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A semi-linear second-order stochastic parabolic equation is considered with
coefficients, free terms, and initial condition depending on a parameter. It is
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1. INTRODUCTION

Analysis of stochastic differential equations with a parameter is a natural area of research: such
equations often arise in applications as small random perturbations of corresponding deterministic
systems. This analysis can be divided into two parts, asymptotic expansion of the solution and
large deviations. Small perturbations of stochastic ordinary differential equations have been studied
by many authors: [1], [4], [5], [7], [8], [18], [19], [20], etc. These works address both asymptotic
expansion of the solution and large deviations.

Similar questions for stochastic partial differential equations are much less studied. Most of the
existing works [2], [3], [10], [17], etc. essentially use the explicit formulas for the solution. As a result,
the most popular model is the one-dimensional heat equation with constant coefficients, driven by
space-time white noise:

du(t,x) = (aul, (t,x) + bul(t,z) + f(t, z,u (¢, z)))dt
+g(t,z,u(t,2))dW(t, x), (1.1)
u®(0,2) = (x)

Extension of the results to more general models, even to the same heat equation, but with variable
coefficients, remains an open problem.

Another traditional source of stochastic partial differential equations is the nonlinear filtering
problem. In this problem, there are many possible models with a small parameter. For example,
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consider the model with small correlation of state and observation noise. A simple model of this
type is described by the following system of nonlinear diffusion equations:

dX(t) = b(t, X (t))dt + dw(t) + edv(t),

dY (t) = h(t, X (t))dt + dv(t), t>0, Y(0)=0.
It is assumed that the processes w and v are standard Wiener processes independent of the initial
state X (0) and of each other. To further simplify the presentation, assume that both X and Y are

one-dimensional. Then the conditional distribution of the state X given the observations Y can be
written as follows:

ffoo u(t, )dx
fj;o u(t, x)dx’

where the function u = u(t, ) satisfies a linear stochastic parabolic equation

P(X(t) <dY(s),s<t)=

du(t, ) = (uza)um(t,x) _ (b(t,x)u(t,x))l> dt

+(h(t, x)u(t,z) — eux(t,z))dY (t), t > 0,
u(0,x) = mo(x).

(1.2)

In (1.2), mg is the distribution density of the initial state X (0). Equation (5.3) is known as the Zakai
equation.

Usually, equation (1.2) must be solved numerically, and when there is no correlation between the
state and observation noise, the numerical schemes for the corresponding Zakai equation are much
casier. Therefore, if ¢ is small, we might write u ~ u(®), where u(9) is the solution of (1.2) with
e=0:

1
du® (t, z) = (gu&? (t,x) — (b(tx)u(o)(t,x))w) dt + h(t,z)ul® (t,2)dY (t), (13)
u(0, ) = mo(x).
It is shown below in Section 5 that, in fact, we can write
u(z,t) =~ u®(t, ) + Z emu™(t, z), (1.4)

m=1

where the functions u(™ are determined recursively by certain linear parabolic equations and the

error of approximation is of order e"*!. Moreover, for sufficiently small €, we actually have
[ee]
w(z,t) = uO(t, x) + Z emu™(t, x). (1.5)
m=1

Similar results hold for more general filtering models under minimal assumptions about the coeffi-
cients. In particular, no time regularity of the coefficients is required and the coefficients can depend
on the observation process.

The equation studied in this paper is

du(t,x) = (aij"s(t,av)DiDjuE + fs(t,x,Dus,uE)) dt
+ (o™ (t, ) Dus + g=(t, =, u®)) dwi(t), t >0, z € R¢, (1.6)
u®(0,z) = ¢ (z),
which includes both (1.1) and (1.2) as particular cases. Notice that the number of the Wiener

processes can be infinite, the first derivative is allowed in the stochastic part, and all coefficients can
depend on w, ¢, and z. In (1.6) and throughout the paper,
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e D;=0/0x;,i,j=1,...,d, k=1,2,..., and summation over the repeated indices is assumed;

e wi, k > 1, are independent standard Wiener processes, and the It6 stochastic differential is
used;

e Dependence of all functions on w is not shown.

The main result is that, under certain conditions,
n
ut = Z emu(™ + o(e™), (1.7)
m=0

where u(™) are defined recursively as solutions of linear equations.

For a stochastic partial differential equation, there are many ways of defining the solution and, as
a result, many ways of interpreting (1.7). More specifically, there are different ways of estimating
the remainder in (1.7). The objective of this paper is to consider the most general class of stochastic
parabolic equations for which existence and uniqueness of solution are known. To achieve this
generality, the solution is considered as an element of the space L, (2 x [0,7];X), where X is an
L,-type space of generalized functions on R%; the remainder in (1.7) is then estimated in the norm
of this solution space.

Even though equation (1.7) can have a solution that is a continuous function, the most general
results are obtained when the solution is considered as a generalized function. The use of generalized
functions means that the approach to studying equation (1.6) must be different from the one used
by Arous [1] and Wentzell and Freidlin [7] for ordinary differential equations. Now many steps that
are trivial in the Eucledian space must be carefully justified, which often results in major technical
difficulties. For example, consider the following simple equation:

du® = (Au® + f(u®))dt + cw(t) (1.8)

with some initial condition. It is natural to expect that, if the function f is sufficiently smooth, then
uf = u® +eu® +e2u? 40(2), where du® = (Au® + f(u))dt, du = (Au® + f'(uO)uMD)dt 4
dw(t), du® = (Au® + f/(uOu®@ + f(u® uM)?)dt. Clearly, if the solutions are considered in
L,-type spaces, then u®, (uM)? will belong to different spaces and f/(u(?)) must be a point-wise
multiplier in both of those spaces. If the coefficients in the equation depend on ¢, similar care must
be taken when differentiating those coefficients with respect to €. These complications do not arise
for ordinary differential equations.

The analytic theory of solution in L,-type spaces for (1.6) was developed in [14], and is summarized
in Section 2. The first-order approximation is studied in Section 3. As mentioned above, in contrast
with ordinary differential equations, one has to begin by carefully defining the derivative for the
coefficients and free terms. In Section 4, a detailed study of the linear equation is presented. It is
shown that, under some natural assumptions, the dependence of the solution on the parameter is
analytic. The nonlinear filtering problem with small correlation is discussed in Section 5. Finally,
in Section 6, higher order expansion is constructed for a nonlinear equation. When the solution of
equation (1.6) is a continuous function, the remainder in the expansion can be estimated in the more
natural sup-type norm using embedding theorems.

Of course all of the results of the paper apply to deterministic parabolic equations. In particular,
analysis of equation (1.6), with a suitable time change, somewhat resembles the study by R. Khas-
minskii and G. Yin of the Kolmogorov equation for a diffusion process with generator £, + e 1L,,
e — 0 [11] (see also related papers [9, 12, 13, 21]). Still, the analysis of this singularly perturbed
equation in those papers goes beyond power series expansion and is carried out under a lot more
restrictive assumptions on the coefficients.

2. STOCHASTIC PARABOLIC EQUATIONS WITH A PARAMETER

The notations and conventions introduced in this section will be used throughout the rest of
the paper. In particular, summation with respect to repeated indices will be assumed everywhere.
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Typically, indices ¢ and j range from 1 to d, and index k, over all positive integers; D; stands for
the partial derivative with respect to x;.

Fix (, F,{F:}, P), a stochastic basis with F and Fy containing all P-null subsets of Q; 7, a
stopping time, (0,7] = {(w,t) € @ xRy : 0 < t < 7(w)}; P, the o-algebra of predictable sets;
{wg, k > 1}, independent standard Wiener processes. The Ito stochastic calculus will be used.

For v € R and p > 1, denote by H) the space of Bessel potentials on R9, and by Hg(lg), the
corresponding space of ly-valued function [14]. Next, we define the following spaces:

L HY(7) = Ly ((0,7]; P; HyY), H)(751l2) = Lp((0,7]; P; Hy (l2));
2. F)(7) = HY~(r) x H)(r3 1), UY = Ly(Q; Fo; Hy T 727

3. H}(7): the collection of processes from H)™!(7) that can be written, in the sense of distribu-
tions, as

hS]

u(t) = 6+ / F(s)ds + / " ()duw(s), (2.1)

or, equivalently,

du = fdt + ¢*dwy, uli—o = ¢, (2.2)
for some ¢ € U} and (f,g) € F)(7); the norm in H)(7) is defined by
”u”%g(ﬂ = Hu”%;ﬂ(,r) +1I(f, Q)HI;-;(T) + EHUOHZngl—z/p' (2.3)

Denote by C"~11(R9) the set of functions from C"~!(R?) whose derivatives of order n — 1 are
uniformly Lipschitz continuous. For v € R define 4/ € [0, 1) as follows: if 7 is an integer, then v/ = 0;
if v is not an integer, then +' is any number from the interval (0, 1) so that |y| 4+’ is not an integer.

Define spaces BY = BY(R?) as follows:

Loo(RY), =0
BY={ O LY(RY), |y|=n=1,2,... (2.4)
CMHY (R, otherwise.

It is known (see [14, Lemma 5.2]) that, if u € H) and a € B7, then

lawlly < N(v.d,p)llalls lull my-

The spaces B7(ly) are defined similarly.
Let I be an open interval in R so that 0 € I. Dependence of a function F on € € I will be denoted
by a superscript: F' = F*©.
Consider the following stochastic parabolic equation:
du®(t,x) = (a"°(t,2)D;Dju + f°(t,, Du®, u)) dt
+ (o™ (t, ) Dus + g*=(t, 2, u)) dwy(t), t >0, z € R e €] (2.5)
u®(0,2) = ¢° ().
Fix v € R and p > 2. For each € € I consider the following conditions.
ConpITION 2.2.1. (Coercivity.) There exist positive numbers k1 and ko so that

.. 1 . .
I€1|f‘2 < <alj,€ _ 2O_zk,eo_jk,s) gigj < K2‘§|2 (26)

for all (w,t) € (0,7], = € RY, and & € R4,
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CONDITION 2.2.2. (Regularity of a® and o°.) For all i,j =1,...,d and k > 1, the functions a*
and o'* are P @ B(RY) measurable,

la® (@)l g1 + [l ()] Br(1a) < K2 (2.7)
for all (w,t) € (0,7], and, in the case v = 0,1, for every p > 0, there exists 6, > 0 so that
a7 (t,x) = a=(t, y)| + o= () — o= (L)1, < p (2.8)

for all (w,t) € (0,7] and z,y € R? with |z —y| < §,.
P

CONDITION 2.2.3. (Regularity of the free terms.)

(£2(0,0),9(0)) € FJ(7), (2.9)

and for every p > 0 there exists u, > 0 so that

||(fE(D’U,7’U,) - fE(vav)ng(u) - gs(v))”f;(T)
< pllu = vl ry + pollu = vl (7, 1 <v+1, (2.10)

for all u,v € H)(7).

By definition, a process u° is a solution of equation (2.5) if and only if u® € H}(7) for some v € R,
Conditions 2.2.2 and 2.2.3 hold for this v, and equality (2.5) holds in H) (7).

THEOREM 2.1. If ¢ € U, 7 < T, and conditions 2.2.1-2.2.3 are fulfilled, then equation (2.5)
has a unique solution u® € HJ(T) and

[l < N (100,00, 6 ODllzzcry + 16507 ) (2.11)

with N depending only on d,~, k1, K2,p, T, and the functions 6 =6, and p = p,.

Proof. This follows from Theorem 5.1 in [14].

3. FIRST-ORDER APPROXIMATION

From now on it will be assumed that p > 2 and 7 < T To study asymptotical behavior of u® it is
necessary to introduce a suitable notion of derivative for the coefficients, free terms, and the initial
condition of the equation. Fix v € R and v < «. The following notation will be used:

FO = Fe| . (3.1)

DEFINITION 3.1. A function a® € B” is called /v differentiable (at € = 0) if and only if
e~ a® — a®| pv is uniformly bounded for € € I and there exists a function a(!) € BY so that, for
every ¢ € C°(RY), lim, _ge~"||(a® — a®) — sa(l))CHHE =0.

Even when v = ~, this definition provides a more general notion of derivative than differentiation
in BY space. For example, if v =0, d = 1, and a°(z) = 2~ tan~!(ex) (with a®(0) = €), then a® is
7/~ differentiable and a") = 1, even though ¢! ||a® —a(®) —ca™||go = sup,eg |y~ tan"y —1| = 1.

Since C§° (R9) is dense in every H » we can replace ¢ in the above definition with an arbitrary u €
Hy. Indeed, if ¢, € C&°(R%) and lim,, . ||¢n — ul[y = 0, then, writing b° for e~ a® —al® —eaM),
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we find: [[ub®|my < [|Cub%[|ay + Cllu — Collmy, because by assumption [|b°|p» < C. It remains to
pass to the limit, first, & — 0, then n — oco.

Similarly, a function o € B7(l») is called /v differentiable if and only if e~ 1||0° — 0| 5o g, is
uniformly bounded for & € I and there exists a function o(®) € B¥(l5) so that, for every ¢ € C5°(R%),
lim. get||(0f — a0 — 50(1))C||Hu(12) =0.

Next, we define differentiability for the free terms and initial conditions.

DEFINITION 3.2.  An operator (f¢(Du,u),g*(u)) : (H}(7))* — F,/(7) is called /v differentiable
if, for every u € H}(7), there exist linear operators AY : H}(t) — HL~(7),i = 0,...,d, B* =
{B“k k > 1} : H)(7) — HY(7:l2) and a process (f)(Du,u),g™") (u)) € FY(r) so that, for every
v e HY(T)

p )

d
lim e~ (| f(Du + eDv,u + ev) — fO(Du,u) —e > Atv
e—0 =
—efM(Du, U)HH;*(T) =0;

lim &g (u + £v) — 9 (u) = eB"v — eg! (W)l |y (1) = -
e— p\T3

For example, if f¢(Du,u) = b"¢(t, x) Dyu-+c® (t, r)u with suitable <, ¢, then Afv = ¢Ov, A¥v =
O Dw,i=1,...,d, fO(Du,u) = 0" Dju+ M.

DEFINITION 3.3. A function ¢° € Uy is called v/v differentiable if and only if there exists a
process ¢(1) € U, so that lim. o e~ ¢t — O — 5¢(1)||U5 =0.

Given equation (2.5), assume that the coefficients, free terms, and the initial condition are dif-
ferentiable in the sense of the above definitions. Then we can define processes u(® and u(?) as
follows:

du® = (a9 D;D;u® + O (Du® u©))at
+ (0O Du® + gk O () dwy (t); (3.3)
U(O)lt:O = ¢,

d
dul) = (a7 O D;Djul +) AW 4 Fyar
1=0

, (3.4)
+ (0O DD 4 By L GR)dwy (1),
u(1)|t:0 - ¢(1)’
where
F = aij’(l)DiDju(O) + f(l)(Du(O),u(O)), GF = oM D0 1 gkv(l)(u(ﬂ))_ (3.5)

The next theorem shows that, under natural assumptions, the processes u(? and u(?) are the first
two coefficients in the expansion of u® in powers of €.

THEOREM 3.1. For given v <~ and p > 2, assume that

1.Conditions 2.2.1-2.2.3 hold for both vy and v with numbers k1, ke and functions 0 = 6,, 1t = i,
independent of €.

2.For eachi,j = 1,...,d, the process a”¢ is (y —1)/(v — 1) differentiable and o*¢ is v/v differ-
entiable so that the norms e~1||a"s — a™ || g and 710" — 0| g, are uniformly bounded
fore eI and (w,t) € (0,7] and the processes a? W ot gre appropriately measurable with norms
uniformly bounded for (w,t) € (0, 7].
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3.The free term (f¢,¢%) and the initial condition ¢° are v/v differentiable.

Then lim, g |Ju® —u(® — EU(I)HHZ (1) =0, and we write

(1) - 6’&6

u =

Oe le=0”

Proof. Define v° = 7! (u® — u(® — euM) so that u® = u® + g(u™) + v°). Then
dv® = (a°D;Djv° 4+ F(Dv®,v)dt + (6'%° Do + G*= (v°))dwy (t),
Vlimo = (¢ — 0@ — M),
where
F&(Dve,0°) = e (a7 — 0™ — 0D D, Dju(®
+ (aij75 — aij’(o))DiDju(l)
+et (fE(Du(O) + e(DuV + Dv®), u® + e(u® +v%))

d
— FODU®,u®) — e 37 A 0D — (D), u<o>)>
i=0 (3.7)

Gk’E(UE) — E—l(o.ik,a _ a_ik,(O) _ saik’(l))Diu(o)
+ (O_ik,e - O_ik,(O))Diu(l)
+e7t (gs(u(g) +e(w® +v%)) — g (u®) - eBF (1)

_ 59(1)(u(0)))'

By the assumption (1) of the theorem and by Theorem 2.1,
o sy < N - (11CF2(0,0), GZ () 7wy + 1o ol ) (3.8)

with N independent of €. Assumptions (2) and (3) of the theorem then imply that the right-hand
side of the last inequality tends to zero as ¢ — 0. Theorem 3.1 is proved. |
EXAMPLE. (See also Section 6.) Consider the following equation in one space variable:

du(t,x) = (a(t, x)us, + f(u®))dt + eg(u®)dW (¢, x)

0 (0,) = 6(z), (3.9)

where

e For every x € R, the function a is predictable and there exist numbers 0 < k1 < k2 so that,
uniformly in (w,t), |||z < k2 and, uniformly in (w,t, ), k1 < a < K.

e The functions f = f(y) and g = ¢g(y) are non-random and Lipschitz continuous, f(0) = ¢(0) = 0,
and the first derivative f' = f'(y) of f is bounded and continuous.

o ¢ € C°(R).

o W = W(t,z) is space-time white noise.

It is known [14, Section 8] that equation (3.9) is a particular case of (2.5) and, for every € € R,

7 < T, every € (0,1/2], and every p > 8, there is a unique solution u® € H;”Z‘”(r). Conditions

of Theorem 3.1 hold. In particular, by the mean-value and dominated convergence theorems, we
—9/2—k

have for every u,v € Hp (1)

. -1
lim e/ (u -+ 0) = £ 0) = f (Wl vi0-e

e / (3.10)
< lim [(f'(u+Oev) — f'(w)vllL, ) = 0.
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Also,
tim = eg(u+ £v) — eg(w)ll () < lim Celjole ) = 0.
Consequently,
im e~ Mt — u©® — gy —
Ehi%s lu® —u eu ||H;1/27H(T) =0, (3.11)
where

du® = (a(t, 2)uly) + f)dt, u(0,2) = o(x);

3.12
du® = (a(t,2)ul + £/ (@O )yuD)dt + g(u®)dW (¢, 2), uD(0,2) = 0. (342

From embedding theorems [14, Theorem 7.2] we further conclude that
E sup |u(tATz)—uO AT z)—euD (AT z)P = 0(cP). (3.13)

0<t<T,zER

4. LINEAR EQUATION

To study linear equation

du® = (a"¢(t,2)D; Djus + b (t, x) Dyuf + c(t, x)u + f(t,x))dt
+ (o™= (t, 2) Djus + VRt x)uf + gMe(t, x))dwy, t >0, € RY, (4.1)

usltZQ = ¢E(x)a
Condition 2.2.3 is replaced with the following two:

CONDITION 4.4.1.  The functions b, =, v%¢ are P x B(R?) measurable and, for all (w,t) € (0, 7],

Hbi,s

B + ¥l Bre + V5] B 1) < Kas (4.2)
where (recall the definition of ' from Section 2)
Ww=7—1+7, v=1 %=0, 0<y<1l %>-7, v <0;

Ye=7—14+7, 721 7=0, -1<y<1; v.>—-9, v<-1; (4.3)
Y=+, ¥2>20; % =0, -1 <y<5 v>-—y-1, v< -1

CONDITION 4.4.2. (f<, %) € F) (7).

If Conditions 2.2.1, 2.2.2, 4.4.1, and ?? hold for some v € R and ¢ € [ and if ¢° € U], 7 < T
then, according to Remark 5.6 in [14], equation (4.1) has a unique solution u® € H}(7) and

lullrgiry < N - (I Dl oy + 16y ) (4.4)

with constant N depending only on d,~, k1, kg, p and the function J = J,,.

DEFINITION 4.1. A function a® € B" is called n times differentiable (at € = 0) if and only if
there exist functions a"), ... a( from B and a number A(n) so that
n—1
supe "[Jaf — al® — Z ema™ || gy < A(n) (4.5)
eel

m=1
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and, for every ¢ € C5°(R?),

lim &~ (a = > a™e™)C|lgy = 0. (4.6)
m=0

There is an obvious extension of this definition to BY(lz)-valued functions. As in Definition 3.1,
function ¢ can be replaced with an arbitrary v € H).

DEFINITION 4.2. A process (f¢,g°) € F)(7) is called n times differentiable if and only if there
exist processes (f1), g, ... (f™, (™) from F)(r) so that

lim e (f Zof ,9)e™ |5y () = 0. (4.7)
m=

Differentiability of ¢° € U is defined in a similar way.
Introduce the following notations:

L€ :aij,eD_D_ —‘r—bi’ED'—f—CE' Mk,s _ ik,sD_+Vk,a,

£ = g p, D; + 02 Dy 4 M ME) = R D4 R0 (4.8)
Then equation (4.1) becomes
du® = (L5 + f°) dt + (MPu® + gM°) dwi; u®|i—o = ¢°. (4.9)
Next, define processes u(™, r = 0,...,n, by the following equations
du® = (LOyO 4 fFOYgr 4+ (MEOy© 4 gk Oy uO]_g = ¢O); (4.10)
r—1
du(™ = (E(O)U(T) + Z Lr=m)g(m) f(ﬂ) dt
m=0
r—1
n (Mk,(o)u(n) £ 30 My +gk,(r)> dwp., (4.11)
m=>5
u =g = 6.
The following theorem shows that, under natural conditions, the processes u("),r = 0,...,n are

the first n + 5 coefficients in the expansion of u® in powers of ¢.
THEOREM 4.1. Assume that, for some v € R,
1.Conditions 2.2.1, 2.2.2, 4.4.1, and 7?7 hold with numbers k1, k2 and function 6 = 6, independent

ofeel.

2. Functions a™¢ b"¢ ¢ 0% v are n times differentiable so that the corresponding numbers A(n)
from Definition 4.1 do not depend on (w,t), and all the derivatives are appropriately measurable with
norms uniformly bounded in (w,t).

3.The process (f¢,¢°) and the initial condition ¢° are n times differentiable.

Then

CREN(0)) (k) ~-m € : —n|| pe - —
ut =u +Zu e™ + RS, with il_I)r(l)E |15 |17 () = 0, (4.12)

m=1
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and we write

1 0™uf
(m) _ =2 = . 4.13
“ m! 9e™ le=0 (4.13)
If, in addition, assumptions (2) and (8) of the theorem hold for all n > 1 and there is a number
Co > 0 so that, for alln > 1,

efor aiF b4¢ ¢ ab U the corresponding numbers A(n) from Definition 7?7 satisfy A(n) < C}
uniformly in (w,t);
o The process (f¢,¢°) and the initial condition ¢° satisfy

n—1 n—1
supe ™" (II(fE,gs) = Mg e + 165 =D ¢(m)5m|U,?>
m=0

2 (4.14)
<Cy
then there exists g > 0 so that, for |e| < o,
uf = ul® + Z u™em, (4.15)
m>1
Proof. Using induction and Theorem 2.1 we conclude that the norms ||u(”")||Hg(T), r=20,...,n

are bounded. After that, direct calculations show that the process v, = ¢ "R}, is the solution of
the equation

dv;, = (E%Z + Zz—:*(”*’“) (CE - Z smﬁ(m)> ul

r=0 x=0

+e" (ff - Zsrf@”)) )dt
r=0
+ (Mk’gvi +y e (ME”“ -y smM“m)) e (4.16)
r=0 m=0
4™ <gk,5 o Zergk:,(r)> )dwk
r=0
Upli=0 =€7" <¢E - Z ¢(m)€m> :
m=6

Now assumptions (1)-(2) of the theorem and Theorem 2.1 imply that lime_¢ [|v5, [l (r) = 0.
To prove (4.15), define

Up = ||U(l)HHg(T)- (4.17)

Using the additional assumptions about the growth of the derivatives of the coefficients, free terms,
and initial condition, we conclude from equation (4.11) that

r—1
u < G- (Z O um + cg) (4.18)
m=0

with NV independent of r, and so u, < C%, where Cy = 4C-max (N, 1). After that we conclude from
(4.16) that

n—1
lor—allry(ry < eN - (Z Co "0y + CS) (4.19)

m=>5
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with N independent of n. As a result, [lv;_q|xyr) < eNnC3 which means that, for |e] <
min(1/Cy, dist(0,01)), limy,— oo || R [[#(r) = 0 and (4.15) holds. Theorem 4.1 is proved.
]
The second part of Theorem 4.1 states that if the coefficients, free terms, and the initial condition
of the linear equation are real analytic functions of the parameter, then the solution is also a real
analytic function of the parameter. The proof provides an explicit bound on the radius of convergence
of the corresponding power series and does not involve complex numbers.

5. AN EXAMPLE: OPTIMAL NONLINEAR FILTERING WITH SMALL
CORRELATION OF STATE AND OBSERVATION NOISE.

Many numerical methods for nonlinear filtering are based on replacing a complicated model with
g simpler one while using the original observations in the resulting equations. One application of
Theorem 4.1 might be proving stability and improving accuracy of such procedures.

For example, consider the following system of nonlinear diffusion equations:

dX () = b(t, X(£), Y (£))dt + a(t, X (), Y (£))dw(t) + cop(t, X (£), Y (£))dv(t),

dY (t) = h(t, X(£), Y (£))dt + dv(t), t >0, Y(0) = 0. (5-1)

It is assumed that the processes w and v are standard Wiener processes independent of the initial
state X (0) and of each other. To simplify the presentation, assume that both X and Y are one-
dimensional. Assume also that

There exist 0 < k1 < kg so that k; < a®(t,z,7y) < ko uniformly in (¢, z,y).
The functijns a, b, p, h are deterministic, Borel measurable, and uniformly bounded (5.2)
in (t,2,y), and are Lipschitz continuous in (z,y). ’

The functions a,, p, are continuous in y and Lipschitz continuous in x.

Thew the conditional distribution of the state X given the observations Y can be written as
follows:

[E ult,z)d
O u(t, ) da

— 0o

P(X(t) <Y (s),s <t) =

i

where the function u = u(t, ) satisfies a linear parabolic equation

— (bt 2 Y (D)ult, x»x) dt (5.3)

du(t,z) = ( (‘12(@ z,Y (1) +egp’(t, @, Y (1))

+(h(t,x, Y (8))u(t, z) — eo(plt, Y(t))u(t,x))I)dY(t), t>0,
u(0, ) = mo(x).

In (5.3), mo is the distribution density of the initial state X (5). The observation process Y is a
Wiener process on a special probability space [16, Chapter 6], which makes equation (5.3) of the
type considered in the previous section. In particular, if assumptions (5.2) hold and 7y € ng/ P
then u € H,(T) for every T > 0.

Equation (5.3) is known as the Zakai equation. The nonlinear filtering problem is considered
solved if a suitable approximation of the function u is computed, and when there is no correlation
between the state and observation noise, the numerical schemes for the corresponding Zakai equation
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are much easier. Therefore, a natural approximation for u is u(?) given by

1
du®(t2) = (5 (a2, Y (@)@ (o)) = (bt Y (1) (t,2), ) dt
+ h(t, z, Y () u®(t,z)dY (t) (5.4)
uw9(0,z) = mo(x).
Note that (5.4) is the Zakai equation for the model (5.1) wihh g, with the exception that the original
observation process Y is used.

We can now use the results of the previous section to derive a better approximation of u. To this
end, for € € R, define process u® by rhe following equation:

dus(t,z) = ((“ (t,2, Y (1)) +ep*(t, 2, Y(2)) u)

2
- (b(t,w,Y(t))ua)m> dt (5.5)

+ (h(t, 2, Y (1) — s(p(t,x,Y(t))uE>
u®(2,2) = mo(x).

)dY(t), t>0,

x

so that u = u®°.
Under assumptions (5.2) we have u® € H,(T) for every T' > 0. By Theorem 4.1 we can define
process u!) by
1
du®(t2) = (G2 (ta, Y ()M (t,2))e — (bt 2, Y (O)ulV (t 7)), ) de
+ (e, Y (O (t,2) = (p(t 2, Y (0)u® (t,2)).dY (1) (56)
uM(0,2) = 0.

and more generally, for n > 2, process u(™

du™ (t,) = (%(aZ(t,x,Y(t»u(") (t2) = (bt 2, Y () (¢, ),

xrx

o (P Y D)

(5.7)
+ (h(t 2, Y (0)u (t,2) = (p(t 2, Y (0)u" (¢, 2)) )Y (@),
x
u™(0,2) =0; n>2.
According to Theorem 4.1 we have
u~~u® + Z u™er, (5.8)
m=1

and the error of approximation is of order 56”'1, that is

||u - u(o) — Z u(m)éngH;(T) < CEBH_I. (5.9)

m=1

The proof of Theorem 4.1 provides an explicit bound on the constant C. Furthermore, by embedding
theorems,

E sup J|u(t,z) —u®(tz) — Z u™ (t, 2)el P < Caénﬂ)p. (5.10)

o<t<T,zeR me—1
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Notice that, by the second part of Theorem 4.1, for sufficiently small ¢ we actually have u® =
u® + S u(m ™, and there is an explicit bound on the radius of convergence.

6. NONLINEAR EQUATION: HIGHER ORDER APPROXIMATION.

Just as with the linear equation, we could apply Theorem 3.1 repeatedly to a general nonlinear
equation and get higher order terms in the expansion of u¢. The obvious difficulty is that the formulas
become very complicated very quickly. As an example, consider the one-dimensional equation driven
by space-time white noise:

du (t, x) = (a(t, v)ug, +b(t, x)us + f(t, x,u®))dt
+eg(t,z,u)dW(t,z), t >0, z€R, el (6.1)
u(0,2) = ¢(x)

Recall [14, Section 8.3] that this equation is of the type (2.5) with g¥ = gh*, where {h* k > 1} is
an orthonormal basis in Ls(R), and for this equation Conditions 2.2.1-2.2.3 are replaced with the
following.

CoNDITION 6.6.1. (Regularity of the coefficients)
For every x € R, the functions a, b are predictable and there exist numbers 0 < k1 < ko so that,
uniformly in (w,t), ||lal|gz + ||bl|gr < K2 and, uniformly in (w,t,x), K1 < a < Ka.

CONDITION 6.6.2. (Regularity of free terms)

The funCtions f = f(t,l‘,y) and g = g(tal‘?y) Sa’tisfy |f(t,.’1},y1) - f(t?l'7y2>| + |g(t7x7y1) -
g(t,z,y2)| < Kalyr — yo| uniformly in (w,t,z), g(-,-,0) € Ly(r) = HY(7) for some p > 2, and there

is & € (0,1/2] so that f(-,-,0) € H,** " (7).

It is know [14, Theorem 8.5] that, if Conditions 6.6.1 and 6.6.2 hold and if ¢ € U, Vas o<,

then, for every ¢ € R, equation (6.3) has a unique solution u® € H, /2= (1) and

ey ey < N (G O)llgzvrar - €llgCss Oy o) + 1llyr0 ) (6:2)

with constant N depending only on &, k1, ks, p, T
The starting point in the analysis is the zero-order approximation. Define u(?) by

du® = (aul® 4+ bul® + f(WO))dt, t >0, z € R,

6.3
u?(0,2) = ¢(x) o)

It is obvious that lim._,q [|u® — U(O)HH;I/2—N(T) =0.

Suppose next that, for every (w,t,x,y), the partial derivative

FO(t,2,y) = Of (t,2,y) /0y
exists, is uniformly bounded and, for every (w,t,z), continuous in y. Then we can define u® by

du™ = (aull) + bulV + fOWO)uW)dt + g(u®)dW (t, )

(6.4)
uM(0,2) = 0.
Then, similar to the example at the end of Section 3, we conclude from Theorem 3.1 that
lim. Lo Hu® — u® —eu® lpz1r2-n () = 0.
P
To define higher order terms in the expansion, we need an additional construction. Denote by
Ay, (n) the set of n-vectors @ = (aq, ..., a,) with non-negative integer components so that Z?:l a; =
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m and Z?:l ta; = n. Note that if m = 1, then a,, =1 and a; =0 for ¢ = 1,...,n — 1, whereas if
m > 2, then a, = 0. It is known [15, page 36] that, for every sufficiently smooth function F,

d“F(Z- c-ai)
1 >0
E dem = CnF(l)(CO)
e=0 (6.5)
- (m) m‘ al Apn—1
+ E F (CO)ﬂ § a1!-~-an,1lcl Tl
m=2 aEAm(n)

m) _ 1 d"F(t)
where F( )*M T

Assume now that all partial derivatives of f(¢,z,y) and g(t, z,y) with respect to y exist and each
one is uniformly bounded. Then we set

1L o"f(t,z,y) 1 0"g(t, z,y)
(n) _ = )y (n) _ = Ly
£ = oY W)= oy (6.6)
and define process u(™, n > 2, as the solution of the equation
du™ — (au;@ Fbul™ 4 FO ()M
n !
+ 5 M) 3 #(uu))al ...(u<n71>)anfl)dt
— . ihap—1!
m=2 acAn,(n) (67)
n—1 m'
+( S g™ 3 m(uu))al ...(u(n—n)an_l)dw(t’ z)
m=1 d€Am(n—1) n—1:
u™(0,z) = 0,

To have the process u(™ well-defined, the right-hand side of (6.7) must be in L, (7). Since this
right-hand side consists of products of (™), m < n, we need higher order integrability for u(").
One way to ensure this integrability is to require Condition 6.6.2 to hold for all p > 2.

THEOREM 6.1. Fiz k € (0,1/2] and assume that

1.Conditions 6.6.1 and 6.6.2 hold for every p > 2.

2.For every n > 1, n-th order partial derivatives of f and g with respect to the last argument exist
and are uniformly bounded.

Then, for everyn >0,

wf =u® + > u®ek £ RE RS [l ) < Cle™ T (6.8)
k=1

Proof. By Theorem 3.1 we have u(!) = aa—“;

. By changing ¢ to € 4 ¢y, we conclude that, in
0

fact, u") = Qu® /D¢ exists for every € € R and is the solution of

™ = (@u) + bul® + 7O ()t + (gD (0F) + g(u))dIV (¢, 2)

6.9
uM=(0,2) = 0. (6.9)
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1 9™u®
1

TG 18 defined for every n > 1 and

After repeatedly applying Theorem 3.1, we see that u(")¢ =
€ € R and is the solution of

du™ = (augﬁc)’s +bu{™E 4+ fO (uf)ulm)e
- m! _
D M e e R R
m=2

gean(n) M On—10
H (uh)- (6.10)
n—1 _

n (ggu)u(n),s te Zn: dmw) Y
+3 g Y H (. ‘”)dW(t,x)

ai:
m=2 €A (n) 1!
(11 :

m=1 G€Am(n—1) I=1

’U/(n)’a |t:0 = 0.

Using (6.2) and the generalized Hélder inequality [6, p. 623] with p; = n/(ia;), we conclude by
induction that, for all n > 1,

Wy <1490 S 3 TTI@ele: < a+ac, (6.11)

m=1geA,,(n)i=1

where C depends on k, k1, ke, n,p, T, and the corresponding norms of f(¢,z,0) and g(¢,z,0). Then
(6.8) follows from the Taylor formula.
(]
If conditions of Theorem 6.1 hold for every x € (0,1/2], then embedding theorems for the space
H;1/2_H(7') [14, Theorem 7.2] imply that the remainder in (6.8) has the order |¢|"! in the norm of
the space L, (€; 01/4 o1/2= 5(0,7')) for every ¢ € (0,1/4); in particular,

E sup |[u(tAT,x) Z u™ (E AT, 2)e™P < Cle| P, (6.12)
0<t<T,x€R

Even if the functions f and g are real analytic in the last variable, the H, 1/2= "(7) norm of
the remainder R, (g) in (6.8) will not in general tend to zero as n — oo for any € > 0 due to
the rapid growth of the moments of W (t,z). This means that analyticity for nonlinear equation
must be studied in a setting different from the one used for the linear equation. In [1], a similar
analyticity question was studied for stochastic ordinary differential equations. It was proved that,
with probability one, the solution of an ODE is an analytic function of the parameter as long as
the coefficients are analytic. Almost sure convergence of R, () in (6.8) as n — oo remains an open
problem.
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