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Abstract

In this paper we construct a kernel estimator of a time-varying coefficient of a strongly
elliptic partial differential operator in a stochastic parablic equation. The equation is assumed
diagonalizable, that is, all the operators have a common system of eigenfunctions. The mean-
square convergence of the estimator is established. The rate of convergence is determined both
by the smoothness of the true coefficient and the asymptotics of the eigenvalues of the operators
in the equation.

1 Introduction

Stochastic partial differential equations arise naturally to describe spatially distributed populations
(Dawson (1980)) or growth of interacting populations (De (1987)). Other applications include
oceanography where tracer evolution may be described by a stochastic PDE (see Piterbarg and

Rozovskii (1996) or Piterbarg (1998)).

After a suitable model is formulated for a particular application, it is necessary to estimate relevant
model parameters. In models described by linear stochastic partial differential equations (SPDEs),
such parameters are often the coefficients of the corresponding partial differential operators. Es-
timation problems for such SPDEs are entirely different from traditional problems of statistical

inference when the unknown function is the coefficient of the “leading” differential operator. In
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this case all the information about the unknown coefficient can be extracted from the observations

of the solution on a finite time interval with a fixed amplitude of the random perturbation.

One method to construct a computable estimator utilizes finite dimensional projections of the
observation process, for example, the first N (spatial) Fourier coefficients. The dimension of the
projection is used to describe the asymptotic properties of the estimate. The number of spatial
modes is also a natural asymptotic parameter from the physical point of view, as pointed out
by Piterbarg (1998). In parametric models, when the coefficient is a real number, this approach
was used by Huebner and Rozovskii (1995), who constructed the maximum likelihood estimate
on the basis of the first NV Fourier coefficients of the process, and established the conditions for
consistency and asymptotic normality of the estimate in the limit N — oo. Two special cases of
these results were discussed earlier by Huebner, Khasminskii and Rozovskii (1993). Parametric
models for infinite dimensional systems have also been studied by Piterbarg and Rozovskii (1997)
who analyzed the asymptotic properties of the maximum likelihood estimator in the discrete time
sampling case. Furthermore, Lototsky and Rozovskii (1999) studied parameter estimation when
the operators in the SPDEs do not commute. Mohapl (1997) constructed consistent estimators of
constant coefficients occuring in a hyperbolic SPDE with observations on a grid as the number of
time and number of space observations become larger. Other inverse problems for SPDEs in the
small noise asymptotics such as the estimation of a source are discussed in Chow, Ibragimov and

Khasminskii (1999).

In this paper we construct a kernel-type estimator for a time-varying parameter in a stochastic
parabolic equation. We study the optimal rate of convergence of such estimators. Although the
problem of nonparametric estimation for ordinary stochastic differential equations has received a
lot of attention (see e.g. Ibragimov and Khasminskii (1981), Kutoyants (1984) ), little has been
done concerning nonparametric estimation for infinite dimensional systems. For stochastic evolu-
tion systems Ibragimov and Khasminskii (1997) studied asymptotic properties of kernel estimators
of general functions in the small noise asymptotics when the probability measures generated by
the processes corresponding to different functions are equivalent. Other results, for example by
Aihara (1998), and Aihara and Sunahara (1988), are concerned with the problem of estimating

a spatially varying parameter in stochastic diffusion equations when the observation process is



finite-dimensional.

For a stochastic ordinary differential equation, Kutoyants (1984) proved mean-square convergence
of a kernel-type estimator for the drift term. In this paper we utilize the methods developed by
Huebner and Rozovskii (1995) and by Kutoyants (1984) to construct an estimate of a coefficient

that is a function of time in a model described by a stochastic parabolic equation.

Suppose the process u(t, ) for t € [0,T] and z € G C IR? is governed by the following equation:

du(t,z) = (Ao+6o(t)Ar1)u(t,z)dt +dW(t,z), te(0,T], z€CG
u(0,z) = wup(z)

with zero boundary conditions, where W (¢, x) a cylindrical Brownian motion in Ls([0,7] x G) and
Ap +6p(t)A; is a strongly elliptic differential operator with the unknown coefficient 6y(t). Suppose
we observe finitely many Fourier coefficients ui(t),...,un(t) for all ¢ € [0,7]. Let © be the set
of admissible functions 6. We are interested in the asymptotic properties of the kernel estimator
of Oy(t) as the number N of the observed Fourier coefficients increses. To simplify the analysis, it
is assumed that the equation is diagonalizable, that is, the operators Ay and A; have a common
system of eigenfunctions. If the initial condition ug is not random, then the Fourier coefficients
ui(t),...,un(t) are independent Ornstein—Uhlenbeck process, and the drift of each process contains

the unknown function 0y(t) and the eigenvalues of the operators Ag, A;.

In Kutoyants (1984), the trend coefficient in a diffusion process was estimated from the N i.i.d.
copies of the process. Even though the observations u; in our case are not identically distributed,

we use a similar approach and consider the estimate 6N of 6y as follows:
) T
OV(0) = [ Ruy (s~ 0aXV(s)
0

where R is a kernel function, Ry, (s) = R(s/hy)/hn with hy — 0,N — oo, and X¥ is a certain
process constructed from the observations uq,...,uy. We prove the mean-square convergence of
the type

lim sup sup N7E|éN(t) —0o(t)]* < o0,
N—=00 0,0 te[ty,ta)

and explicitely compute the rate v > 0 which is determined by the parameter class © and the

orders of the operators Ag, A1.

The paper is organized as follows. In Section 2 we introduce the mathematical model and the basic



notations. The main results on the asymptotic properties of the kernel-type estimator, including

convergence rates, are proven in Section 3. An example follows in Section 4.

2 The Model

In this section we introduce the basic notations and assumptions about the model. It is important
to note that in estimation problems where the observations are generated by finite dimensional
processes it is assumed that either the noise intensity decreases or the time interval gets larger. For
our model both the noise intensity and the time interval stay fixed. The notation xy ~ yxy used in

the paper means that limy_,. x/yn = ¢ where ¢ # 0, co.

Let (Q, F,{F:}o<t<T, P) be a stochastic basis with the usual assumptions (see Jacod and Shiryayev
(1987)) and G, either a smooth bounded domain in IR? or a smooth d-dimensional compact man-
ifold (without boundary). We denote by Ap and A; partial differential operators on G with real
coefficients. If G is a domain, then the operators are supplemented with zero boundary conditions.

We assume that

Au(z) = Y af(@)ul(z), af € C¥(G), i=0,1, (2.1)
laj<m;
where a = (ay,...,aq), a; =0,1,..., o] = XL, o,
|
u(a) (:L‘) . 0 U(.’IJ)

- aq og
6.%'1 "'8.Td

and the functions af(x) are known.

The observation process is governed by the following equation:

du(t,x) = (Ao~ 00(t)A1)u(t,z)dt +dW(t,x) (2.2)
u(0,z) = uo(x),

where 6y = 0y(t) is a bounded measurable function on [0, 7] and W = W (t, z) is a cylindrical Brow-

nian motion, that is, a distribution-valued process so that for every ¢ € C§°(G) with [[¢|L,c) = 1,

(W, p)(t) is a standard Wiener process, and for all ¢1,p2 € C3°(G), E(W,p1)(t)(W,p2)(s) =

min(t, s) - (@1, 92)1,(c) (see Walsh (1984) for more details).

A predictable process u with values in the set of distributions on C3°(G) is called a solution of (2.2)

if for every ¢ € C3°(G) the equality
(0,9)(0) = (a0, 9) + [ (Ao, u) 61 + [ o) Ao, u) 5)ds + (W3 )
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holds with probability one for all ¢ € [0,T] at once, where A is the formal adjoint of A;, that is,

an operator so that
(Aig1, $2) 1o(a) = (Af b2, 91) Ly(q) for all g1, ¢2 € C°(G).

The following assumptions will be in force throughout the paper:

(H1) There is a complete orthonormal system {pg}x>1 in La(G) so that
Aok = Kk, A1pr = VP

(H2) The eigenvalues vy, and ky satisfy |vg| ~ k™1/¢ and, uniformly in t € [0, 7],

pi(t) = — (kg + 0(t)vg) ~ ¥/ 2m = max{mg, m1 }, which means that
o < — (kg + Oo(t)vi) < B

for all 0 <t < T and some aj ~ G ~ k2m/d Recall that mg and mj are the orders of the

operators Ag and Aj.

Assumptions (H1) and (H2) hold in many physical models (see, for example, Piterbarg and Ro-
zovskii (1996)). A typical situation is when the operators Ay and A; commute and either Ay or
Aj is uniformly elliptic and formally self-adjoint. For the sake of completeness we included in
Appendix a precise statement about the eigenvalues and eigenfunctions of elliptic operators. More

details can be found in Safarov and Vassiliev (1997).

To state the result about existence and uniqueness of the solution of (2.2) we need some additional

constructions. For f € C§°(G) and s € IR define

1£12 =32 B2/ (f, 00) 1o

k>1

and then define the space H*(G) as the completion of C§°(G) with respect to the norm ||-||s. There
is a one-to-one correspondence between the elements v € H*(G) and sequences {vg}r>1 so that

[v]|2 =" &/ |* < oo
k>1

we call {v;} the (spatial) Fourier coefficients of v. The Fourier coefficients of the cylindrical
Brownian motion W are {wy}x>1, independent standard Brownian motions, and therefore W e

Ly(Q2 x (0,T); H*(Q)) for every s > d/2.



Proposition 2.1 Under assumptions (H1) and (H2), if ug € Lo(Q; H *(Q)) for some s > d/2,
then there is a unique solution of (2.2) that belongs to the space Lo($2 x (0,T); H"*(G)) N

Ly (Q;C((0,T), H5(Q))); the solution satisfies

T
E sup Huu?_s(t)+E/ el o(0)dt < K (d,m,s,T,60) (Elluol®, + T).
0<t<T 0

Proof. This follows from Theorem 3.1.4 in Rozovskii (1990).

Remark 2.2 1. The process W in equation (2.2) can have an invertible correlation operator B
as long as the eigenfunctions of B are also pr. We can then reduce the equation to the standard
form with cylindrical Brownian motion by replacing the initial condition uy with B~ ug and the

operators A;, i = 0,1, with B~'A;B.

2. In principle, we can consider more general models, for example, equations with other boundary
conditions or other types of operators. All we need is that the operators in the equation have the

properties (H1) and (H2).
3 Main Result

If u = u(t,x) is a solution of (2.2) with the operators Ag, A; satisfying (H1), and {¢x}r>1 is the

common system of eigenfunction for Ay, Ay, then ug(t) = (u, p)(t) is a solution of

dug(t) = —pr(t)ur(t) dt + dwy(t)
(3.1)
up(0) = wuok,
where p(t) = — (kg +00(t)vy) and K, vy are the eigenvalues of Ay, A;. The objective is to construct

a kernel estimate of 6y(t) for every ¢ € (0,7) on the basis of ug(t), t € (0,7), k=1,...,N.

Recall that the function R = R(t), t € IR is called a compactly supported kernel of order K > 1 if

R has the following properties:
1. R(t) = 0 for large |t|,
2. [pR(t)dt =1,

3. [Jpt/R(t)dt =0for j=1,..., K.



For example, R(t) = 3(3 — 5t2)/81(|t| < 1) is a compactly supported kernel of order 3. More
examples and a general procedure for constructing such kernels are presented in Devroye (1987)
and Miiller (1984). As usual, a scaled kernel R(t/hy)/hy will be used with some bandwidth hy

so that 0 < hy — 0, N — o0o. The exact asymptotics of hy will be specified later.

Formally, the estimate of 6y at point tg is constructed as a weighted sum of the integrals

1 (T /t—to\ dug(t) — krug(t)dt
()

However his expression must be modified, since this integral may not be defined due to the vanishing
Fourier coefficients u(t). Let {vnx, N > 1} be a sequence of positive real numbers so that vy | 0

as N — oo. The random processes Uy v = Uy n(t), k=1,...,N, t € (0,T), are defined by

Lu(®), (0] > o,
Ve (t) = { Vons  Ju(t)] < o

To formulate the main result we need the following weight sequence

N
FI/,N = Z Vi,
k=1

where v, are the eigenvalues of Aj.

For every t € (0,T), we define the estimate 8 (t) of 0y (t) as follows:

1 N

3 /0 "R <Shjvt> Upo v (5) (dup (s) — mpup(s)ds). (3.2)

N =1

N () =
(t) inEs

It is clear that a consistent estimate of () at fixed ¢ is possible only if the function 6y is sufficiently

smooth. Therefore we define the class of functions under consideration as follows.

Definition 3.1 For a positive real number 3 represented as f = K + «, where K > 0 is an integer
and a € (0, 1], denote by @g the set of K times continuously differentiable functions on (0,T) with

the following properties:

(P1) For all § € ©7 10 (1) — 00 ()| < L|t — 8|, t,s € (0,T);

(P2) There exist Cy,Cy, Ny > 0 so that, with pug(t) = —(kx +v0(t)), C1k*™/% < pp(t) < Cok?>m/d
for all k> Ny, all t € (0,T), and all § € ©F.



The second condition ensures that equation (2.2) is solvable uniformly for 6y € @g. Note that the
value of K in the representation J = K + « is the same as the order of the kernel. The main result

of this paper follows.

Theorem 3.1 In addition to (H1) and (H2), let the following conditions be fulfilled:

(A1) The initial condition ug is deterministic and belongs to H*(G) for some s > d/2;
(A2) The orders of the operators Ay and Ay are such that q := 2(my —m)/d > —1;
(A3) The eigenvalues vy of Ay are such that |F,, | ~ N1*m/d;

(A4) The function 0y belongs to @g with 8 = K + «, and R is a bounded, compactly supported
kernel of order K ;

(A5) hy ~ N=@D/@0+D) gy p20 y—m/d
Then, for every 0 < t; <te <T,

lim sup sup NZ2@HDS/EEHD B1GN (1) — 0,(1)]? < oo.

N—o0 00O tE[t1t2]
Remark 3.2 1. From Huebner and Rozovskii (1995) it is known that the condition q¢ > —1 (cf.
assumption (A2)) is necessary to have a consistent estimate of 6y in our model even if Oy is a
constant. However, unlike in the constant parameter case, a consistent estimate of the type (3.2)

is mot possible in the critical case ¢ = —1 as can be seen by analyzing the proof below.

2. The rate of growth of F,, x in (A3) is an assumption about the asymptotics of the eigenvalues of
Ay. For example, if Ay is a self-adjoint elliptic operator of order my, then v ~ —k™/% and (A3)
holds.

3. Note that the rate of convergence is determined both by the assumed smoothness of the function
0 and by the order of the kernel. An analysis of the proof shows that if a lower order kernel is used
with the order K1 < K, then the rate of convergence will be determined by 3 = Ky + 1 instead of
08 =K + «. In particular, if the coefficient is known to be infinitely differentiable, then the rate of

convergence is determined by the order of the kernel used.



Proof. In the following, C' denotes a positive real number depending on d, t1, t2, T', the operators
Ag and A1, the kernel R, and the space @g. In particular, C does not depend on the time variable

t € [t1,t2] nor on a function 6y € @g. The value of C' can be different in different places.

With no loss of generality, assume that R is supported in [—1, 1] and N is so large that ¢1/hy > 2,

(T —t2)/hyn > 1. By (H1), we can also assume that ju(t) > Ck*™/? for all k > 1.

We split up the difference 8V () — y(t) into three parts OV (t) — 0y(t) = Jy + Jo + J3, which are

then estimated seperately. Here

Ji1 = / I/R(
! hNFuNk 1 b

Iy = / (
? hNFuNk /

J3 = /I/R(
’ hNFuNkl F

Since R has compact support and integrates to one, we have for every t € (t1,t2) C (0,7) and all

) (60(s)  tu(t))ds,

) Uk, N (s)dwg(s),

%) b0(s) (o)) < o) (2 1) s,

UN

sufficiently large N

(T—0)/hy
T = / R(s)(8o(t + has) — 0o(1))ds.
—t/hn

By the Taylor formula,
Oolt+7) = Oot)+ Z —0(’” )+ —0( )t + y7)

= bo(t) + Z O 0+ T 00+ 47) — 0 0). 7 =() € (0.1).
Using a property of the kernel,

(T—t)/h K
I :/ " RSO0 (¢ + yhs) — 08 (1)) ds.
—t/hN K!

Property (P1) of the function class assures that |(9(()K) (t+~T1)— GéK) (t)] < Lq|7|®. This implies
1
hl < e, [ IsPIRG)lds < onf
-1

Therefore,
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The Gaussian random variable wuy(t) is given by

ug(t) = ugk exp <— /Ot ,u,k(s)ds> + /Jt exp (— /St uk(T)dT> dwy(s),

with mean

M (t) = uok exp <— /Ot Hk(s)d5>

Di(t) = /Ot exp (—2 /: ,uk('r)d7> ds.

Dy(t) > Ck™™4(1 — Y.

and variance

By property (P2)

Note that

Indeed,

_ 1 v (z — My(t))? 2uy YN
Pt = ) = s [ oo (< Jar < R <

_ Plu® <o) 1 @ M) do
EU’aN(t) - v " V271 Dy (t) /|r|>vN o ( 2Dy ) -

1 (x — Mg(t))*\ dx 2 oo dr 1
V2rDi(t) /|x>vN o <_ 2D} ) 2 = VarDy(r) /UN 2 = oDyt

Now we estimate Js.

T
2 2 (3
E|Jo| :h?vF2 Z/R(h

—t
)EU,?}N(S)dS
v,N k=1

< / (3 — t) ds
B h2 F2N2}N 1 Dk<3>
CN(m 2m1)/d—1 (T—t)/hn R2<8)
< / )
thUN 7t/h1\] 1— e—C(t+ShN)
CN(m72m1)/d71 1 RZ(S)
< / s
hnvUN 11 —eCta/2
CN(m72m1)/d71
< .

hnvn
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To estimate J3, we use an inequality for independent square integrable random variables &:

B(Sé) <250 var() + (Ti0 B6) . Then

E / v R(
<hNFuNk ‘ F
2
C N s—t
< P <
- (hNFVN kz:/o VkR( I > (Jur(s)| < UN)dS)

2
T ZE< / VkR<Sh:Vt> I(Jug(s)] Sv]v)ds> .

V,N f=1

IN

2
B\ Js[? ) Hlus) < vN)d8>

The first term on the right is bounded by

Con & /T (3—t> ds 9 9
VR < Cwi,N?m/d,
<hNFy,N kz::l o "\ hw ) Di(s)) TN

The second term can be rewritten as

F2y Ziﬂ// 2R<

v,N k=1

) R <S2h; t) EI(Jug(s1)] < on)I(Jug(s2)] < vn)]dsidsy. (3.3)

Using E[I(Juk(s1)| < on)I(Jug(s2)] < vn)] < EI(Juk(s1)| < vn)] < C/(vnDg(s1)) and repeating
the arguments used to estimate E|Js|?, the expression in (3.3) can be bounded by CuyN™/4-1,
As a result,

N(m—2m1)/d—1

El6N (t) - 6o(t)]> < C - (h?vﬂ - oy N™/ (N 4 1/N)> .

hnvn
If hy ~ N=@FD/E8H) and oy N™/4 ~ b2 then B[OV (t) — 6o(t)[2 < CN—20(a+D)/(46+1),

which completes the proof.

4 Example

In this section we give an example to illustrate the assumptions of the main theorem. Suppose that

u=u(t,x), 0 <t<1,0<x<1,is a solution of

du(t,x) = [0o(t)Au(t,z) — u(t,z)|dt + dw(t,x),
u(0,z) = 0,

u(t,0) = wu(t,1)=0,

11



where 0y(t) is a smooth (infinitely differentiable) function so that assumptions (H1) and (H2) hold.
For example, 0y(t) = 2 + sint or Oy(t) = 3 — 2cos(2t). Using the notations of Section 2, we have
G=(0,1),d=1, Ag = —1I (I is the identity operator), A; = A (the Laplace operator). Note that
mo = 0,m; = 2m = 2 and so ¢ = 2(m; — m)/d = 2. The eigenfunctions o (x) = /2sin(rkz),
k > 1, have corresponding eigenvalues rj = —1, v, = —m2k?. The solution can be written as
u(t,z) =Y up(t)pr(a)
k>1

where uy(t) satisfies
duy(t) = —[1 4 0o(t)m2kug (t)dt + dwy(t), ugp(0) = 0.

The series for the solution converges in Lo (Q x (0,1); La2((0, 1)))

Choose R(t) = 3(3—5t2)/8I(|t| < 1), a compactly supported kernel of order K = 3. By assumption,
fp is smooth, and then, according to Remark 3 after Theorem 3.1, the rate of convergence is
determined by 3 = 4. Following Theorem 3.1, we take F, y = —n? Zivzl k2, hy = N—3/17,

vy = N™4/17 The estimator is

N
N () = thlry,N kzzjl R (Shjvt) Ui () (dun(s) + ui(s)ds).

where

L/ug(t), |uk(t)] > vn,
Uk,n(t) = { 1/11;, \u:(t)| < vx-

By Theorem 3.1, sup;, <;<¢, E\éN(t) —0(t)|* < C(t07t1)]\f—24/17_

The issues not addressed in this example are the selection of the best kernel or the optimal choice
of bandwidth. For example, the same asymptotical result would hold if we choose hy = 100N ~3/17
and vy = 0.1N 417 Also, a better rate of convergence can be achieved by taking a higher order
kernel, but this will also increase the computational complexity. These important and interesting

finite sample issues have to be addressed in the future.
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Appendix

Asymptotics of the eigenvalues of partial differential operators.

As before, G is either a smooth domain in IR? or a smooth d-dimensional manifold. Let A be an
order 2n differential operator on GG with complex coefficients. For technical reasons we write A in
the form (cf. (2.1))

A= > D*a*’D"), a*’ € C3°(G), (4.4)
la,|B|<n

where D%u(z) = (—v/—1)!*u(® (). If G is a bounded domain, then the operator A is supplemented

with zero boundary conditions
w9 g =0 forall |a] <n—1.

The operator A is called symmetric if a®®(x) = aP¥(z) for all z € G.

The function

Pa(,§) = > a*(2)6*¢,
laf,|B]=n

where £ = £ ... €57, is called the principal symbol of the operator A. The operator A is called

uniformly elliptic in G if there is a number § > 0 so that

a}ggRe (PA(x7§)) > ) Z 5204

|a|=n
for all £ € IR?.

Proposition A.1 (Safarov and Vassiliev (1997), Remark 1.2.2). Let A be a symmetric operator of
the form (4.4) and assume that A is uniformly elliptic in G. Then the asymptotics of the eigenvalues

corresponding to the problem Au(xz) = Au(x) is given by
\p = _CAk2n/d + O(an/d)?

where

1 —2n/d
(2m)4 Ji(@,6)Pa(we)<1}
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