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Abstract

A parameter estimation problem is considered for a stochastic evolution equation on
a compact smooth manifold. Specifically, we concentrate on asymptotic properties of
spectral estimates, i.e. estimates based on finite number of spatial Fourier coefficients
of the solution. Under certain non-degeneracy assumptions the estimate is proved to be
consistent, asymptotically normal and asymptotically efficient as the dimension of the
projections increases. Unlike previous works on the subject, no commutativity is assumed
between the operators in the equation.

Keywords. Asymptotic normality, Convergence of moments, Parameter estimation, Stochas-
tic evolution equations.

1 Introduction

Asymptotic estimation theory for stochastic processes is a mature area with well developed
methodology and substantial wealth of far reaching results, see e.g. [8, 13, 14]. Lately there
has been a growing interest in extending the results and methods of this theory to statistical
estimation of random fields, in particular, random fields driven by stochastic partial differential
equations (SPDEs), see e.g. [1, 2, 9, 10, 21].

It turned out that such an extension is far from routine. The infinite dimensional nature
of random fields poses substantial technical challenges and generates interesting new effects,
uncharacteristic of inference for stochastic processes.

One of the most interesting new effects is that the amount of “information” recovered from
the measurements is a natural asymptotic parameter in statistical inference for random fields.
To clarify this rather obscure statement, let us consider two examples.

Let u(t, z) be a solution of the following stochastic PDE



du(t, z) = OV>u(t, z)dt + edW (¢, z), (t,z) € (0,T] x (0, 1),
u(0,x) = up(x), (1.1)
u(t,0) = u(t,1) =0,

where W(t, x) is a space time white noise, 6 is an unknown parameter subject to estimation,
and ¢ is the noise intensity. It was shown in [5, 6, 7] that, for fixed T" and ¢, the MLE for
0 is super-efficient (i.e. 6 can be reconstructed ”exactly” from measurements of u(¢,z) on
(0,77 x (0,1)). More precisely, there exists a sequence of maximum likelihood estimators
0,, based on partial information about the field u(¢,x); this sequence converges to 6 with
probability 1, as n — oo, or, equivalently, as the amount of information about w (¢, z) used to
construct 6,, converges to the "total information” contained in the measurements of u(t¢, z) for
a. (t,x) € (0, 7] x (0,1).
In contrast, if u(t) is a one dimensional Ornstein-Uhlenbeck process solving the Ito equation

du(t) = Qu(t)dt + edw(t),t € (0,T],

w(0) = g, (1.2)

then the MLE or any other estimate based on the whole trajectory of the process u(t), t € [0, 7]
(i.e. utilizing the "total information” contained in the process u(t), t < T') does not reconstruct
0 exactly. Only if T'— oo or € — 0, does the MLE estimate converge to 6.

Parameter estimation for PDEs is a particular case of the inverse problem that arises
when the solution of a certain equation is observed and conclusions must be made about the
coefficients of the equation. In the deterministic setting, numerous examples of such problems
in ecology, material sciences, biology, etc. are given in the book by Banks and Kunisch [3]. The
stochastic term is usually introduced in the equation to take into account those components
of the model that cannot be described exactly (see e.g. [21]).

The asymptotic properties of MLEs for parameters of SPDEs were studied first by Huebner,
Khasminskii, Rozovskii [6] and further investigated by Huebner and Rozovskii [7], Huebner
[5], Piterbarg, Rozovskii [22], Lototsky [17], etc. The first three papers deal with observations
that are continuous in time, while the fourth paper is concerned with the discrete time case.

In [5, 7, 22] the parameter estimation problem was considered for the Dirichlet boundary
value problem

du(t,x) + (Ao + 0A ) u(t, z)dt = edW (t,z), (t,x) € (0,T] x G,
u(0, ) = up(x), (1.3)
u(t, CL‘)|aG = O,

where 6 is the unknown parameter belonging to an open subset of the real line, Ay .A; are
partial differential operators, and G is a domain in R%.

Since u is a random field indexed by an infinite set of points ¢, z, a computable estimate
of 6 must be based on some kind of finite-dimensional ”projection” of u even if the whole
trajectory is observed. In particular, in [5, 7, 22] it was assumed that the measurements are
given in the spectral form, i.e. as a finite set of spatial Fourier coefficients of the field u(t, x),
Eu(t,x) = ((ui(t),...,ux(t)), where u;(t) = [;u(t,z)e;(z)dz and (e;(r));>1 is a complete
orthonormal system in L?(G). This assumption is quite natural, because for many types of
sensors the output is naturally presented in the spectral form (as Fourier modes). Even if the
measurements are obtained in spatial scale, i.e. as measurements of u(t z) on some spatial
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grid z;,7 = 1,2, ..., then one can approximate the Fourier coefficients of u(¢,x) using these
measurements. The asymptotic properties of the MLE were studied as the dimension of those
projections increases while the length T" of the observation interval and the amplitude ¢ of the
noise remain fixed.

The main technical assumption used in all those works was that the operators Ay and A; in
(1.3) are formally self-adjoint and have a common system of eigenfunctions (which, of course,
implies that the operators A4y and .4; commute). These are very restrictive assumptions that
essentially reduce the scope of applications to the operators with constant coefficients.

The objective of the current paper is to consider an estimate of # for equation (1.3) in the
non-commutative case, without assuming anything about the eigenfunctions of the operators in
the equation. Some preliminary results in this direction were obtained in [16, 17]. For the sake
of simplicity, the equation is considered on a compact smooth d - dimensional manifold so that
no boundary conditions are involved. As in [5, 7, 22], it is assumed that the operator 4+ 6.4,
is elliptic for all admissible values of #. In contrast to the case of commuting operators Ay and
Aj, in the general setting it is impossible to obtain an explicit form of the MLE. Instead, we
are considering a quasi-MLE (QMLE), an explicitly computable estimate for € that coincides
with the MLE in the case of commuting operators.

We prove that the QMLE possesses essentially the same asymptotic properties that the
MLE has when Ay and A; commute. Specifically, we prove that if A; is the leading operator,
then the QMLE of 6 is consistent and asymptotically normal, as the dimension K of the
projections tends to infinity. On the other hand, if Ay is the leading operator, then the QMLE
is consistent and asymptotically normal if

order(A;) > ; (order(Ay +0.A;) — d) (1.4)
and the operator A; satisfies a certain non-degeneracy property. In particular, condition (1.4)
is necessary for consistency. It was shown in [7] that, in the case of the Dirichlet problem in
a domain of RY, if the operators Ay and A; are selfadjoint elliptic with a common system
of eigenfunctions, then condition (1.4) is necessary and sufficient for consistency, asymptotic
normality, and asymptotic efficiency of the estimate. When (1.4) does not hold, the asymptotic
shift of the estimate is computed. We also establish the rate of convergence for the QMLE.
The rate is the same as that of the MLE in the case of commuting operators Ay and A;. To
characterize the asymptotic efficiency of the QMLE, we proved that the normalized difference
between the QMLE and 6 converges in some sense to a Gaussian random variable with zero
mean and unit variance, as the dimension of the projection tends to infinity.

The detailed description of the setting is given in Section 2 and the main results are
presented in Section 3. The proof of the main theorem about the consistency and asymptotic
normality is given in Section 5.

In Section 4 an example is presented, illustrating how the results obtained can be applied
to the estimation of either thermodiffusivity or the cooling coefficient in the heat balance
equation with a variable velocity field.



2 The Setting

Let M be a d-dimensional compact orientable C* manifold with a smooth positive measure
dz. If £ is an elliptic positive definite self-adjoint differential operator of order 2m on M, then
the operator A = L™ is elliptic of order 1 and generates the scale {H"},_R of Sobolev
spaces on M [12, 24]. All differential operators on M are assumed to be non-zero with real
C>(M) coefficients, and only real elements of H* will be considered. The variable = will
usually be omitted in the argument of functions defined on M.

In what follows, an alternative characterization of the spaces {H®} will be used. By Theo-
rem [.8.3 in [24], the operator £ has a complete orthonormal system of eigenfunctions {ey }r>1
in the space Lo(M, dx) of square integrable functions on M. With no loss of generality, it can
be assumed that each ex(x) is real. Then for every f € Lo(M,dz) the representation

f=> t(fle (2.1)
holds, where
() = [ F@ee)de. (22)

If [, > 0 is the eigenvalue of £ corresponding to e; and A\p := l,lc/(Zm), then, for s > 0,
H® = {f € Ly(M,dx) : X1 A\t (f)]? < oo}, and for s < 0, H® is the closure of Ly(M, dx)
in the norm || f||s = \/Zkzl A28 (f)]2. As a result, every element f of the space H®, s € R,

can be identified with a sequence {¢x(f)}x>1 such that > -1 A2¥[¢e(f)]* < co. The space H?,
equipped with the inner product

<f7 g)S = Z )\zswk(f)wk(g% f?g € Hsv (23)

k>1

is a Hilbert space.
Below, notation a; =< b, means

0<c < liininf(ak/bk) < limsup(a/by) < ¢ < 0. (2.4)

k—o00

A cylindrical Brownian motion W = (W (t))o<i<r on M is defined as follows: for every
t € [0, 7], W(t) is the element of U;H® such that ¢ (W(t)) = wi(t), where {wy}i>1 is a
collection of independent one dimensional Wiener processes on the given probability space
(Q,F,IF,P) with a complete filtration ' = {F;}o<t<r. Since by Theorem II1.15.2 in [24]
M < kY4 k — oo,it follows that W (t) € H® for every s < —d/2. Direct computations show
that W is an H® - valued Wiener process with the covariance operator A%, This definition of
W agrees with the alternative definitions of the cylindrical Brownian motion [18, 19, 25].

Let A, B, and NV be differential operators on M of orders order(.A), order(B), and order(N)
respectively. It is assumed that

max(order(A), order(B), order(N)) < 2m. (2.5)
Consider the random field u defined on M by the evolution equation

du(t) + [01(L + A) + 0.8 + Nu(t)dt = dW (t), 0 <t < T, u(0) = uo. (2.6)
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Here 6, > 0, 6, € R, and the dependence of u and W on x and w is suppressed.
If the trajectory u(t),0 < ¢t < T, is observed, then the following scalar parameter estimation
problems can be stated:

1). estimate ; assuming that 6, is known;

2). estimate 6y assuming that 6; is known.

Remark 2.1 The general model
du(t) + [01Ag + 0241 + Nu(t)dt = dW (t), 0 <t < T, u(0) = ug (2.7)

is reduced to (2.6) if the operator 0, Ag + 02.A; is elliptic of order 2m for all admissible values
of parameters 61, 0y and order(Ay) # order(Ay). For example, if order(Ay) = 2m, then
L=(A+A)/2+ (c+1)I, A= (A —A})/2— (c+ 1), B = Ay, where ¢ is the lower
bound on eigenvalues of (Ay + A3)/2 and I is the identity operator. Indeed, by Corollary
2.1.1in [12], if an operator P is of even order with real coefficients, then the operator P — P*
1s of lower order than P. With obvious modifications, the results presented below are also
valid when the operators Ay, Ay have the same order under an additional assumption that
A, =L, + A, i = 1,2, where the operators L; are elliptic of order 2m with a common system
of eigenfunctions and Al are operators of lower order.

Before discussing possible solutions to the above parameter estimation problems, let us recall
some analytical properties of the field wu.

Theorem 2.2 For every s > d/2, if uy belongs to Lo(2;H™®) and is Fo—measurable, then
equation (2.6) has a unique Fy-adapted solution u = u(t) so that

u € Lo(Q2 x [0, T; H*T™) N Ly(9; C([0, T]; H™®)) (2.8)
with
T
E sup |[u(®)|*, + E/ [w()||? simdt < CT Y N + CL(T)E||uol?, < oc. (2.9)
te[0,7) 0 E>1

Proof. By assumption, max(order(.A),order(B),order(N)) < 2m and 6; > 0. Then
ellipticity of the operator £ implies that for every s € R there exist positive constants C; and
(5 so that for every f € C™

(O (L +A) +BB+N), s < =Cillfl2m + Call FI2, (2.10)

which means that the operator —(6;(L + A) + 6.8 + N) is coercive in every normal triple
{H*™ H? H*™}. The statement of the theorem now follows from Theorem 3.1.4 in [23].



3 The Estimate and Its Properties

Both parameter estimation problems for (2.6) can be stated as follows: estimate § € © from
the observations of

du® (t) + (Ag + 0.A)UC (t)dt = dW (t). (3.1)

Indeed, if 5 is known, then Ay = 0B+ N, 0 = 0, © = (0,+), A = L + A, and if 0, is
known, then Ay = 6;(L+ A) + N, 0 =05, © = R, A; = B. All main results will be stated in
terms of (2.6), and (3.1) will play an auxiliary role.

It is assumed that the observed field u satisfies (3.1) for some unknown but fixed value 6° of
the parameter 6. Depending on the circumstances, 6° can correspond to either 6; or 6, in (2.6),
the other parameter being fixed and known. Even though the whole random field v?" (¢, z) is
observed, the estimate of #° will be computed using only finite dimensional processes IT* u(’o,
% Agueo, and TT¥ A;u?°. The operator IT used to construct the estimate is defined as follows:

for every f = {{x(f)}i>1 € UsH?,

I f =" o f)er (3.2)
k=1
By (3.1),
’ dIT5u? () + TR (Ag + 0.A) 8 (t)dt = AW (1), (3.3)

where WE(t) = IEW (t). The process 15w’ = (II¥u(t), F;)o<i<r is finite dimensional,
continuous in the mean square, and Gaussian, but not, in general, a diffusion process be-
cause the operators Ay and 4; need not commute with IT*. Denote by P%% the measure in
C([0, T); TI* (H")), generated by the solution of (3.3). The measure P** is absolutely con-
tinuous with respect to the measure P"  for all @ € © and K > 1. Indeed, denote by
FI? the o-algebra generated by MEuf(s), 0 < s <t, and let Ute’K(X) be the operator from
C([0, T); IX (H")) to C([0, T); ITI¥ (H")) such that, for all ¢ € [0,T] and 6 € O,

UPR () = B (19 (Ag + 04| 7)) (P-as) (3.4)

Then, by Theorem 7.12 in [15], the process IT5u? satisfies
AWl (t) = UPS (IEu®)dt + a5 (t), TT5u(0) = ¥, (3.5)
where WO (t) = K wf(t)e, and @0(t), k = 1,..., K, are independent one dimensional

standard Wiener processes, possibly different for different 6. Since {HK (Ao + 0A ) u? WE } is
a Gaussian system for every 6§ € O, it follows from Theorem 7.16 and Lemma 4.10 in [15] that

K T
(IT¥u”) = exp { / (UPR () — o (), dri 1)), -
0

e 0,.K (17K, 09|12 0K (17K, 69\ (12 (3.6)
> [ (P @y I — 02 @) ) d .

By definition, the maximum likelihood estimate (MLE) of 6° is then equal to

dP?% K

dP907K> (HKU@O)’ (3.7)

arg max (
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but since, in general, the functional Uf ’K(X ) is not known explicitly, this estimate cannot be

computed. The situation is much simpler if the operators A4y and A4; commute with IT¥ so
that TTX A; = I AITX, ¢ = 0,1, and UPR(X) = TI¥(Ap + 0.A;) X (¢); in this case, the MLE
6% of 0° is computable and, as shown in [7],

gic _ o (I Ay (2), dIUu” (1) — TTF Agu” (1))
Jo IITIE Ayt (2)]| 3t

(3.8)

with the convention 0/0 = 0.

Of course, expression (3.8) is well defined even when the operators Ay and A; do not
commute with TIX. If u®° (t) is observed on the interval (0,T'), then the right hand side of (3.8)
is computable. Indeed, it is readily checked that

SR Ayu® (t), dITEu® (t) — TIX Agu® (t)dt)o
Jo TR Ayuf® (¢)||3dt
_ Xy (u” (1), Ajen)o(dul” (1) — (u” (1), Ajes)odt) (3.10)
Sy (1), Aje:)3dt '

where u?o (t) = (u?’ (t),e:), and A3 is the operator formally adjoint to A;.
Even though (3.8) is not, in general, the maximum likelihood estimate of 6°, it is a natural
estimate to consider. We will call it the quasi mazimum likelihood estimate (QMLE) of 6°.
In what follows, it will be shown that the QMLE possesses essentially the same asymptotic
properties that the MLE has when Aq and A; commute.
To simplify the notations, the superscript #° will be omitted wherever possible so that u(t)
is the solution of (2.6) or (3.1), corresponding to the true value of the unknown parameter. To

study the properties of (3.8), note first of all that
T
P{/ K Ayu(t) | 2dt > 0} = 1 (3.11)
0

for all sufficiently large K. Indeed, by assumption, the operator A; is not identical zero and
therefore (HK .A1Wt)t>0 is a continuous nonzero square integrable martingale, while

( / T A A + HOAl]u(s)ds>t20 (3.12)

is a continuous process with bounded variation.
It then follows from (3.8) and (3.11) that

Jo (TTX Ayu(t), dWX (£))
Jo ITIE Ayu(t) ||3dt

0% = 0° + (P- as.) (3.13)
Representation (3.13) will be used to study the asymptotic properties of 0K as K — oo. To

T
get a consistent estimate, it is intuitively clear that / |TI* Ay u(t)||2dt should tend to infinity

as K — o0, and this requires certain non-degeneracy of the operator Aj.



Definition 3.1 A differential operator P of order p on M 1is called essentially non-degenerate
if for every s € R there exist positive constants €, L, d so that

IPAIZ = el FllEp = LISIE s (3.14)
for all f € C*(M).

If the operator P*P is elliptic of order 2p, then the operator P is essentially non-degenerate,
because in this case the operator P*P is positive definite and self-adjoint so that the operator
(P*P)'/(P) generates an equivalent scale of Sobolev spaces on M. In particular, every elliptic
operator satisfies (3.14). Since, by Corollary 2.1.2 in [12], for every differential operator P the
operator P*P — PP* is of order at most 2p — 1, the operator P is essentially non-degenerate
if and only if P* is.

Let us now formulate the main result concerning the properties of the estimate (3.13).
Recall that the observed field u satisfies

du(t) + [0,(L + A) + 0B + Nu(t)dt = dW (), 0 <t < T; u(0) =up,  (3.15)

with one of 6y = 63 or §; = 6 known. According to (3.13), the estimate of the remaining
parameter is given by

i _ SR (L + A)u(t), dTT¥ du(t) — dTTX (098 + N)u(t))o
' Jo IR (L + A)u(t)||3dt ’
S (TTE Bu(t), dITE du(t) — dIT¥ (09(L£ + A) + N)u(t))o
Jo ITI% Bul(t)|[3dt |
The following assumptions will be in force throughout the rest of the section.

(3.16)

AR
02 —

(3.17)

H1. Equation (3.15) is considered on a compact d-dimensional smooth manifold M;
H2. 0 >0, 69 € R;

H3. L is a positive definite self-adjoint elliptic operator of order 2m;

H4. max(order(A), order(B), order(N)) < 2m;

H5. ug is Fo-measurable, uy € Ly(Q; H™?), and u is independent of .

Theorem 3.2 If 0y is known, then the estimate (3.16) of 69 is consistent and asymptotically
normal: .
P — lim 0F — 09 = 0;
Ui - (07 = 0F) % N(0,1),

where Vi = \/(T/(29?)) K .

If 0y is known, then the estimate (3.17) of 03 is consistent and asymptotically normal under
an additional assumption that the operator B is essentially non-degenerate and order(B) = b >
m —d/2. In that case,

(3.18)

P — lim |05 — 69 = 0;
Koot % (3.19)
Wi (05 —05) = N(0,1),

where Wi o < K (ommim



This theorem is proved in Section 5.

Remark 3.3 1. Since l;, < k*™/?, the rate of convergence for é{( is Wgq < Km/d+1/2 - and
for 0K it is

(3.20)

T KO=m)/d+1/2 - f b > m —d)/2,
K270 InK, if b=m —d/2.

2. Rephrasing Theorem 3.2 in terms of the operators Ay and A; introduced in the beginning
of the Section, we can say that if the assumption

Hy. The operator A; is essentially non-degenerate and

order(A;) > ; (order(Ay +0.A;) — d) (3.21)

holds true, then the QMLEs (3.16) and (3.17) are consistent and asymptotically normal.
It can be shown (see Lemma 5.1 below) that the assumption Hy yields that P — a.e.

T
I}im/ ITTS Ay 2dt = +oo. (3.22)

On the other hand, it is known (see [19]) that (3.22) holds if and only if the distributions
of u? for different values of 6 are singular. It was shown in [7] that if Ay is an elliptic
operator commuting with Ay, and some other less important conditions are satisfied, then
the distributions of u® for different values of 0 are singular if and only if inequality (3.21)

holds.

3. All the statements of the theorem remain true if, instead of differential operators, pseudo-
differential operators of class S, 5 are considered with p > § [12, 24].

Denote by = the set of real valued non-negative functions h = h(z), = € R, that are
non-decreasing for > 0 and satisfy h(0) = 0, h(—x) = h(z).

Theorem 3.4 Assume that Ellug||”,,, < oo for all ¢ > 0. Let h € = be a function so that
\h(z)] < C - (14 |z|7) for some C,o > 0. Denote by &, a Gaussian random variable with zero

mean and unit covariance.
If 0y is known, then the estimate (5.16) of 69 satisfies

lim Bh (Wi - (0F = 6)) = Eh(S,). (3.23)

K—oo

If 01 is known, the operator B is essentially non-degenerate, and
order(B) > m — d/2, then the estimate (3.17) of 05 satisfies

lim Bh (Wxs- (05 —09)) = EA(,). (3.24)

K—oo

The proof of Theorem 3.4 is based on the following result to be proved later.



Lemma 3.5 If P is an essentially non-degenerate operator of order p > m — d/2 and

T
Uy — \/E/O TTE Pu(t) | 2dt, (3.25)

then for every q > 0 there exists a Ko = Ko(q) > 0 so that

q

Ji (5 Pu(t), dW (1))
Jo 5 Put) |[5dt

sup K| < o0. (3.26)

K>Ko

Proof of Theorem 3.4. With no loss of generality, it can be assumed that the function A
is continuous. Indeed, the monotonicity assumption implies that h has at most countably
many discontinuities, while the random variables in question have densities with respect
to the Lebesgue measure. After that, the statements of the theorem follow from Theo-
rem 3.2, since Lemma 3.5 and equality (3.13) imply that the families of random variables

{h (Vs (0K —09)), K > Ko(o+1)} and
{h (\I[K,Q (0K — 08)) , K > Ky(o+ 1)} are uniformly integrable.

Remark 3.6 Analysis of the proofs of Theorem 3.2 and Lemma 3.5 shows that the convergence
in Theorem 3.4 is, in fact, uniform with respect to ° on every compact set of the parameter
space. It is shown in [8, Theorem II1.1.3] that, under some additional conditions, this uniform
convergence implies certain asymptotic efficiency of the estimate. The conditions in question
do not hold for our general model (2.6), but do hold in the case of commuting operators [7].

Theorem 3.7 If 69 is known and order(B) = b < m — d/2, then the measures generated in
C([0,T]; H?), s < —d/2, by the solutions of (3.15) are equivalent for all 6 € R and

T
Koo Jo 1 Bu(t)|[5dt

(3.27)

Proof. By (2.9),
T
E / 1Bu(t)||2dt < oo (3.28)
0

T
for all #; € R, and therefore the stochastic integral / (Bu(t),dW(t))o is well defined [18, 19,
0

25]. Then (3.27) follows from (3.17) and the properties of the stochastic integral.
Next, denote by P’ the measure generated in C([0, T]; H®), s < —d/2, by the solution of
(3.15) corresponding to the given value of 0. Inequality (3.28) implies that

/ L IBu)|2dt < 00 (P- as.) (3.29)

and therefore by Corollary 1 in [18] the measures P% are equivalent for all f; € R with the
likelihood ratio
dP??
—pag () =
dpP% . - (3.30)
exp (62— 68) | (Bu(t), aw ()0 — (1/2)(62 = 08)* [ 1Bu(t)|3at).
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where u(t) is the solution of (3.15) corresponding to 6, = #9. Note that

éQ _ 90 f()T<Bu<t)7 dW(t))O
Ly 1Bu®)3dt

(3.31)

maximizes the likelihood ration (3.30).

If the operators A, B, N have the same eigenfunctions as £, then the coefficients v (u(t))
are independent (for different k) Ornstein-Uhlenbeck processes and TI% Au(t) = ¥ ATT® u(t),
with similar relations for B and N. As a result, other properties of (3.16) and (3.17) can
be established, including strong consistency and asymptotic efficiency [5, 7, 22|, and, in the
case of the continuous time observations, all estimates are computable explicitly in terms of
Ur(u(t)),k=1,...,K. X A

In general, the computation of 8% and 6% using (3.16) and (3.17) respectively requires the
knowledge of the whole field u rather than its projection. Still, the operators IT¥ (L + A),
15 B, and IT¥ N have finite dimensional range, which should make the computations feasible.
Another option is to replace u by II¥w. This can simplify the computations, but the result is,
in some sense, even further from the maximum likelihood estimate, because some information
is lost, and the asymptotic properties of the resulting estimate are more difficult to study. In
general, the construction of the estimate depending only on the projection IT¥u(t) is equivalent
to the parameter estimation for a partially observed system with observations being given by
(3.3). Without special assumptions on the operators Ay and .4;, this problem is extremely
difficult even in the finite dimensional setting.

4 An Example

Consider the following stochastic partial differential equation:
du(t,r) = (DV?u(t,z) — (0(z), VIu(t,z) — Mu(t, ))dt + dW (¢, x). (4.1)

It is called the heat balance equation and describes the dynamics of the sea surface temper-
ature anomalies [4]. In (4.1), v = (21, 15) € R?, ¥(x) = (vi(21, 22),v2(x1,22)) is the velocity
field of the top layer of the ocean (it is assumed to be known), D is thermodiffusivity, A is
the cooling coefficient. The equation is considered on a rectangle |z1| < a; |z2] < ¢ with
periodic boundary conditions u(t, —a, z2) = u(t,a,xs), u(t,z1,—c) = u(t,z1,c) and zero ini-
tial condition. This reduces (4.1) to the general model (3.15) with M being a torus, d = 2,
L= -V?= —0*/0z% — 0*/0z%, A = 0, B = I (the identity operator), N' = (7,V) =
v1(x1,22)0/0x1 + va(x1,22)0/0x9, 01 = D, 05 = X\. Then order(L) = 2 (so that m = 1),
order(A) = 0, order(B) = 0 (so that b = 0), and order(N') = 1. The basis {ej}r>1 is the
suitably ordered collection of real and imaginary parts of
Gnyms (T1,T2) = \/iR exp {\/—_177(x1n1/a + xgnz/c)} , ny,ng > 0. (4.2)
By Theorem 3.2, the estimate of D is consistent and asymptotically normal, the rate of
convergence is Wy ; < K; the estimate of A is also consistent and asymptotically normal with
the rate of convergence Wy o =< vIn K, since b =0 =m — d/2 and (3.14) holds.
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Unlike the case of the commuting operators, the proposed approach allows non-constant
velocity field. Still, a significant limitation is that the value of ¢(x) must be known.

5 Proof of Theorem 3.2

Hereafter, u(t) is the solution of (3.15) corresponding to the true value of the parameters (69
and 09) and C is a generic constant with possibly different values in different places.

To prove the asymptotic normality of the estimate, the following version of the central limit
theorem will be used. The proof can be found in [5].

Lemma 5.1 If P is a differential operator on M and

Jo T Pu(t) |3t

P - =1, 5.1
R T [Pl Rde >
then S .
11 t), dW*(t))odt
=% B ) T Pu(t) |3t
m distribution.
Once (5.1) and (5.2) hold and
T
Jim E [T Put) ||3dt = +oo, (5.3)
—00 0
the convergence
T (171K K
II t).d t))odt

Kooo o fo TR Puft)|[3dt

T
follows. Thus, it suffices to establish (5.1) and compute the asymptotics of E / | TTPu(t)||3dt
0

for a suitable operator P.
If g (t) := Yr(u(t)), then (3.15) implies

dipi(t) = =01k (t) — i ((02A + 038 + N)yu(t))dt + duw (1), $i(0) = (o). (5.5)
According to the variation of parameters formula, the solution of this equation is given by
i (t) = & (t) + ni(t), where

E(t) = /Ot e—e?lk(t—s)dwk(s),
(t) = Un(0)e 8 — [ (004 + 0,5+ N yus)) ds (5.6)
:= ok (t) + nux(t).

If £(t) and n(t) are the elements of UsH® defined by the sequences {&(t)}x>1 and {nx(t) }r>1
respectively, then the solution of (3.15) can be written as u(t) = £(¢t) 4+ n(t).
The following technical result will be used in the future. The proof is given in Appendix.

12



Lemma 5.2 Ifa >0 and f(t) > 0, then
T t T r2 d
/0 ( /O e~ f(s)ds) dt < fofay)t (5.7)

It is shown in the next lemma that, under certain conditions on the operator P, the asymptotics
of

E/OT ITTE Pu(t)||2dt (5.8)

is determined by the asymptotics of

B [ 0P ar. (5.9)

Lemma 5.3 IfP is an essentially non-degenerate operator of order p on M andp > m—d/2,
then

T N
E/ T Pe(t) |2t = S 1P/ K — oo, (5.10)
0 k=1

B Py () 3
K=o B [y [[IIKPE(t)]3dt
Py 3
K=o B [y [[IIKPE(t)]3dt
T |ITK 2
P fim 0 THH ;g(t)"ogt =1. (5.13)
K=o E fy [[TIRPE()[[5dt
In the particular case P = L+ A, a stronger version of (5.10) holds:

-0, (5.11)

P— =0, (5.12)

T K 2
L B TSP e

= 1. (5.14)
K—oo %Zle lk

Proof.
Proof of (5.10) and (5.14). It follows from the independence of & (t) for different £k that

ZW& Ez\zfn (en, P ex)o

K k=1 n>1 (515)
Y2 (1
k=1n>1 QQ?Z

6—26?lnt> | (67“ P*ek)o ’2.

Integration yields:

1 oo .
B INPewlii = - 5 g (T 1= 280 ) (@ Panf. (6516

1n>1
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Since Iy > 0 and 6 > 0, it follows that 1 — e 20T > () for all k. Then the last inequality
and the definition of the norm || - || imply

T s 2 s 2 T K 2

S5t 2 IPenl, = O3 [P e, < E [ I Pe(t) at
1 k=1 k=1 0 (5 17)
LS Pl |

S — *ek —m-
200 =

Since P satisfies (3.14),

IPexl2 > ellexlly—m — Kllexll; AT (1 = (K /2)A). (5.18)

p—m—38 —

In addition, [[P*ex|? < Cllex|?,, and A, = ;/*™. The result (5.10) follows.

To prove (5.14) note first of all that if P = £+ A, then the non-degeneracy condition (3.14)
holds with p =2m, e =1, § = m — order(A)/2, because
I£f s = [ llsv2ms  NASlls < Cllfllsram—2s, (5.19)
and, since the order of the operator A*L is 4m — 26,

(A*Lf, f)s = (N Cm=D A LF AP0 f), <

A )s = e 5.20
JA—Cm A LF L A2 1], < Ol o (5.20)

As a result, since [|eg]|2 = /™, it follows that
(1= CLY™) < |[Per|l,, < (1 +CL°™), (5.21)

and consequently (5.14) follows from (5.17) and (5.21).
Proof of (5.11). Consider first no(t) = {no(t)} (see (5.6)). With the notation y =

2(p —m)/d,

T N 2 us 1 2
B [ I Pro(t)lidt < O3 - Eli(Puo)|
0 =1 lk

. (5.22)
<C Z k7+1)\,;2(p+d/2)EWk(,PU0)’2-
k=1
Note that
—2 d/2
ST E g (Pug) P < CE|luol|? 42 < o0. (5.23)
E>1
If v =—1, then
E [ |[TE5Pro () |2t CElJu|2
i Bl Pty CElolZys _ (5.24)
K=eo B[y [IIFPE@)[3dt — K=o Ink
If v > —1, then
—2(p+d
. E [T || Pao(t)|2dt <l COSE AP R g (Pug) 2 . (5.25)
K=o E [§ [[TTIKPE()|3dt — K=o Ko
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by (5.23) and the Kronecker lemma.
Next consider 7;(t) = {mx(t)}. By assumptions,

¢ := max(order(A), order(B), order(N)) < 2m. (5.26)

By Lemma 5.2,

[} i ®Far < s [ (04 + 5 + A () (5.27)

which implies that, for every r € R,

T T ’
SN[ Wn(P@)Pde= [ IPmOlde < € [T ImO)d =

1 0 0

5.28
O [Pt < C [ (Ol g yenpdt o
— n 0 hn — 0 r—2m+c+p"t-

If ¢y :=2m —c¢ > 0 and r = —z, where 2 = max(0,d/2 + ¢;/2 + p + ¢ — 3m), then
—r —2m+c +p =m — d/2 - Cl/2 anda by (28)7 Ef()T Hu<t>‘|27172m+c+p <o0. Asa result,
since \j, =< k'/9,

E Jo [P (0)[§dt _ Saiy AN E fy [0 (Pm(B)Pdt _

E [ |[IXPE(t)|[5dt E [y [[ITFPE()||3dt B (5.29)
CK*/45 ) A2 E [y [n (P (1)) Pt CK?/d '
T ITK 2 S Tk gm0 as Koo,
E Jo [TIRPE()|[5de Yot Ak
because if p — m = —d/2, then d/2 +c¢;/2+p+c—3m = —¢;/2 < 0 so that x = 0,

while for p — m > —d/2 the sum >/, X2 is of order K2P~m/a+1 and 2(p — m)/d + 1 >
(d+2(p—m) — ¢1/2) = 2z /d. Equality (5.11) is proved. Then (5.12) follows from (5.11) and
the Chebychev inequality.

Proof of (5.13). There are two steps in the proof. Writing X (¢) := ||IIEPE(t)||2, the first
step is to show that

var(Xg(t)) < C fj Appm) (5.30)

k=1
for all ¢ € [0, T]. The second step is to show that (5.30) implies

T
P jim o Xx(Ddl

O (5.31)

). If XM(t) = S5, ISM &) (en, Prer)ol?, then XM (t) is a quadratic form of the
Gaussian vector (&(t),...,&n(t)). The matrix of the quadratic form is A = [Anw]nnw=1

..... M
with
K
Ann’ - Z(enyp*ek)O(enUP*ek)Ov (532)
k=1
and the covariance matrix of the Gaussian vector is
— o 20nt
R=di _— =1,.... M|. 5.33
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Direct computations yield

K M
EXY (1) Z Z 601 — e 2Ry (e, P¥ep)o|? = trace(AR). (5.34)

Analysis of the proof of (5.10) shows that, for every t € [0,7] and k = 1,..., K, the series

> &a(t)(en, P*ex)o converges with probability one and in the mean square. Consequently,
n>1

i X0 = X)) (P-as)

5.35
hm EXM(t) Z YT E&.(1)]? |(en, Prer)o|* = EXk(2). (5.35)
k=1n>1
Next,
var(X%(t)) = 2tmce((AR)2) = i =
(5.36)

K
Z [(Per, ew)oP A < Z||7>ek||0x*<p ™ < 03 i,
k,k'= i1 ~

where P := PA’QmP*A%m’p) is a bounded operator in H”. After that, inequality (5.30) follows
from (5.35) and the Fatou lemma:

var(Xg(t)) = Eﬂ}im XX - |E ]Vl[im XM=

E lim I XM ()] - Jim |EXM( )? < 1}\511infE|X§‘(4(t)|2 — lim IEX ()

(5.37)
<1}\1411111fva7’(XK <C’Z)\kp ™.
2). If Y := [T (Xk(t) — EXg(t))dt/E [ X (t)dt, then
T
Y Xiclt)e (5.38)
E [y Xk(t)dt
and . K
p—m)
Ey2 < Ll WarXu(®)dt o Y1 0 as K — oo. (5.39)

N2
(BN Xe(t)dt)” — (SIS, 2207™)
By the Chebychev inequality, P — limg ., Yx = 0, which implies (5.13).
Corollary 5.4 If P is an essentially non-degenerate operator of order p on M and p > m —
d/2, then
T K
E / TS Pu(t) |2t =< S 1P™M K — o0, (5.40)
0 k=1

and

Jo T Pu(t) |3t

P— lim
K—=co E [ | IIXPu(t) | 3dt

(5.41)
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In the particular case P = L + A, a stronger version of (5.40) holds:

T K 2
o BT Pu(t) e

T K
K—oo @Zkzl lk

1. (5.42)

Proof. By the inequality |2xy| < ex? + e 'y?, which holds for every ¢ > 0 and every real
x7 y?

T K 1 T K
(1= OB [ IIPE)idt + (1= 2B [ [I1Py(e) [t <
T
E / K Pu(t)||2dt < (5.43)
0 T 1 T
(1+OE [ [Pt + (14 )E [ [TPn(t)|3d.
0 € 0

Since € is arbitrary, (5.40) follows from (5.11) and (5.10). After that, (5.41) follows from (5.13).
Similarly, (5.42) follows from (5.11) and (5.14).

To prove the first part of Theorem 3.2, note that in this case P = L + A, and it remains to
use Lemma 5.1 and equations (5.41) and (5.42) from Corollary 5.4.

Similarly, the second part of the theorem follows with P = B; now (3.14) is assumed.
Analysis of the proof shows that

W2 T
K—oo Zi(:l lk: 291
6 Proof of Lemma 3.5
The following notation will be used:
vy=2(p—m)/d > —1. (6.1)
Since by Lemma 5.3
K
U= > K, (6.2)
k=1
it follows that it is sufficient to prove the inequalities
T q K a/2
E / (Pu(t), aw™ (1)) | <C- ( m) (6.3)
0 k=1
and
T —q K —q
E (/ HHKPu(t)Hgdt) <C. (Z m) (6.4)
0 k=1

for all ¢ > 0 and all sufficiently large K. The numbers C' in the above inequalities do not
depend on K but can depend on everything else, including ¢ and T'.
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By definition,

0

/T(HKPu()dWK 1), X_:/ Ui (Pu(t)) dw(t), (6.5)

T Pu(t)|* = Zwk(m )2, (6.6)

and for each ¢ the coefficients (Pu(t)) are Gaussian random variables. Indeed, denote by
P, f the solution of the equation

do(t) + ((L+A)+ 6B+ N)dt =0, 0<t<T;

6.7
v(0) = f, (6.7)
The solution of (3.15) can then be written as
t
u(t) = Paug + /O P dW (s) i= us() + us(?), (6.8)

and the properties of the stochastic integral [23, Chapter 2| imply that ), (PuQ(t)> are Gaussian
random variables with zero mean and covariance

Buw(Puat)) v (Pral)) = | (PPren, PP en), ds i= Apnl(t). (6.9)

Remark 6.1 For integers Koy and K > Ky, denote by ax(Ko, K;t), 1 <k < K — Ko+ 1, the
eigenvalues of the matriz [Agm(t), Ko < k,m < K]. If {}, are independent standard Gaussian

random variables, then the random variable ZI{;(:KO K (?uz(t)) | has the same distribution as
K—Kp+1

Z ar(Ko, K;t)(. This follows from the general properties of Gaussian random vectors.
k=1

Proof of (6.3). With no loss of generality, it will be assumed that ¢ = 2n is an even integer.
By the Burkholder-Davis-Gandy inequality [11, Theorem IV.4.1],

2n 7 K n
) dwk(t) < CE </0 Z [y, (Pu(t)) |2dt>
n k=1 n (6.10)
K
( (/ Z Wk: Pu1 ))|2dt> +E (/OTZ |¢k(7’u2(t))|2dt> ) .
k=1
The properties of the operator P, imply that
2 ! (y+1) T 2 "
</ Z Wk Pu1 ))\ dt) < CK"WHUE (/0 |]Pt73uon_p_d/2dt>
(6.11)

K a/2
C - Kn('y—&-l)EHuOH‘id/z <C- (Z k7> )
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Next, by the Holder inequality,

B([ Su(pue)re) <o ["B(Supuo)) . e

By Remark 6.1 and the multinomial expansion formula,

K n K n
E (Z [k (Pua(t)) !2> =E (Z ax(1, K; t)@?)
k=1 k=1
— n' mi1 . . 2my |, 2m g
- m1+”§;ﬂK:n ml! . mK!al (17 K? t) (1 K; t>EC CK
K n K n (6.13)
< (2n—-1 (Z ak(l,K;t)> = (2n — ! <Z/ ||Ps*73*ek|]§ds>
k=1 k=170

K Q/2
c. (Z ueku,%_m) ,
k=1

where the last inequality is a consequence of (A.4). Since [lex||2_,,
(6.3) follows.
Proof of (6.4). Note first of all that the Jensen inequality implies

E (/OT]; |¢k(Pu(t))|2dt> <E (/Tj2 gj |wk<77u(t))|2dt)
<c[ = ( 5 Wk(Pu(t))]Q)_ dt (6.14)

T/2 k=Ko

= /\i(p ™ = k7, inequality

—q

T

— [ E (kz [k (Pua(t)) +¢k(PuQ(t))|2> dt,

T/2

and then, in view of Lemma A.2, it is sufficient to consider the case ug = 0.
According to Remark 6.1, if ug = 0, then inequality (6.4) will follow from

K—Ko+1 -4
E ( > ak(Ko,K;t)Ci) SC-(Fy(K)™, T/2<t<T, (6.15)
k=1
where mK i .
- nk, ify=-—

Assume for the moment that, when ordered appropriately, the numbers ay (K, K;t) have
the following property: there exist an integer K and a real number C' > 0 so that, for all
K>Ky 1<k<K-Ky+1l,and T/2<t<T,

If (6.17) holds, then for all sufficiently large K

K—Ko+1 -4 K/2 -4
E ( Z ar (Ko, K;t)(,f) < CE (Z k”(,%) , (6.18)
k=1 k=1
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and it remains to estimate the right hand side of the last inequality.
Since for every non-negative random variable ¢ and every ¢ > 0

]_ [e'e]
E(Y = F()/ t1 T Ee~Stdt, ['(-) is the Gamma function,
q) Jo

it follows that

—q

K
E m@) <Cc | !
<kz::1 F / H \/1 - 2tk:‘*
=C [ tilexp <— In(1+ 2tk7)> dt.
I 2

If v = —1, then

M=

In(1+2t/k) > > > In(1 + 2t/k)

1 1<l<dg+1  K1/(4a+1) < e K (U41)/(4g+1)

> > In (1—1—2t > 1//<:) > 4gIn(c; + ot In K)
)/(da+1)

e
I

1<li<4q+1 KU/ (4q+1) < < (141
so that
K ) -4 00 a1
E(S K <C/ dt < C(In K)~
(; Ck) - 0 (g +ectinK)2  — (In &)
If v > —1, then
K
Z (T+2thk") > > > In(1+2tk7)
k=1 1<i<4g+1 Kl - <k< Iigill)
> > Inf1+2t > kK| >4¢ln(1+ CtK"t)
1<l<dq+1 KL KOD
q q
so that

a1

K -4 o
E(S k¢ < <O (K
(kzlk @) dt < 01/0 Tt S O

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

To complete the proof of the lemma, it remains to verify (6.17). Direct computations show

that if y,, Ko < k < K, are real numbers and 7/2 < ¢ < T, then

K
S Ay = [ 1Y PP weclis

k,m:K(] k= KO
K
> Cht|| Z exillom — Coll D envrll_m_s,
k=Ko k=Ko
K
> N Yk (Cr — Cok™),
k=Ko

20
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where 6y = min(d,2m — order(A + B+ N)) > 0 with 0 from (3.14), and the first inequality
follows from (A.5) in Appendix and essential non-degeneracy of P. If K is chosen so that
Cy — CQKO_(SO > (1/2, then there exists C' > 0 for which the matrix

is non-negative definite, and then (6.17) follows from Theorem 13.5.4 in [20].
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Appendix

Proof of Lemma 5.2. Note that
t 2 t S
( /0 e f(s)ds) =2 /0 /0 e*e™ f(u) f (s)duds. (A.1)

IfU .= fo ( ¢ g—alt= S)f(s)ds)2dt, then direct computations yield:

—2/ // @) £(0) f(s)dudsdt <
o ([ e fluyda) f(s)ds < (A2)
‘1(]ﬁ (f2(s)ds)1/2(J€ ([ e (wyu)’as)”,
and the result follows.

Lemma A.1 Assume that A is an order a < 2m differential operator on M. Denote by P.f,
f € C®(M), the solution of the equation

du(t) + (L+ Au(t)dt =0, 0 <t <T, u(0)=f. (A.3)
Then
LIRSt < O [ [ Pesgls)as)
r+m ) 0 0 r+2m (A4)
<CrT/ lg(s)|ds,
and, as long as T)2 <t < T,
/ 1P f 117 mds = CLD)FIIF = Co(r, TIIFIT a2 (A.5)
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Proof. Both inequalities in (A.4) follow from Theorem 3.1.4 in [23]. To prove (A.5), denote
P, f by V(t). By uniqueness, V(t) = U(t), where U = U(t) satisfies

dU(t) + (LU(t) + AV (t))dt =0, 0<t<T, U(0)=f. (A.6)
Denote by P, the semi-group generated by —L. Then
. t .
U(t) = Bf + /O P AV (s)ds (A7)

and

SN 25 [ 1B s =2 [0 [ B AVl s (A9
Since for T/2 <t < T

[ B s = [ 3 ey

k>1

DR ds = O(T)IIf 2 (A.9)

and .
L[ Pavyani, s < 6,1) [ AU
< O [ NPt < OO T2

the result follows. Note that since £ is self-adjoint, inequalities (A.4) and (A.5) hold if the
operator P is replaced by its adjoint P;.

(A.10)

Lemma A.2 Assume that the components of the vector € = {&, k=1,..., N} are indepen-
dent Gaussian random variables with zero mean and variance ay, the vector n = {ng, k =

1,..., N} is independent of £, ¢ > 0 is a real number, and U € RN is an orthogonal matriz.
Then
N —-q N —-q
B(Swen+a) <B(L k) (A1)
k=1 k=1

Proof. Denote by E' the conditional expectation given the o-algebra generated by {n, k =
1,...,N}. Then

B exp (4 (0 + ) =

11 217r /o:o exp (—(1+ 2tar)a® /2 — 2tap(U'n); — tn}) do

_ exp <_t Z(nz B 1 it;lltgak |(U*77)k|2)> (A.lz)
2 / eXp( (1 + 2tay)(z — 2t(U*n)’k)2/2> dx

1+ 2tak
< Eexp (—tz !@\2) ,
k=1

and it remains to take the expectation E and use the relation

1 00
E(?= m/ t"'Be~%'dt, T'(-)is the Gamma function. (A.13)
q) Jo

The lemma is proved.
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