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Abstract

In this paper we consider the problem of estimating a coefficient of a strongly elliptic partial
differential operator in stochastic parabolic equations. The coefficient is a bounded function
of time. We compute the maximum likelihood estimate of the function on an approximating
space (sieve) using a finite number of the spatial Fourier coefficients of the solution and establish
conditions that guarantee consistency and asymptotic normality of the resulting estimate as the
number of the coefficients increases. The equation is assumed diagonalizable in the sense that
all the operators have a common system of eigenfunction.
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1 Introduction

The theory of statistical inference for the problem of estimating parameters in diffusion processes
is well-developed, see, for example, Ibragimov and Khasminskii (1982), Kutoyants (1984a), and
Barndorff-Nielsen and Sgrensen (1994).

Nonparametric estimation for ordinary stochastic differential equations have been studied by several
authors. Kutoyants (1984b) derived asymptotic properties of kernel-type estimators of the drift
term in a stochastic differential equation. In a nonstationary linear diffusion model Nguyen and
Pham (1982) applied Grenander’s method of sieves to the problem of estimating the drift coefficient
that is a function of time. They approximated the unknown function by a finite linear combination
of a given system of functions and proved consistency and asymptotic normality of the estimate. In
this approach, when the unknown function is approximated by a finite linear combination of known
functions, it is also necessary to determine the “optimal” number of terms in the approximation
under certain accuracy and cost criteria. A large literature exists about such model selection criteria
in various contexts. For example, Polyak and Tsybakov (1990) and Verulava and Polyak (1988)
studied this question for regressions via Mallow’s C), criterion, while Birgé and Massart (1997)

consider penalized projection estimators for various families of sieves and penalties.

However, little has been done concerning nonparametric estimation for infinite dimensional systems.
One general problem is estimation of a function that is a coefficient of a partial differential opera-
tor in a parabolic stochastic partial differential equation. Stochastic partial differential equations
(SPDESs) often represent physical models in areas such as oceanography, physical chemistry, eco-
nomics, and geostatistics. Because of these potential applications and the interesting mathematical
questions arising from them there has been growing interest in the estimation of model parame-
ters for SPDEs. Ibragimov and Khasminskii (1997) studied asymptotic properties of estimators of
general functions in the small noise asymptotics when the probability measures generated by the
processes corresponding to different functions are equivalent. Other inverse problems for SPDEs
in the small noise asymptotics such as recovery of initial and boundary conditions are studied in

Golubev and Khasminskii (1997).

If the unknown function is the coefficient of the “leading” differential operator, which is the case in



many applications, then the probability measures (on the appropriate infinite-dimensional Hilbert
space) generated by the processes corresponding to different functions are singular and different
approaches to constructing the estimate can be used. In particular, it is possible to estimate the
function even when the time interval and the noise intensity are fixed. To construct a computable
estimate, one has to work with finite dimensional projections of the observation process, for example,
the first V (spatial) Fourier coefficients. The dimension of the projection is then used to describe
the asymptotic properties of the estimate. In parametric models, when the coefficient is just a real
number, this approach was used by Huebner and Rozovskii (1995), who constructed the maximum
likelihood estimate on the basis of the first N Fourier coefficients of the process, and established

the conditions for consistency and asymptotic normality of the estimate in the limit N — oo.

The objective of this paper is to combine the methods used in Huebner and Rozovskii (1995) and
Nguyen and Pham (1982) and construct an estimate of a coefficient that is a function of time in a
model described by a stochastic parabolic equation. Suppose the process u(t,x) for ¢t € [0,T] and

z € G C IR¢ is governed by the following equation:

du(t,z) = (Ao+00(t)A1)u(t,x)dt +dW(t,x), te(0,T], z€G
u(0,2) = wup(x)

with zero boundary conditions, where W (t, z) a cylindrical Brownian motion in Ly ([0, 7] x G) and
Ap +6p(t)A; is a strongly elliptic differential operator with the unknown coefficient 6y(t). Suppose
we observe finitely many Fourier coefficients wuy(t),...,un(t) for all ¢ € [0,7]. Let © be the set
of admissible functions 6y. We are interested in the asymptotic properties of the sieve maximum
likelihood estimate 8V obtained by maximizing the likelihood function based on the N Fourier
coefficient. The maximization is carried out over a sieve Oy, that is, a finite dimensional subspace
of ©. The family of spaces {Ox, N > 1} is chosen so that the approximation error decreases to
zero as the the number N of observations increases. This method of constructing an estimate is

called the method of sieves (see Grenander (1981)).

In this paper we use linear nested sieves (cf. Birgé and Massart (1997)). We assume that every

function § € © can be represented as an infinite linear combination of known functions {h;,j > 1}:
o0
0(t) = > _0;h;(t)
j=1

and the functions {h;} are orthonormal on [0,7]. If we choose the sieve ©x to be the span of



hi(t), ..., hay(t), then the sieve mazimum likelihood estimate will be of the form

This sieve maximum likelihood estimate is therefore a particular case of projection estimates first
considered by Chentsov (1982). We give an explicit formula for the sieve maximum likelihood
estimate using the first N Fourier coefficients of the process and establish conditions that guaran-
tee consistency and asymptotic normality of the resulting estimate in the limit N — oo. These
conditions relate the dimension dpy of the approximating spaces ©y to the number N of observed
Fourier coefficients and the orders of the operators Ag and A; in the equation. Only the asymp-

totical properties of the estimate are studied, and the finite-sample issues are not discussed.

The paper is organized as follows. In Section 2 we introduce the model and the basic notation.
The main results on the asymptotic properties of the sieve maximum likelihood estimate, including
the convergence rates, are stated in Section 3, and the results are illustrated on several examples

in Section 4. The proofs of the main results are in Section 5.

2 The Model

In this section we introduce the basic notations and assumptions about the model. It is important
to note that in estimation problems where the observations are generated by finite dimensional
processes it is assumed that either the noise intensity decreases (¢ — 0) or the time interval gets
larger. For our model both the noise intensity and the time interval stay fixed. The Notation

xn ~ yn used in the paper means that imy_,oc n/yn = ¢ where ¢ # 0, c0.

Let (2, F, {F:}o<t<T, P) be a stochastic basis with the usual assumptions (see Jacod and Shiryayev,
1987) and G a smooth bounded domain in IR% or a smooth d-dimensional compact manifold (without
boundary). We denote by Ay and A; partial differential operators on G with complex-valued
coefficients. If G is a domain, then the operators are supplemented with zero boundary conditions.

We assume that

Au(z) =— Y af(2)ul?(x), af € C;°(G), i=1,2, (2.1)



with known a and where a = (ay,...,aq), & =0,1,..., |a] = XL, o,
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The observation process is governed by the following equation:

du(t,z) = (Ao +6o(t)Ar1)u(t,z)dt +dW(t,z), te (0,T],z¢€ G,

u(0,z) = wup(x) (2:2)

where 6 = 6(t) is a bounded measurable function on [0,7] and W = W (¢, z) is a cylindrical Brow-
nian motion, that is, a distribution-valued process so that for every ¢ € C§°(G) with [[¢l|z,q) = 1,
(W, p)(t) is a standard Wiener process, and for all ¢1,p2 € C3°(G), E(W,p1)(t)(W,p2)(s) =

min(t, s) - (¢1,92) 1,(c) (see Walsh (1984) for more details).

A predictable process u with values in the set of distributions on C3°(G) is called a solution of (2.2)

if for every ¢ € C§°(G) the equality

(u, ) (t) = (uo, ) + /Ot(AS%U)(S)dS + /Ot 0o(s) (A1, u)(s)ds + (W, ¢)(t)

holds with probability one for all ¢ € [0,T] at once, where A is the formal adjoint of A;, that is,

an operator so that
(Aig1, 02) 1o(a) = (Af b2, 91) Ly(q) for all @1, ¢2 € C°(G).

The following assumptions will be in force throughout the paper:

(H1) There is a complete orthonormal system {pg}x>1 in Lo(G) so that
Aopr = Krr, A1pr = Uik,

(H2) The eigenvalues v, and &y, satisfy 1| ~ k™1/¢ and |ky| ~ k™0/? and, uniformly in ¢t € [0, T7,
pi(t) = — (kg + 0(t)g) ~ k2™, 2m = max{mg, m;}, which means that
ag < — (kg +0()vk) < Br

for all 0 < t < T and some ay, ~ B ~ k™% Recall that mg and m; are the orders of the

operators Ag and A; (see (2.1)).



Assumptions (H1) and (H2) hold in many physical models (see, for example, Piterbarg and Ro-
zovskii, 1997). A typical situation is when the operators Ag and A; commute and either Ay or
Ay is uniformly elliptic and formally self-adjoint. For the sake of completeness we included a more

precise statement in the Appendix. More details can be found in Safarov and Vassiliev (1997).

To state the result about existence and uniqueness of the solution of (2.2) we need some additional
constructions. For f € C§°(G) and s € IR define
d
LI2 =S K29 (f, 00) Lo |
k>1
and then define the space H*(G) as the completion of C§°(G) with respect to the norm ||-||s. There
is a one-to-one correspondence between the elements v € H*(G) and sequences {vj }x>1 so that
loll2 = D &>/ Juy|* < oo;
k>1
we call {v;} the (spatial) Fourier coefficients of v. The Fourier coefficients of the cylindrical

Brownian motion W are {wy}r>1, independent standard Brownian motions, and therefore W €

Ly(Q2 x (0,T); H*(@Q)) for every s > d/2.

Proposition 2.1 Under assumptions (H1) and (H2), if up € Lo(2; H *(Q)) for some s > d/2,
then there is a unique solution of (2.2) that belongs to the space Lo(2 x (0,T); H™ 5(G)) N
Ly (Q;C((0,T), H5(Q))); the solution satisfies

T
E sup [ul?,(0)+E [ ullf_ (0t < K(d,m,s,T,60) (Elluol?, + 7).
0<t<T 0

Proof. This follows from Theorem 3.1.4 in Huebner and Rozovskii (1995).

Remark 2.2 1. In equation (2.2) we can have some correlation operator B for W as long as the

eigenfunctions of B are also ¢y.. In that case we replace ug by B~ ug.

2. In principle, we can consider more general models, for example, equations with other boundary
conditions or other types of operators. All we need is that the operators have the properties (H1)
and (H2).



3 Main Result

In this section we construct the sieve maximum likelihood estimate of 6y and establish conditions
under which the estimate is consistent and asymptotically normal. The set of admissible functions
6o is a subspace of L2(0,7) and will be denoted by ©. The set © is the collection of functions for
which assumption (H2) holds. If A; is not the leading operator, then © is just the set of bounded
measurable function on (0,7"). If A; is the leading operator, then the functions in © must also be

positive and bounded away from zero.
We will estimate 6y(t) on a subspace Oy (sieve) of ©. The estimate is denoted by 6V ().

The observations are of the form wi(t),...,un(t), where the ug(t) are the Fourier coefficients of

the process u(t, x):

duk(t) = —uk(t)uk(t) dt + dwk(t)
(3.1)
ug(0) = uok;
recall that pg(t) = — (ki + 0o (t)vg).
Let hi, ho,... be an orthonormal system in ©. Let {©xy,N > 1} be an increasing sequence of

subspaces of © so that O is spanned by h1, ..., hg,. Notice that the dimension dy of the subspace

On depends on the number N of the Fourier coefficients observed.

Since {ug(t), k = 1,...,K} is a finite dimensional diffusion process with independent compo-
nents, the corresponding likelihood ratio can be computed explicitly (Liptser and Shiryayev [1977,

Theorem 7.14]) and is given by

In = exp { /0 000 - 00(1)) (A (1), du™ (1) — Agu™ (£)d

2
dt y .
L2 (G) }

We obtain the sieve maximum likelihood estimate by maximizing likelihood ratio on the subspace

L2 (G)

1

-5 OT (6*t) - B30)) HAwN(t)\

On. Then the estimate is 6 = Z?Zl éjhj(t), and the vector N = (O}, . .. ,éé\]fv) is the solution of
a system of linear equations

J(N)GN = ol (3.2)

where

T
aN — </0 h;(t) (AluN(t),duN(t) — AOUN(t) dt)LQ(G)>

j:17"'»dN



and

— g . . N 2
T = ( | mn 4 @1 6 dt)

ij=1,dn
The matrix J(N) is invertible almost surely (proof in Appendix), and therefore " can be written

as

N = (J(N)) '™ (3-3)

however, for large dy it seems more reasonable to use other methods of solving the system (3.2),
for example, Gaussian elimination. Note that, due to assumption (H2), the matrix J(/N) and the

N

vector a” can be written explicitly in terms of Fourier coefficients {ux(t),k =1,...,N}.

To describe the asymptotic properties of the estimate we introduce the following notations.

(N1). Define g = 2(m; —m)/d. It is known from Huebner and Rozovskii (1995) that, even in the

cases of a scalar parameter (6y = const), a consistent estimate is possible if and only if ¢ > —1.

(N2). Define F, v by

Nat+1
g+

qg>-—1

quN:

log N, ¢q=—1.
Note that imy_.c Fy,n/ Zszl k%=1 as long as ¢ > —1. In the parametric case, the quantity Fy, y

determines the rate of convergence of the maximum likelihood estimate (Huebner and Rozovskii

(1995)).
(N3). Assumptions about the model imply that there a limit limg_ o k94 (t)|vx|~2; the limit will
be denoted by 6(t). There are constants co, ¢; so that

c160(1), mg < myi = 2m;

é(t) =< ¢, my < mgy = 2m;

co + c10o(t), mo=mi = 2m.
The exact values of ¢y and ¢; can be computed using Proposition A.1 in Appendix. Assumption
(H2) implies that 6(t) is strictly positive on [0, T].
(N4) Let {Q1,n, N > 1} and {Q2,n, N > 1} be any sequences of real numbers so that

25:1 k4(m1—m)/d Z{cvzl k(2m1—4m)/d

(¥n)? 7 Qo ~ YN

Q1N ~



where ¢y = fOT B||AjuN (t)H%2 () dt. The asymptotics of the above expressions depends on ¢; we

summarize the results in Tables 1 and 2.

Table 1: Sequence Q1 n

qg=2(my—m)/d \ Q1N \ 1/Fyn

qg=—1 1/(log N)? 1/log N
~1<qg<—1/2 | 1/NXatD | (g +1)/Nat!

q=—1/2 log N/N 1/2N1/?
q>-—1/2 1/N (q+1)/Natt

Table 2: Sequence Q2 n

q=2(my —m)/d \ Q2N \ 1/F,N

g=-—1 1/log N 1/log N
~l1<g<—1+2m/d 1/Nat+! (g +1)/Nat+!
q=—1+2m/d log N/N?™/d | d/2mN?m/d
q>—1+2m/d 1/N?m/d | (g +1)/Na+?

The main results of this paper, consistency and asymptotic normality of the sieve maximum likeli-

hood estimate, are stated in the following two theorems.

Theorem 3.1 (Consistency). In addition to (H1) and (H2) assume that

(A1) q> —1 and limy_,oc dy = 00,
(AQ) limN_@o dNQl,N = 0,
(A3) supg<i<r Z?ﬁl |hj(t)|? < Dy and limy_.oo DNQ2,n = 0,

(A4) g is deterministic and belongs to H™=%?(G).

Then the estimate N (t) is consistent in probability:

T ~
P — lim 10N (t) — 60(t)|?dt = 0.
0

N—oo



Given the nature of the problem, the conditions of Theorem 3.1 are a natural combination of
conditions from Birgé and Massart (1997), Huebner and Rozovskii (1995), and Nguyen and Pham
(1982). In particular, assumption (A1) is necessary to get a consistent estimate; assumptions (A2)
and (A3) are technical and are similar to what is often assumed in the literature, see for example
Birgé and Massart (1997) and Nguyen and Pham (1982); assumption (A4) is also technical and is

used to reduce the general case to the case ug = 0.

Several widely used bases satisfy the first part of assumption (A3):

1. Cosine Basis. If

w(j—1) .
hi(t) = ot h;(t) = T €os (Tt) . i>1,

then supg<;<r Z?Zl |hj(t)|> < Cdy, Dy ~ dy, and the second part of assumption (A3)

becomes dyQ2,n — 0.

2. Legendre Polynomial Basis. For simplicity let (0,7") be (0,1). If h;(¢) is the normalized

Legendre polynomial

5 L = 1 di(t? —1) 01
y+1 =v25+1 py 7werepj()_2TﬂTa J=U1...

then, since [p;(t)| < 1 (see, for example, Devore and Lorentz (1993)), we have

N
su h( (2§ 4+ 1) < Cd%, Dy ~d3,
meZ' Fe2 v

and in this case the second part of assumption (A3) becomes d3,Q2 n — 0.

3. Wavelet Basis. It is shown in Birgé and Massart [1997, Section 2.2.2] that for the basis
obtained by translation and dilation of a compactly supported function we have Dy ~ dxn so

that the second part of assumption (A3) becomes dyQ2 n — 0.

Theorem 3.2 (Asymptotic Normality). If, in addition to assumptions of Theorem 3.1,

(A5) limN_,oo d?VQLN =0 and

(A6) Nmpy_oo Fyn 3524011 100i* =0,

10



then the estimate éN(t) is asymptotically normal, that is, for every deterministic g € L2(0,T),

lim /F,x /0 L@V (1) — Bo(t)dt = N <0,2 /0 ' |g(t)|2é(t)dt> (3.4)

N—oo

in distribution, where N'(0,0?) is a normal random variable with mean zero and variance o>.

4 Examples

In this section we consider the following function space:

L

where 0; = fOT O(t)h;(t)dt, v > 0, and L = L(#) is a constant. By definition, if # € ©7(0,T), then

o0
> lbo* < Cdy.
Jj=dn+1

The space ©7(0,T) in general depends on the basis {h;}. To give some examples, assume that
p=mpo+p >1with pp = 1,2,... and p’ € [0,1]. If the cosine basis is used and the even
periodic extension of A(t) belongs to CPo¥ (IR), that is, the extension of 8 is py times continuously
differentiable and the po-th derivative is Holder continuous of order p’, then § € ©%’~1(0,T). Note

that if € is continuously differentiable on [0, T, then § € ©7(0,T") with v > 1.

Similarly, if the Legendre polynomials are used and 6 € C”O’p/(O, T), then § € ©P(0,T). These and

other related results can be found in Devore and Lorentz (1993).

Example 1. Let G = (0,1) and A = 9?/0x2. Consider the following equation:

du(t,z) = Oo(t)Au(t,z)dt + (I — A)"V2dW (¢, z)
u(0,z) = 0

u(t,0) = w(t,1)=0, te]l0,T].

In this example, d = 1, m =1 and m; = 2, so that ¢ = 2, F, y = N3/3, and 9~(t) = 7200(t). The

spatial Fourier basis is e;(x) = v/2sin(kmz) and the spatial Fourier coefficients of the solution are
t t t
ug(t) = exp{—k27r2/ O(r) dr}uor + (1 + k:2772)_1/2/ exp{—kzﬂz/ O(r) dr} dwy(s)
0 0 s

11



We assume that 0 < M; < 0(t) < My and 0y € ©7(0,T). Then Mym2k? < px(t) < Mom?k? and
assumptions (H1) and (H2) hold. Also, if the cosine basis is used, then, according to Theorem 3.2,
to have a consistent and asymptotically normal estimate we need

2 3
d—N—>0, l—)O.
N d)

Therefore we can take dy ~ N”, where

3
—<r<l.
Y

To have a consistent and asymptotically normal estimate using Legendre polynomials, we take
dy ~ N”, where

—<r<_.
2

Example 2. Let (7,9) € (—1,1)? and A = §?/9z% + §?/9y>. Consider the following equation

du(t,z,y) = (Au(t,z,y)+ 0o(t)u(t,z,y)) dt + dW (t, z)

u(0,z,y) = wup(z,y) € Lo(G)

with periodic boundary conditions, so that G is a torus. In this case d =2, m =1, and m; = 0, so

that ¢ = —1, F, y = log N, and, using Safarov and Vassiliev [1997, Example 1.2.3], é(t) = .

We assume that [0p(t)] < M and 6y(t) € ©7(0,7). Assumptions (H1) and (H2) are obviously
fulfilled. Also, if the cosine basis is used, then, according to Theorem 3.2, to have a consistent and

asymptotically normal estimate we need

dN log N
N 06 %
log N Tody

— 0.

Therefore, we can take dy ~ (log N)*®, where
1
—<s<l
~

To have a consistent and asymptotically normal estimate using the Legendre polynomials we take
dn ~ (log N)*, where

—<s< =
2

12



5 Proof of Theorems 3.1 and 3.2

First, we introduce more notations:

(N5).
T
XN = A O o = [ EXVOd

oN(t) = EXN(t)/on; YN() = (XN () - BEXV(1) /v

It follows from Huebner and Rozovskii [1995, Lemma 2.1] and assumption (H1) that ¢n ~ F, .

(N6). If ¢ = (C1,- -+, Cay) and € = (&1, ..., &qy ) are vectors in IRV (random or deterministic), then
T
|

dN dN
(=Y Ghitt), G =S 16E = [ lcPdt
=1 =1

dy T
(¢,6) = ;Q& = /0 C(t)E(t)dt.

(N7). For matrices, || - || denotes the 2-norm. For symmetric positive definite matrices it is the
largest eigenvalue, and the upper bound on the square of the norm for every matrix is the sum of

squares of all the entries of the matrix.

(N8). The letter C' denotes a constant whose value can depend only on d,m,m1, T, and 6; the

value of C can be different in different places.

To simplify the presentation, we assume that the lower bound on ug(t) (cf. assumption (H2)) is
always positive. Since the objective is the asymptotical behavior of the estimate, this assumption

does not result in any loss of generality.

To investigate the asymptotic properties of the estimate (3.2), let 9(])\/ be the orthogonal projection
of fy onto O y:
dn
N
0 (t) = > _ Bojhy(t).
j=1

The j-th component of the vector a'V is

<

T
CLN = /0 hj (t) (AluN (t)a duN (t) - AOUN (t) dt) L2(G)
T

= / hi(t) (A (8),aw N (@) o+ /Th‘(t)ﬁo(t)XN(t)dt.
o 7 ’ LG Jo

13



We rewrite the second term of the right-hand side above:

Zem/ O OXY Bdt+ S 901/ Ba(t)hy ()X (8)dt.

i=dn—+1

Hence equation (3.2) can be written as
J(N) (08 = 03) = b + (5.1)

where

_ (/Th-(t) (Aru (t), aw ™ (1)) >
0 ’ L2(G)

(/ i Q) XN(t)dt)
j=1

1’ 7dN
and

—1,dy
With the notation J(N) = J(N)/1x we can write (5.1) as follows:

0N — 05" = (J(N)) T (0Y o + &N Jw ) (5.2)
Note that

16 — 6ol® = 116~ — 6711 + Z 100il?, (5.3)

1= dN+1

where the second term tends to zero as N — oo as long as dy — o0.
Next, we look at the contribution of the initial condition.

Since duy, = —pug(t)urdt + dwy, it follows that

arlt) = wowesp (= [ u)is) + [ (= [ mntrdr) duncs),

and then XV (t) = XLV () + X2N(t) + X3V (t), where

XNt = ki::l luor|*vE exp (—2 /Ot Mk(s)ds) (non — random),
X2N () kj_vj 2 ([ (= [ mirar) dwk<s>)2,

N t t
X3N(1) =2 Z I/,%UO]C/ exp (—/ uk(r)dr) dwi(s).
k=1 s

As a result,
EXN(t) = XWW(t) 4+ EX?2N(@),  var(XN(t) = var(X3N (1)) + B X3V ()%

14



Since by assumption (H2) px(t) > Ck?™/ for all sufficiently large k, we have

N
Xl’N(t) < C Z ’uOk’216,2m/d—1kq-i-17
k=1

and so
XN (1)
lim su =0, 5.4
Nﬁooogth YN (5.4)

either by the Kronecker lemma (if ¢ > 1) or because X1V (¢) is bounded for all N uniformly in ¢

(if ¢ = —1); note that Zkzl |u0k]2k2m/d71 = Huonn_d/Q'

Next,
var(X2N(t))
sup ————2 < C
oceer  (WON)F Qi

(direct computations or from the proof of Lemma 2.2 in Huebner and Rozovskii, 1995), and, using

assumption (H2) once again,

N 4 2 N
Vi Yok _
E|X3’N(t)’2 < Z k’ak ‘ < C Z ‘u0k|2k2m/d 1k2q+1,
k=1 k=1

so that E|X3N(¢)[2/(XN_; k%7) — 0, either by the Kronecker lemma (if ¢ > —1/2) or because

E|X3N(t)]? is bounded for all N uniformly in ¢ (if ¢ < —1/2). As a result,

var(XN(t))

o (¢N)2 < CQLN- (5.5)

5.1 Consistency

In view of (5.3), it remains to show that P — limy_.o |8 — 6] = 0. Due to (5.2), it is sufficient

to show that

(C1) ||J~Y(N)|| < Ly, where Ly converges to a constant in probability;
(C2) 6™ /¥ || — 0 in probability as N — oo;
(C3) || /4n|| — 0 in probability as N — oc.

1. The matrix.

Write

Jij(N) = J5(N) + JE(N)

15



where J:(N) = [i" hi(t)h;(t)YN (t)dt (random part) and J&(N) = [ hi(t)h;(t)¢™ (t)dt (determin-

istic part).

The norm of the random part tends to zero in probability. Indeed,

dn B dn T dn T
> EEMESEY S| [ @y ki@ =Y [ Blh(y o)
ij=1 i=1;>1 70 i=170

We know from (5.5) that

sup E[YN () < CQu . (5.6)
0<t<T

Therefore, E|J"(N)||> < CdyQ1.x — 0 by assumption (A2).

Next, we show that the eigenvalues of J 4(N) are uniformly bounded from below. Indeed, for all

sufficiently large N,

N 2(m1—m)/d ,—2a;t

(N

Therefore, it is enough to show that

IR L
0 YN

and ey — 0 as N — oo. By the first part of assumption (A3), |¢(t)|> < Dyl|¢||?, and, after

dt < enl|¢||? (5.7)

integrating the rest and using the second part of assumption (A3), we get (5.7).

Now, once the eigenvalues of J 4(N) are uniformly bounded from below, we conclude that
Iy~ <e
(the norm is bounded by the inverse of the smallest eigenvalue of J¢(N)), and then
lTH V) < ICTAN)) M- I+ (JUN ) T (V)
<c/A=clJ" (M), P—lm|J(N)]| =0,

where the last inequality follows from the Neumann series for (I 4+ (J*(N))~'J"(N))~!. This
completes the proof of (C1).

2. The vector b.

We have

dn T
BB = Z/O 20 EXN (t)dt
=1
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and therefore we need
A}im dy/vNn = 0. (5.8)

Since supg< i< S0 |hi(t)[? > dn /T, ¥ ~ Fyn, and (cf. Table 2) Qo n > C/F, v, equality (5.8)
follows from assumption (A3). Convergence (C2) is proved.

3. The vector c.

We have
2
BleIE < EY ( XV - <t>>hi<t>dt> -

i>1
T T
E [ 160(t) — 05 (P X (0%t < sup EGCV(0)? [ 160(6) - 05'(0) Pt
0 t 0

and sup; E(XN(t))? < Cv%;, because E(XN (t))? < 2% (EY2(t) + 1) and, according to inequality

(5.6), sup, EY2(t) — 0. Thus, convergence (C3) is proved.

This completes the proof of Theorem 3.1.
5.2 Asymptotic Normality

It follows from equation (5.3) and assumption (A6) that the limiting distributions of \/F, x (8% —

00, 9) and /Ty n (0N — 6}, g) are the same.

We begin with the following result. Recall that ¢™¥(t) = EXY(t)/¢n, and (cf. notation (N3))

define
1/6(t)

Y= T e

Proposition 5.1 Under assumption of Theorem 3.1 we have

T -
lim ¢ (t) = ¢(t) for almost all 0 < t < T, and A}im YN[ Fyn = / dt/(26(t)).

N—oo

Proof. Due to (5.4) and since ¢" (t) = X1V (¢) + EX?Y(t) we can assume that ug = 0.

Assume first that 6(¢) is smooth. Integrate by parts in the expression

EXN(t) = kﬁ:y,? /Ot 2ui(s)2uk(s) exp (—2 /St uk(r)dr) ds

to get
N > Vi - Vi !
EX7(t) = — exp<—2/u rdr)
=2 5@ ~ 2 2m0) ) )



Lt () !
+ Z ?/0 ) exp (—2/8 uk(r)dr) ds.
Now divide everything by F, 5 and pass to the limit as N — oo; the first term on the right will give
1/(26(t)), the second will give zero for t > 0, because the series converges, the third term will also
give zero, because i}, (s)/uz(s) < C/ay and we get another oy, in the denominator after integration.

This completes the proof under the smoothness assumption. In general, we approximate 6(t) by

smooth functions in Ly(0,7") norm so that the convergence is also for almost all ¢ € (0,7).

O
Corollary 5.2 Under assumptions of Theorem 3.1 we have
XNt
P — lim ®) = ¢(t) for almost all ¢t € (0,7 (5.9)
N—oo N
and
T dt
lim 2 / d (5.10)
N—oo Fyn  Jo 26(t)

Indeed, to prove (5.9) note that XV (¢)/vy = ¢V (t) + YN () and YV (¢) — 0 in probability for all

t. The proof of (5.10) is obvious.

It follows from (5.3), (5.10), and assumption (A6) that, to prove asymptotic normality in the form

(3.4), it is sufficient to show that

dim oy OV =6, 96) = N (0, [l9V/4lP) (5.11)

in distribution.

Proposition 5.3 Under the assumptions of Theorem 3.2 we have

N, 9)
Jim 22 =N (0, l9VeI)

i distribution.

Proof. We have
T
ON.g) I bNg /O (Zfﬁl Qihz‘(t)> ,dMN (1)

i=1"1

Vo Vin Vi
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where MY (t) = / (A1u® (s),dW™ (), (c)- Then

is a continuous square integrable martingale with the bracket

(N

According to (5.9), the bracket converges for each ¢ > 0 in probability to

[ )st)ds
0

the bracket of f(f 9(8)\/¢(s)dws. Thus, by the martingale central limit theorem (Jacod and Shiryayev
[1987, Theorem VIIL.4.17]),

dn bV
hm ZZ 1 7, g’L ( / g )
N—oo w

in distribution (recall that g; = fOT hi(t)g(t)dt).

Corollary 5.4 Let gV € Ly(0,T) be a sequence of deterministic functions with
T N
0

dn
: N2 _
Jim 219 =
1=

and suppose that

Then
d
P gim 2l o 00T
N—o0 \/1/)]\] N—o00 ‘/wN

The proof is obvious from the previous calculations (the bracket of the corresponding martingale

now tends to zero).

In what follows, v/¢bn (8N — 6Y) will be denoted by V.
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According to Proposition 5.3, the expression (J(N)V,g) = (wx,l/ 2pN g) is asymptotically normal
with zero mean and variance ||gy/@||?. Therefore, to establish (5.11) it remains to show that under

assumption (A5) we have the convergence

P — lim (8V,J(N)g — ¢g) = 0. (5.12)

N—o0

We will use the following result.

Lemma 5.5 If g € Ly(0,T) is deterministic and ||g™V|| < C, then

P — lim (6N, J"(N)g™) =0

N—o0

and if ||gV|| — 0, then

P — lim (6V,¢") =0.

N—oo

Proof. We have
(@ T (N)h)| < CIHBV - [T (V)| < 1T DI [ ewed) ™ 26N - L7 (N) )| — 0
in probability, because ||JH(N)|| < C/(1 = C||J"(N)]||) with P — limy_. ||J"(N)|| = 0,
while E||(vndn)~ /20N |2 < C and EHJT(N)d%QHZ < d3Q1,ny — 0 by assumption (A5). Next, if
lg™ || — 0, then
(O, g™) = (JUN)ON, (JUN) T gN) = O Vb, (TUN)) TN = (08, TT(N)(TUN)) ™),
where the first term converges to zero by Proposition 5.3, and we just saw that the second term

converges to zero as well.

a

We now show that Lemma 5.5 implies (5.12). To this end, denote by II"V the orthogonal projection

on the span of hy, ..., hq,. Since 6N € Oy, it is enough to show that

P — lim (§V,J(N)g — IV ¢g) = 0.

N—oo
Note that j(N) is the matrix representation of the operator IV XV /i TV, where XV /¢y is the
multiplication operator by the function X (¢) /4. With this convention, if J(N) = J4(N)+J"(N),
then J4N) = IN¢NTIN and J"(N) = INY NIV,

20



As a result,

J(N)g =g = J'(N)g + T (6" — )TN g + IV g (I1%g — g),
and it remains to apply Lemma 5.5 three times.

This completes the proof of asymptotic normality.
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Appendix

Proof that the matriz J(N) is invertible with probability one. Assume that J(N) is singular on a
set A € F of positive measure. Then there is a random vector &(w) € IR that is not zero on A

and, also on A,
€9 = [ EOPX @t =0,
where £(t) = Y9 &hi(t) (cf. notation (N6)).
Note that fép E(XN(t))"'/3dt < oo (direct computation when N = 1 and ug=0 so that XN (¢) is

a square of a normal random variable with zero mean and variance of order ¢ for ¢t near 0; when

N > 1 and/or ug # 0, the value of the expectation decreases). As a result, by Holder’s inequality

3/4
/ / I/thdP<< / / DX (1) dth) ( / E(xXN ) 1/3dt> —0,

and so
T
617 = [ et =0 (P-as. on A),
0

which is a contradiction.

Asymptotics of the eigenvalues of partial differential operators.

As before, G is either a smooth domain in IR¢ or a smooth d-dimensional manifold. Let A be an
order 2n differential operator on GG with complex coefficients. For technical reasons we write A in
the form (cf. (2.1))

A= > D*a*’D"), a* € C3°(G), (5.13)

lal,|8]<n

where D%u(z) = (—v/—1)!*u(® (). If G is a bounded domain, then the operator A is supplemented

with zero boundary conditions
u g =0 forall |a] <n—1.

The operator A is called symmetric if a®’(x) = aP¥(z) for all z € G.

The function

Pa (:Ev 5) = Z aaﬁgafﬁa
lal,|Bl=n
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where £* = £ ... &4, is called the principal symbol of the operator A. The operator A is called

uniformly elliptic in G if there is a number § > 0 so that

R (P )25 Y €

|a|=n
for all £ € IRY.

Proposition A.1 (Safarov and Vassiliev [1997, Remark 1.2.2]). Let A be a symmetric operator
of the form (5.13) and assume that A is uniformly elliptic in G. Then the asymptotics of the

eigenvalues corresponding to the problem Au(z) = Au(x) is given by
g = *CAk2n/d + ()(]{:217,/d)7
where

1 —2n/d
Ch= ( / dxd§> .
2m) J{(@,&)Pa(ag)<1}
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