z) = ( som,k<T>ek<a:>) Em-

m=1 \k=1

In other words, first, the stochastic variable was separated, and then, the spacial variable.

Alternatively, one can start with the Galerkin approximation of p:

(1.5) po(tx) =) pi(t)ex(x).

The coefficients p& (¢) satisfy a system of stochastic ordinary differential equations driven by
the observation process. The solution of this system at time 7" is then expanded using the
Wiener Chaos decomposition. When combined with (1.5), the result is

(1.6) pM (T =) (Z @ﬁ,k(T)€m> ex ().

k=1 \m=1
In other words, first, the spacial variable is separated, then, the stochastic variable. First

suggested in [8] as a computational alternative to (1.4), this approach was further analyzed
in [9].

The order in which the variables are separated does make a difference. The algorithms based
on (1.4) and on (1.6) have different approximation errors and, unlike (1.4), analysis of (1.6)
is possible for noise correlated problem.

Recall that the Zakai filtering equation for the unnormalized filtering density p = p(t, x) is
(1.7) dp = L'p dt + M*p dY (¢).

The elliptic differential operator L is the generator of the unobserved process X, while
the operator M is bounded in the noise uncorrelated problem and in unbounded in the
noise correlated problem. The presence of the unbounded operator in the stochastic part of
equation (1.7) for the noise correlated problem makes the analysis and implementation of the
numerical methods for the Zakai equation much more difficult (see, for example, Florchinger

and LeGland [7]).

The objective of the current work is to analyze the algorithm for solving the Zakai equation
using approximation (1.6). First, (1.6) is studied for an abstract stochastic evolution system.
In Section 2, the Galerkin approximation is investigated, and in Section 3, the Wiener chaos
decomposition for a system of stochastic ordinary differential equations. In each situation,
the rate of convergence is established in terms of the numbers of the basis function used. The

filtering problem is introduced in Section 4, the filtering algorithm is presented in Section
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5, and the convergence of the algorithm is studied in Section 6. The real time part of
the proposed algorithm does not require solving differential equations or using quadrature
methods to evaluate integrals in (1.2). The algorithm can also be used if the observations
are available in discrete time.

Unlike the previous works on the subject, this paper presents a unified treatment of both
noise-correlated and noise-uncorrelated problems with possibly degenerate diffusion in the
un-observed component. Another difference from the previous works on the subject is that
the error bound is derived not only for the filtering density but also for the optimal filter ft
with a large class of functions f.

2. GALERKIN APPROXIMATION OF STOCHASTIC EVOLUTION EQUATIONS

Consider the stochastic evolution system

(2.1) u(t) = ug + tAu(s)ds + /t ZBlu(s)dVVl(s), Ty > 0,

To To 1=

where W = W (t) is an r - dimensional standard Wiener process on a complete probability
space (Q, F,P), ug is independent of W, and A and B;, | = 1,...,r, are linear operators
acting in the scale of infinite dimensional Hilbert spaces {H® a € R}. To simplify the
notation, both the inner product in H® and the duality between H! and H~! will be denoted
by (+,+)o; ||  ||a is the norm in the space H®. It will be assumed that equation (2.1) is either
coercive or dissipative [26, Chapter 3]. In particular, there exists a constant C* > 0 so that,
for every v € H!,

(22)  [of-1 < Cloll, [Brllo < C*llolly, and 2(Av,v)o + Y [1Bio]l§ < C7loll3.

I=1
If ug € H', then there is a unique solution u = u(t) in the space Ly(Q x [Ty, T]; H') N
Ly(Q; C([To, T); H)) (see Theorems 3.1.4 and 3.2.2 in [26]).

Suppose there exists an orthonormal basis {ey, & >} in HY so that e;, € H! for all k. Consider
the following system of stochastic ordinary differential equations:

K

duff () = ) (Aeq, ex)ouy (t)dt
n=1
(2.3) r K
+ Z Z(Blen, er)oul ()dWi(t), Ty <t < T,
=1 n=1

uf(To) = (U0,€k>0, ]{720,7K

The function



is called the Galerkin approximation of u(t). It is proved in the following theorem that,
under some natural assumptions,

lim sup E||u(t; To; ug) — UK(t)”g =0,
K—oo To<t<T

and the rate of convergence is determined.

2.1. Theorem. Let the following conditions be fulfilled:

1. The basis {ex} consists of the eigenfunctions of a linear operator A with the corre-
sponding eigenvalues \,. The operator A is a symmetric operator in H° and there
exist numbers 0 < ¢; < co and 6 > 0 so that, for all k,

(24) C1 S )\kkie S Co;

2. e, € H' and |leg|l; < Ceki, ¢ > 0;
3. supp, << E|[Au(t)||§ < oo for some positive integer v so that 6y := v — 2q > 1.

Then

CeC(T_TO)

(2.5) sup Elju(t) —u" ()] < sup A" (06 —zzm=

To<t<T To<t<T

where C' is a constant depending only on the constant C* in (2.2) and the numbers
61702’067V7 07 q.

Proof. If 1 (t) := (u(t), ex)o, then

K
(2.6) Ellu(t) — o @)]5 = Y Ele(t) — uff ()7 + D Bl ().
k=0 k>K
By assumptions 1 and 3 of the theorem,
ANu(t
(27) ()] < 12700l
k
so that
28)  sup STE[OF < sup BN i € sup E|Au(d)]3 o
To<t<T {5 To<t<T K20=1 = pc<p K?2(01-1)

For 1 < k < K define d;(t) := 1 (t) — ul(t), so that 31 Elgg(t) — ul(1)[> = o1, E|6,|?,
and also define

Ora(t) =) (Aer,en)oti(t), 0, (t) = (Biew, en)otu(t).

k>K kE>K
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Both 6, ,,(¢) and &} ,(t) are well defined due to (2.7) and assumptions 2 and 3 of the theorem.
Then

K r K
don(t) = Y (Aex, e)odk()dt + > > (Biex, en)odi(t)dWi(t)
(29) k=1 =1 k=1
' + it dt+Z§ LAWi(t), Ty <t < T

and by the Ito formula,

ZE|5 _2/ Z (Acs, en)oESn (5)04(s)ds

Onk 1
(2.10) +ZZ/ ( (Biex, en)odk (s ) ds+22/ ES1,(5)0,(s)ds
lln 1
—|—22 Z/ Blek,en O]E52n 5k dS—i-ZZ/ 5én
=1 n,k=1 =1 n=1

It follows from the third inequality in (2.2) that

/T Z (Ae, en)oEd, (s)01(s)ds

nk: 1
(2.11) .

/T (Z (Biek, €n)odk(s )) ds < CZ

llnl k=1

/t E(6(s))*ds.
To
The first two inequalities in (2.2) and assumption 2 imply
[(Aex, en)o| < Cllexlhllenlls < Ok, |(Biex, en)o| < Cllex[1llenllo < CKT,
so that by (2.7),

Au(?)|| Au(?)||
|51,n(t)| S anHl(Ve—_q_‘lO: |5é,n| S CH}(VG—_q_loa
and
Z/ (81n(s ds+ZZ/ (6%, (5)
(2.12) To I=1 n= 1( 1)0
v T
< (T - TO) T0S<utpTEHA ( )HO K2(91 1)

After that (2.10)—(2.12) and the obvious inequality 2|ab| < a? + b? imply

= 2 = ! 2 v (T+1)O
RSP <C) : E|6a(s)[’ds + (T — Tp) sup E[A"u(t)]|3 RO
n=1 = 0

To<t<T



so that by the Gronwall inequality

v T+ 1 C
Sup ZE|5 (T —Ty) sup E[A u(t)|2 eCTT0) (r+1)

To<t<T - To<t<T K201-1)

Together with (2.6) and (2.8), the last inequality implies (2.5). Theorem 2.1 is proved. [

3. WIENER CHAOS EXPANSION

On a complete probability space (€2, F, P) consider a system of stochastic ordinary differential
equations:

t

(3.1) U(t):U0+/ ds+/ S BU(s)dWi(s) Th > 0.
To j=1

where U(t),Uy € RE, A B, € REXK the matrices A, B; are deterministic, and Uy is in-
dependent of the r-dimensional Wiener process W. The solution of (3.1) is denoted by
U(t; To; Up).
In what follows, the Wiener chaos decomposition of U(t;Ty; Uy) will be derived and the
properties of the decomposition studied.

As the first step, recall the construction of an orthonormal basis in the space Ly(Q, Fj! ,,P)
of square integrable random variables that are measurable with respect to the o-algebra,
generated by the Wiener process up to time t. Let o be an r-dimensional multi-index,
that is, a collection a = (Oéiu,)lglgr, k>1 of nonnegative integers such that only finitely many
of a} are different from zero. The set of all such multi-indices will be denoted by .J. For
a € J define a! := [], ,(o})).

For a fixed t* > T} choose a complete orthonormal system {my} = {m(s) }x>1 in Lo([To, t*])
and define

t*

Sk = my,(s)dWi(s)

To
so that & ; are independent Gaussian random variables with zero mean and unit variance.

It

dn 2
3.2 H = (—1)"e™ 2 /2

is the n-th Hermite polynomial, then the collection

H,,
{fawv%,ﬁ) -1 (%) ac J}

is an orthonormal system in Ly(, FJ7 ., P). A theorem of Cameron and Martin [5] shows
that {{o(Wr, 1<) }acs is actually a basis in that space.



3.1. Theorem. Ifn¢€ LQ(Q,f%t*,P), then

(33) 0= Enta(Wne)Ja(Wr, )
acJ
and
Eln|* = Z [Enéa(Wr, i) 2
acJ
Proof. This theorem is proved in [5] and [10]. O

3.2. Theorem. Ift* > Ty is fixed, then, for every s € [Ty, t*], the solution U(s;Ty;Up)
can be written as

1
(3.4) U(s; To; Up) = Z ——=a(8; To; Uo)§a (W, 1),
acJ \/a
and the following Parseval’s equality holds:
1
(3.5) E|U (s; To; Uo)|* = Z aE|90a(3;To; Uo)l?.
acJ

The coefficients of the expansion are RX -vector functions and satisfy the recursive system of
deterministic equations

9¢a(s; To; Uo)
(3.6) Js
©a(To; To; Uy) = Uolyjal=0},
where a = (al)1<i<r. k>1 € J and (i, j) stands for the multi-index & = (&L)1<1<,, k>1 With

(3.7) &l al A it k# i orl+#jor both
max(0,a] —1) if k=dand[=j.

= Apa(s;To; Uo) + Y alymi(s) Biaqeny (s: To; o), To < s < 17
ol

Proof. Assume first that Uy = g is deterministic; the Markov property of the solution of
(3.1) implies that, once the derivation is complete, we can replace g with U.

If g is deterministic, then U(s;To; g) € LQ(Q,F%/J*,]P’) for s < t*, and Theorem 3.1 implies
(3.4) and (3.5).
To prove that the coefficients satisfy (3.6), define

Pi(z) = exp { /t imi(s)dﬂfl(s) - %/Tt 2’”: |mlz(s)|2ds}, To <t <t

To =1 0 1=1
where m, = >, my(s)zL and {zL}, {=1,...,r, k=1,2,..., is a sequence of real numbers
such that >, , 21> < co. Then direct computations show that
1 o
ga(WTo,t*> P*(Z> o'
z=

= Vaioml
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where

o° 10 ok
9z k.l (azé)ak 7
and also, that

aa
E[nga(WTo,t*)] = Oz QE[nPt* (Z)] =0
for every n € Ly(€Q, F%t*,P). Consequently,
aa
Palsi Tos g) = 5 2 EIU (s Tos 9) P ()]
aa FAn z=0

— ps E[U(S;TO;Q)PS(Z)]‘ ’

where the second equality follows from the martingale property of Ps(z) on
(QAFL Jro<i<es, P). Tt follows from the definition of Py(z) that

Zm (2)dW(s), Ty < s <t; Pp(z)=1.

Then (3.1) and the Ito formula imply that
Uls; To: 9)Ps(2) = g

_|_/T <AU( To5 g +ZBZU s To; )) 2(T)Pr(2)dr

/ 2 (B Tos9) + U7 Tos )k (5) ) Pol2)dWi(r).

Taking the expectation on both sides of the last equality and setting
(s, z;Ty; g) :=EU(s; Ty; g) Ps(2) results in

o(s,z;To;9) =g +/

(Agp(T z;T0;9) + Zm )Bip(T, 2; To; )>dT.
To

1 (67
Vol 0z
(3.6). Theorem 3.2 is proved. O

For a multi-index o € J define

Applying the operator —— and setting z=0 yields that the functions @, (s; Tp; g) satisfy

e |a] == 3, aj (length of a);
o d(a) :=max{k>1: al >0 for some 1 <I<r} (order of a).

To study the rate of convergence of the series in (3.4), it is necessary to note that the
summation ., is double infinite:

(3.8) d = i >

ac k=0 |a|=k
9



and there are infinitely many multi-indices o with |a| =k > 0.
Define Jy = {a € J:|a| < N, d(a) <n} and then

(3.9) UR(s: Tos ) = 3 —sonls: T U)o W)

aedy
Now the summation in (3.9) is over a finite set: if d(a) < n, then there are at most (nr)*

multi-indices a with |a| = k.

3.3. Theorem. Let the constants Cy, Cy, Cy be such that |Av|* < Colv|?, lettv|?* < e“itlv)?,
|Biv|* < Co|v|? for every vector v € RE. If the basis {my} is the Fourier cosine basis

1 [ 2 m(k —1)(s — Tp)
(3.10)  my(s) N my(s) T < — Jk>1 T, <s <t

then

[Cor(t* — Ty)|V+!
(N+1)!

E|U(t; To; U) — U (3 To; Up)|* < Qeéu*—To)(
(3.11) I
420, I () 1 01+ Corter - T - To)]> E|Uy 2,

where C = Cy + Cor and 0 < e¢(B) < 4; e(B) = 0 if the matrices B, commute (in particular,
ifr=1).

This Theorem is proved below in Section 7.

If t* — Ty = A, then (3.11) becomes

(A a2 :
~—————+4+ —(e(B)+ CA) ) E|U,
(N+1)!+n(€( )+ ) ) Bl

and the constant C' depends only on the matrices A and B in (3.1).

(3.12)  E|U(t*; To; Up) — U (t*; Ty; Up)|* < 92 (

4. DIFFUSION FILTERING MODEL

Let (2, F,P) be a complete probability space with independent standard Wiener processes
W =W(t) and V = V() of dimensions d; and r respectively. Let X, be a random variable
independent of W and V. In the diffusion filtering model, the unobserved d - dimensional
state (or signal) process X = X (t) and the r-dimensional observation process Y = Y () are
defined by the stochastic ordinary differential equations

dX (t) = b(X (£))dt + o (X (£))dW (t) + p(X (£))dV (¢),
(4.1) dY (t) = h(X(1))dt +dV (t), 0 <t < T;
X(0) = Xy, Y(0)=0,

where b(r) € RY, o(x) € R4 p(x) € R>" h(x) € R".
10



Assumption R1. The functions o and p are C3(R?), that is, bounded and three times
continuously differentiable on R? so that all the derivatives are also bounded; the functions
b and h are C3(R), and the random variable X, has a density py.

Under Assumption R1 system (4.1) has a unique strong solution [13, Theorems 5.2.5 and
5.2.9].

If f = f(x) is a scalar measurable function on R? so that supg<,<p E[f(X(£))|* < oo, then the

filtering problem for (4.1) is to find the best mean square estimate f; of f(X(t)), t < T, given
the observations Y (s), 0 < s < t. Denote by F,” the o-algebra generated by Y (s), 0 < s < t.
Then the properties of the conditional expectation imply that the solution of the filtering
problem is

fe=E(f(X0)F).
To derive an alternative representation of ft, some additional constructions will be necessary.

Define a new probability measure P on (Q, F) as follows: for A € F,

P(A) = / 75 dP,
A

Zt—exp{/ h*(X (s))dY (s ——/ |h(X 2ds}

(here and below, if ¢ € R*, then ( is a column vector, ¢* = ((y,..., (), and [¢|* = ¢*(). If
the function h is bounded, then the measures IP and P are equlvalent The expectation with
respect to the measure P will be denoted by E.

where

The following properties of the measure P are well known [12, 26]:

P1. Under the measure P, the distributions of the Wiener process W and the random
variable X, are unchanged, the observation process Y is a standard Wiener process,
and the state process X satisfies

dX (1) = b(X(8))dt + o (X ()W (1) + p(X (1)) (dY (£) — h(X(£))dt), 0 < t < T
X(0) = Xo;

P2. Under the measure P, the Wiener processes W and Y and the random variable X,
are independent of one another;
P3. The optimal filter f; satisfies
. E[f(X(0)Z)F)]
E[Z:| 7]

(4.2)

Because of property P2 of the measure P the filtering problem will be studied on the prob-
ability space (2, F,P). If the function h is bounded, then there is a continuous embedding

(4.3) Ly(Q,P) C Ly (2, P).
11



Indeed, if £ € Ly(Q,P), then

E¢ = EZTf \/EZZ\/ §2<C' £2
because

Ez2 = I’E<exp{f0Tyh(X(t)>|2dt}exp{zfoTh* #)dY (t) — 2 [T |h(X ))|2dt}>
< C]Eexp{2f0Th*( )Y () — 2 [T |h(X ))|2dt}§0

where the last inequality follows from the property P2 of P and Proposition 3.5.12 in [13].

Next, consider the partial differential operators

£6(2) = 5 Y- (0 )y + () @) A7)+ b 0
Mig(a) = hlg(e) + 3 pule) B 1=,

and their adjoints

Logl)=4 Z ax?a% (o) ()0 + )5 ()9 () — 3 2 () (0))

Mig(z) = hy(z Za (pa(z)g(x)), l=1,...,T

Let H® be the Sobolev space {f : (1 + |w|?)2f € Ly(R%)}, where f = f(w) is the Fourier
transform of f; H® = Ly(R?) with the norm || - |lop. The inner product in Ly(R?) and the
duality between H' and H™! will be denoted by (-,-)o. Note that the operators £, L* are
bounded from H! to H™!, operators M, M* are bounded from H* to Ly(R?), and, for every
g€ H',

(4.4) 2(£9,9)0 + ) IMiglli < Cliglls.

=1

The following result is well known [26, Theorem 6.2.1].

4.1. Proposition. In addition to Assumption R1 suppose that the initial density po
belongs to the space H. Then there is a random field p = p(t,x), t € [0,T], x € R?, with
the following properties:

1. p € Ly(Q x (0,T),dP x dt; H") N Ly(Q, P; C([0, T], Ly(RY))).
12



2. The function p(t,z) is a generalized solution of the stochastic partial differential equation

(45) dp(t,x) = Lop(t,x)dt+ Y Mip(t,x)dYi(t), 0 <t<T, x € R%
’ I=1

p(0,2) = po(x).
3. The equality

(1.6 B2 = [ faplta)ds

holds for all bounded measurable functions f.

The random field p = p(t, z) is called the unnormalized filtering density (UFD) and the ran-
dom variable ¢[f] = E [f(X())Z,|FY], the unnormalized optimal filter. Under Assumption
R1, equation (4.5) is at least dissipative. If the matrix oo* is uniformly positive definite,
then equation (4.5) is coercive rather than dissipative, and it is enough to assume that
Po € LQ(Rd>

5. APPROXIMATION OF THE OPTIMAL FILTER

Let {e;, i > 1} be an orthonormal basis in Ly(R?) so that every e; belongs to H. Fix a
positive integer number K. Define the matrices AX = (AKX, i,j = 1,...,K) and Bf =

(Bl i,j=1,...,K; l=1,...,r), by !
Af? = (L%¢j, €;)o, Bl{(ij = (Mjej, e)o.
Since ¢; € H! for all ¢, the matrices are well defined. The Galerkin approximation p” (¢, )
of p(t, z) is given by
K
(5.1) Pt ) =) pf(ei(x),

i=1

where the vector p®(t) = {pK(t), i = 1,..., K} is the solution of the system of stochastic
ordinary differential equations

(5.2) dp" (1) = A¥p"(t)dt + > B p™ (t)avi(1)

=1
with the initial condition p(0) = (po, €;)o. Note that the matrices B, I =1,...,r, do not,
in general, commute with each other even if p(z) = 0.

We next use Theorem 3.2 to derive the Cameron-Martin version of the Wiener chaos expan-
sion of the solution of (5.2).

Let 0 =ty < t1... <ty =T be a uniform (for simplicity) partition of the interval [0, T'] with

step A and let {my(t), k > 1} be an orthonormal basis in Ly([0, A]). Denote by J the set of

all multi-indices v = {a}, I =1,...,7, k> 1,0}, =0,1,2,...} so that |a| =}, o} < oo,
13



Define random variables

ti
(53) o= [ s = )avics),
ti—1
and then, for a € J,

(54> éa = ﬁ H Haéc (fk,l)u

Tkl

2 dTL 2
where H, (t) = (—1)"¢' ﬂﬁe’t 2,

The following result is a direct consequence of Theorem 3.2.

5.1. Theorem. For everyi=1,..., M, the solution of (5.2) can be written in Ly(2; RF)
as

1 ‘
5.5 Kty =Y —oB (A p" (i ))E, i=1,..., M,
(55) P = 3 el A
where, for s € (0,A] and ¢ € RE, the functions X (s;¢) are the solutions of
9 (85 €
se U= A0+ D ame) B plu(0, 0 < s <A
: kel

R (0;¢) = (Ljal=0},

and a(i,j) stands for the multi-index & = (%) 1<i<r, k>1 with

(5.7) al— 0% | if k#i o1 or both
max(0,a] —1) if k=4dand =}

For fixed positive integers N and n define the set J} as the collection of multi-indices a from
J such that |a| < N and of, = 0 if k > n. The approximation ph"(t;) of p’(t;) is defined by

(5.8) p"(t0) = p*(0), PR () = ) \/——,wf(A;pﬁ’ (tim1))ée, i=1,..., M.
acsp VO

Note the pi™(t;) is a vector in RX. Let U = {u/, j = 1,..., K} be a basis in RX. The
Kn .
vector py’ (t;) can then be written as

K
K,n Kn/, . j
PN (tz) = ZpN,] (tl) U)uja
j=1
14



and by the recursive definition of pi™(t;),

pN"(tiv1) = Z(pf(A;pﬁ’n(ti))fé

aeJy

K
= DD pa M)yt U

aeldy j=1

Once again, ¢* (A, u) is a vector in R¥, so we write

¢a ZX uq 2{:(bk

and conclude that

K
(5.9) oyt U) = )Y g (U)pyi(t; U)EL.
a€J% k=1
Then
K .
(5.10) Pt ) = 3 P tisr; Upden(a)
7,k=1

is an approximation of the unnormalized filtering density.

Suppose that the basis functions e, and the function f are such that

(5.11) fo= [ f@enta)ds

is defined for every k =1,..., K. It follows from (5.10) that

(5.12) ZpNj iv1; Uy fi

7,k=1
is an approximation of the unnormlized optimal filter.

The following is a possible algorithm for computing approximations of the unnormlized
filtering density and optimal filter using (5.10) and (5.12).

1. Preliminary computations (before the observations are available):

(1) Choose suitable basis functions {ex,k = 1,..., K} in Lo(RY), {m;,i = 1,...,n} in
Ly([0,A]), and a standard unit basis {u/,j = 1,... K} in RX that is, u’ = 1,
u! = 0 otherwise.

(2) fora e J} and j,k=1,..., K compute

" = Pl (A (using (56), fu= [ Felesta)de, piit0) = [ mla)en(a)da

15



2. Real — time computations, i — th step (as the observations become available): compute

i oa € Jy (according to (5.3) and (5.4));
Q€)= D 0"

acJy
K
k=1
then, if necessary, compute
K
(5.14) Pyt ) =) (e (),
j=1
. K
(5.15) Gulf1 = fipnsj (t),
j=1
and
r a;ti [f]
5]_6 t; = = .

5.2. Remark. The main advantage of the above algorithm as compared to most other
schemes for solving the Zakai equation is that the time consuming computations, including
solving partial differential equations and computing integrals, are performed in advance,
while the real-time part is relatively simple even when the dimension d of the state process
is large. Here are some other features of the algorithm:

(1) The overall amount of preliminary computations does not depend on the number of
the on-line time steps;

(2) Formulas (5.15) and (5.16) can be used to compute an approximation to f;,, for ex-
ample, conditional moments, without the time consuming computations of p;" (¢;, z)
and the related integrals;

(3) Only the coefficients pﬁ?(tz) must be computed at every time step while the approx-

imate filter f;, and/or UFD pi™(t;, z) can be computed as needed, for example, at
the final time moment.

(4) The real-time part of the algorithm can be easily parallelized.

(5) Even though the coefficients qﬁ’o‘ are computed according to (5.6), their values can
be further adjusted by simulating the state and observation processes and computing

the corresponding filter estimates.
(6) If n = 1, then each &, depends only on the increments Y( ;) — Yi(ti—1) of the ob-

servation process. For n > 1 and k > 1, the integral / my(s — ti—1)dY;(s) can

be reduced to a usual Riemann integral and then approx1mated by the trapezoidal
16



rule. In general, successful implementation and testing of the algorithm will require
effective numerical methods for stochastic ODEs (see, for example, [14, 16, 24]).

6. RATE OF CONVERGENCE

To study the convergence of the algorithm, it is necessary to specify the bases {ex, k > 1}
on R? and {m;,i > 1} on [0, A].

Let {ex,k > 1} be the Hermite basis in Ly(RY). The basis can be described as follows.

Denote by I' the set of ordered d-tuples v = (v1,...,7q4) with v; = 0,1,2,.... For v € T
define
d
Ho(w) = [[ 1oy (2)),
j=1
where [y .
Hk(t) (_ ) P

T Vg di
With this definition, H,, is the eigenfunction of the self-adjoint operator A = —V?+(1+|x[?):
ANH, = \e,,
where V? is the Laplace operator and A\, = (2|y| +d + 1).

To define an ordering of the set T', we define |y| = Z;l:l 7; and then say that v < 7 if
|v| < |7| orif |y| = |7| and v < 7 under the lexicographic ordering, that is, v;, < 7;,, where
i is the first index for which «; # 7;. The basis {eg}r>1 is then the set {H,(z), v € T'}
together with the above ordering of the set I' so that Ae, = \ze, and A, =< k7.

Next, we define an orthonormal basis {my} in Ly([0, A]) by

1 2 w(k—1)s
= —_— = —_— —_— s < < .
mi(s) N my(s) Acos.( A ),k>1, 0<s<A

6.1. Definition.  The filtering model (4.1) is called v-regular for some positive integer
v if the functions o and p belong to C;"*?, the functions b and h belong to C;**?, and
Apy € H!.

6.2. Theorem. If the filtering model (4.1) is v-reqular, in the sense of Definition 6.1, for
somev >d+1 and

€, = max sup [pa (@)%

bl peRrd
then
(6.1)
~ n C(v,T)
Jnax Ep(t;, ) =Nt < e
+ (O<1 + CpKY A + (K24 + C K% A + i+ (C”Kl/d)))NHAN) cCUHCH K NT
n N +1)!

17



The number C(v,T) depends on v, T, and the parameters of the model (coefficients of the
equations (4.1)). The number C' depends only on the parameters of the model.

If, in addition, (1 + |z|?)¥f € Ly(R?) for some w > 0 so that v > d+ 1+ w and
A (1 + |z[*)“po) € HY, then

(6.2)
~ ~ C(V T ’LU)Of
2 ()
Oggﬁqutz[f] —oulfll" < Ke—a—d-1)/d
vy (UL OV + (V14 GRS | (C(1+ CURUD AN v
n (N +1)!

The number C(v, T,w) depends on v,T,w, and the parameters of the model; the number C
depends only on w and the parameters of the model; Cy = [L,(1 4 [x[*) 72| f(x)|*dz.

Proof. By Theorem 2.1,

- C(v,T)
(6.3) El|p(ti, ) = p" (ti, )5 < a1

Indeed, by Theorem 4.3.2 in [26], supy,7 E|[A"p(t,)||I2 < eCT||A"po||2, where C' depends

only on v and the parameters of the model. Also, in the notations of Theorem 2.1, 0 = 1/d,
¢q=1/(2d), and 6, = (v —1)/d.

To simplify the further presentation, set k = K'/¢ and define C,, = 1 + C,k. Then, to prove
(6.1), it remains to show that

~ C.A + k2C, A% (COHNTIAN

E Ky Emnpgy2 < K K K CC,.T
(1) = () < (RO (ER SR ) e,

and by Theorem 3.3 this inequality holds if, for every vector ¢ € R,

(6.4) [ARC2 < CR2ICP, IBIC? < COLICP, [e ¢ < e[l

Because of the multi-step approximation, we, as usual, loose one power of A in (3.12). In-
equalities (6.4) are verified by direct calculations using that the operators AL and A~'/2 M,
are bounded in Lo (R%).

To prove (6.2), let 3(z) = /1 + |x|? and, for w € R, define the space Ly, (R?) = {f: f8" €
Ly(RY)}. Clearly, Ly, (R?) is a Hilbert space with inner product (f, ¢)o. = (f3%,g5%)o and
norm || f[[g., = (f, f)ow. Then

(6.5) (06 [f] = &0 1P < Crlip(ti ) = o™ (s )5 20

Using the calculus of pseudo-differential operators [27, Chapter 4], we conclude that, for
every g € Ly o,(RY),

(6.6) lgllozw = 8% gllo < CIA™5*A"gllo < C[A"gllo.
Therefore, by Theorem 2.1 and Theorem 4.3.2 in [26],

n C(Vv T)
(6.7) Ellp(ti,-) = p" (ti, ) If 20 < T—e—d-1)d"

18



Next, (6.6) implies
~ K ~
Ellp" (ts,-) = o™ (b, Ml 20 < C D AVElpE (1) — v (81
k=1

.....

AF Z AARASL, BK — ABKA-

and the vectors p(t) = Ap%(t), p%(t;) = Aph™(t;). With these definitions, the vector p¥ ()
is the solution of

dp (t) = AXpR(t)dt + >~ Bfp(t)dYi(t)
=1
with the initial condition pL (0) = A¥(po, ex)o, the vector pa™(t) satisfies
1

" (to) = D*(0), PN (1) = > \/——,sﬁf(A;ﬁﬁ’"(tH))éi, i=1,...,M,
Ql
acdy
and
(6.8) Ellp" (£, ) = pn" (ti, )l < CEP™ (t:) — o3 (t) .

The functions ¢¥ satisfy the equations (5.6) with AX and BJ instead of A¥ and BX.

Direct computations show that, for all ¢ € R,
(6.9) ARCE < OR3CI, IBRCP < COllCP, e ¢ < ¢,
with C' depending on w and the parameters of the filtering model. By Theorem 3.3 we then

conclude that
~ C.A + r2C,A? (CC, )N+1AN
Bl (1) — 55m (102 < K K K CCWT
(0) — (0 < (0RO OB S )

Together with (6.5), (6.6), and (6.8), the last inequality implies (6.2).
Theorem 6.2 is proved. O

7. PROOF OF THEOREM 3.3

The proof requires an explicit formula for the solution of (3.6). We begin with some auxiliary
constructions.

Every multi-index a with |a| = k can be identified with the set K, = {(i{,q{), ..., (i¢,q¢7)}
so that i <idg < ... <ig and if i§ =i, then ¢§ < ¢f,. The first pair (i, qf") in K, is
the position numbers of the first nonzero element of a. The second pair is the same as the
first if the first nonzero element of « is greater than one; otherwise, the second pair is the

position numbers of the second nonzero element of o and so on. As a result, if oz? > 0, then
19



exactly oz;l- pairs in K, are (7,q). The set K, will be referred to as the characteristic set
of the multi-index a. For example, if r = 2 and

(0102300 ...

~\1 200010 ...)
then the nonzero elements are o = ol = ab =1, o = o} =2, a} = 3, and the
characteristic set is K,={(1,2), (2,1), (2,2), (2,2), (4,1), (4,1), (5,1), (5,1), (5,1), (6,2)}.
In the future, when there is no danger of confusion, the superscript « in 7 and ¢ will be omitted
so that (i}, ¢;) will be written instead of (i$,¢%).

Let P* be the permutation group of the set {1,...,k}. For a given a € J with |a| = k and
the characteristic set {(i1,q1),- - ., (ir, qx)} define

=) i, (o) Lo y=ar} - M (So(6) Lty ) =a0}-
ocPk

The following notations are introduced to simplify the further presentation:

e s* the ordered set (si,...,s;); ds® :=dsy...dsy;

e [* the ordered set (Iy,...,1});

o O, = et

o F(t;s; lk,g =&, B, P55, - -BuPs,—19, k> 1;

(k, t) sk
. / / / / - )dsy ... dsg;
TO To T

ZZ

Note that

(kvt) t _ T k
L Rl T Il SR

To ) Ik
7.1. Proposition. If « € J is a multi-index with |o| = k and the characteristic set

{G1,q1),---, (g, qr)}, then, fort € [Ty, t*], the corresponding solution . (t;Ty; Ug) of (3.6)
s given by

0a(t; To; Up) =
(k,t)

Z Z / FR(t; 8% 15 Uy )m, o 30 Mt=ao )+ M (51) L=, l>}als k>1;
(7.2)  oePr 1 3

t
¢a(t; To; Uo) —/ s, By, @5y 1, Ugmi, (s1)ds1, k= 1;

To
0a(t; To; Up) = @41, Up, k =0,
20



and

alt; T,
(7.3) - [palti o o) Z/ F(t; s 1 Ug) Pds.
To

laf=k

Proof. To simplify the notations, the arguments T, and U, will be omitted wherever
possible. Representation (7.2) is obviously true for |a| = 0. Then the general case |a| > 1
follows by induction from the variation of parameters formula.

To prove (7.3), first of all note that

E : Mg k) (Sk)l{lkZQ(r(k)} T My, (31)1{11=%(1)}
ocPk

Z mlk So(k 1{lg(k) =qi} " mi1(30(1))1{lg(1)=q1}'
oePk

Indeed, every term on the left corresponding to a given oy € P* coincides with the term on
the r1ght corresponding to o, € P*.

Then (7.2) can be written as o (t) = Y ka D F(t; 8%, 1F)E,(s%; 1F)ds*. Using the notation

- E: th—Saw)Bla(k) T q)sa@)—sa(l)Blamcbsa(l)—Toglsa<1><---<8a<k><t’

ocPk

it can be rewritten as

(7.4) Pal k|z / G(t; s%: 1F)VE,(s*; 1%)ds*.

[TO t*
Since for every t € [Ty, t*] the function G(t; s*;1*) is symmetric,

Es(s*;1%)
G(t; 5 1%) = cs(t)Ep
|,sz Vv OE!

with some vector coefficients cﬁ(t). This and (7.4) imply |pa(t)>/a! = |cq|?/k! and so

Z ‘(pacgf)‘ ' Z | a _ = / |G(t; Sk;lk)|2d8k

|O¢‘*k ’ |Oé| k [TO t*]k
2

k
k;z / )Z‘bt 506 Bloty  +* Psoiar=s00) Bloty Psny 109 s, 1)< <y <t | 45

(k,t)
-y / F(t 5510 P,
Tt

e 0

which proves (7.3). Proposition 7.1 is proved. O
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We continue by considering the truncation only of the length of a. Define Jy = {«a € J :
|| < N} and

(7.5) UN (s, Ty Up) = ——al(s;To; Up)éa (W, 1+).
\/_

acJy
Note that the summation in (7.5) is still infinite.

7.2. Proposition. In the notations of Theorem 3.3,

Cor(t* — To)|¥*!
(7.6) sup. EJU(s; To: Up) — U (s: T Up) P < (270 = T0)

Cw=T0) ||, |?
~ € ol -
s€[To,t*] (N +1)!

Proof. To simplify the presentation, the arguments 7y and Uy will be omitted wherever
possible.

By Theorem 7.1,
(7.7) Yo el ’% Z/ F(s; s*; 1F)2ds*.
la|=k e /1o

Since the random variables fa(WTO ¢) are uncorrelated and are independent of Uy, formulas

(5.5) and (7.5) imply E|U(s) = UN(s)* = Xy Sy 225725 By (7.1),
Elpq (s o (Car(s — Ty))*
Z Z |90a' < eC1(s=To) E|UO|2 Z 2 ( o 0))
k>N |a|=k ' k>N ’
<C2r<t* - TO))N+1 eé(t*—Tg) E|U ‘2
which completes the proof of Proposition 7.2. 0

Now we truncate the sum in (7.5) even more by restricting « to the set J.

7.3. Proposition. In the notations of Theorem 3.3 and Proposition 7.2,

t* —Tp)?
EIUN (¢*; To: Up) — UR (£ To; Up)|? < 2Cor S —TO>( (B)u
(7.8) (= Ty)?
+ C[) (1 + (t* - To)CQT’) T)E‘U{)‘Q

Proof. To simplify the presentation, the arguments Ty and Uy will be omitted wherever
possible.

If a is a multi-index with || = k and the characteristic set {(i{,¢f) ..., (:%,q5)}, then
i, = d(«), the order of o, and so the set Jy can be described as {a € J : [a] < N; if, < n}.
Since the random variables &, are uncorrelated and are independent of Uy,

S Elpa(t)[*
n [ gx N\ |2 __ «
EURE) =UNE)P= > > D o
b=n+1 k=1 |a|=k;i{=b
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ealt)

The problem is thus to estimate Z Z Z
a!

b=n+1 k=1 |a|=k;if=b
By Theorem 7.1 the corresponding solution ¢, of (3.6) can be written as
(k™)
(7.9) Pa(t™) = Z/ F(t*; 8% 1) B, (s*, 1F)ds".
i 2T

According to (3.7), the characteristic set of a(ig, qx) is {(i1,q1), - -, (k—1,q-1) };
therefore, it is possible to write

k
Ea(sk) = Zmik (SJ')l{lj:fIk}Ea(ik qx) (Sgalf)

j=1
where s;“ (resp. lf) denotes the same set (si,...,sk) (vesp. (l1, ...,l;)) with omitted s;
(resp. 1;); for example, sf = (sq, ..., sk).

As a result, after changing the order of integration in the multiple integral, equality (7.9)
can be rewritten as

(k—1,t%)
(7'10) ZZ / </ F(t*;Sk;lk)mik(sj)l{lj:%}dsj> Ea(ikﬂk ( ]7lf)d fa
J 1 lk 0 Sj—1
where sg := Tp; spiq = t".
Denote
20t —Ty) . (m(k—1)(s —Tp)
Mi(s) = ( >;k:>1,T< <t
k(s) T sin &= To) b <s<

OF (t* k. lk

and F; = M Then, as long as i, = b > 1, integration by parts in the inner

88j
integral on the right hand side of (7.10) yields:

Sj+1
/ F(t; 8% 1")ymy(s;)ds;
o 8j=55+1

= F(t*; 8" 1") My (s)

Sj+1
—/ Fy(t%; 8% 1%) My (s5)ds;.

$j=5j—-1 Sj—1

For each j, let us rename the remaining variables s¥ in (7.10) as follows: t; := s;,1 <
j—1; t; := si41,4 > j — 1, or, symbolically, t*~! := sj?. We will set ty := Tj, tp ;= t* and
denote by t"~17 j = 1,...,k — 1, the set t*~! in which ¢; is repeated twice (e.g. tF=1! =
(t1,t1, ... te_1),ete.); also tF710 i= (tg, b1, o, . tpy), tF70F i= (t1, .. te1, ).

The similar changes will also be made with the set [*: for fixed j, there are k — 1 free indices
li,...,lj—1,lj41,. .., lx and they are renamed just like s* to form the set [*~! (in this case, the
same symbols are used). Similarly, *~19 denotes the set (I1,...,li_1,q, .., lr—1). After

these transformations, Eq (i, q.)(s5;(F) becomes Eq g (t" ' 1¥7") - independent of j, and
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Pt 8" 1) 1,y Mo(s))|

Sj=8j—1

= F(t " WMy () = FE 5 ) My (), G =1,k
Therefore, if d(a) =b > 1 and |a| = k > 0, then

(k—1,t*)
(pa(t*) = Z / (1) tk—l;lk—l)
(k-1

+ fb( )(t*’tk L. 1k— 1)> Ea(ikvqk)(tk—l;lk—l)dtk—I’

where
k

Wt ey = Z(F(t*;tk_l’j;lk_l’j)Mb(tj)
=1
_ F(t*;tk‘l’j_l;lk_l’j)Mb(tj—1)> if k> 1,

b(l) =0if k =1 — because My(ty) = M,(t;) = 0 (this is the only place where the choice of
{my.} really makes the difference), and

t1
FO(E Ly / Rt .5 gy, 15 My ()

- Z/ ti, sty .. FTR) My(s)ds

— / Fr(t " s 17 qr) My (s)ds.

tp—1

Note that if the operators B; commute with each other, then fél)(t*; th=1: [F=1) is identically
equal to zero for all k.

Since |a(ijal; @a))| = || — 1 and a! > a(ijq), gjal)!, it now follows from (7.10) that

()2
3 |S0£c!)|

|| =F;i%=b
) /k 1,t%) k,12
= +f a(b, dt
|a;b;\/—.;T b) (b,qr)
(k—1,t%) 9
_Z Z \/_ Z/ W L Y Bgdth |
=1 |B|=k—1 Lokt

and the proof of Proposition 7.1 shows that the last expression is equal to

(k—1,t*)

(7.11) iZ/ ’fb £ th=L. k= 1)+f(2 (t5; 1 1) 2

qr=1 k-1

dtr1.
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Definition of fb(l) implies

(7.12) O 0, k=1, |fOp < MO B ~T)

s=—gop TV P k22

Next, direct computations yield

Fi(t5;s50%) = @By ... Py, By A, ...y 1,Uj
— By By .. AD,,, B, Dy, 1, U,

so that by assumption (3) of the theorem, |Fj(t*; s%; 1%)|> < Co(Cy)ke 1t =T0) U2
After that the definition of fb(2) implies:

—8j-1 "

t*
|fb(2)‘2 S 400k(02)k601(t*—T0)|UD|2(t* — TD)/ (Mb(S))2dS

To

Cok(CQ)k<t* - T0>3601(t*7T0) |U |2 .
= (b — 1)2 ol >
(k—1,t*)
so, since / dt" ™t = (t* = Ty)* 1 /(k — 1)), (7.11), (7.12) and the last inequality yield
To

ElUNE) - U= Y Y Ewa#

b>n+1 k=1 |a|=k;if=b

* k
< Cyre = [y — 1) Y A2 LG 1)

Lkl K
i k4 1)(Cor(t* — Ty))* 1
+Co(t —TO)3Z ( ) Zk!( ) ]E|UO|QZ§
B k>0 b>n
20,1 ¢ (t"=Th)
R - [e(B)(t" — To)? + (1 + (t* — Tp)Cor)Co(t* — T)*] E|Uy .

This completes the proof of Proposition 7.3. The statement of Theorem 3.3 now follows from

Propositions 7.2 and 7.3.
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