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ON INVARIANT SURFACES AND BIFURCATION OF PERIODIC

SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS
by Robert John Sacker

Abstract
We consider the ordinary differential equation
dz
T _F
o = Fl,p)

where x is a real n-vector and p is a real parameter. It is assumed that for all p in a
neighborhood of a critical value 4 this equation has a periodic solution x = (¢, ) which is
asymptotically stable for u < p; (n-1 Floquet multipliers have modulus < 1). As p increases
through s, we assume a conjugate pair of multipliers A(x) and A(u), leaves the unit disc
causing 1 to become unstable. It is shown that a two-dimensional asymptotically stable
invariant torus will bifurcate form 1 provided (a) A(p1) is not a second, third, or fourth root
of unity, (b) d/du|A(u1)| > 0, and (c) a certain nonlinear term obtained from F'(z, ) has
the proper sign (nonlinear damping).

Some cases in which (a) does not hold (resonance cases) are also discussed. In a particular
subcase of the case A* (1) = 1 (but A and A2 # 1), 1 bifurcates into a pair of subharmonic
solutions, exactly one of which is stable. When a single multiplier leaves, A(p;) = 1, ¢ will
in general bifurcate into one stable periodic solution. The case A3(u;) = 1 (but A # 1) is
discussed only by means of a an example in which the instability that develops is so violent
compared to previous cases that there is no stable manifold or periodic solution in a small

neighborhood of .

The existence of the torus is established by two methods. The first is to take an n-1
dimensional hyperplane S normal to the orbit ¢» and show that the mapping of S into itself,
induced by the vector field near 1, has an invariant curve. In the second method the torus is
obtained as the solution of a certain partial differential equation which is basic in the theory
of invariant surfaces.



The second main result is concerned with the theory of perturbation of an invariant
surface of a periodic vector field. We consider the differential system

&= f(z,y,1)
v =g(x,y, 1)

where x and y are real vectors, u is a small real parameter and the functions are periodic in
x (e.g., x represents the angular variables on a torus). The problem is to find an invariant
manifold 7(u) : y = ¢(z, ) whenever 7(0) is known and has certain properties. One of
the properties assumed by other authors is that the flow (vector field) on 7(0) is parallel,
i.e, in appropriate coordinates on the surface, solutions can be obtained from one another
by a translation. This restriction is dropped since, in general, parallel flow is lost after a
perturbation is made. The essential property is the relative strength of the flow against the
unperturbed surface and the flow in the surface.

The function ¢(x, 1) satisfies the quasilinear partial differential equation

0
S Fular 6,52~ gl 6,) = 0

v

which is solved by an iterative scheme. It is linearized and smoothed so that we have a
C> equation Lu = h for the approximate solution w. This is made elliptic by adding
the Laplacian, cAu + Lu = h, ¢ = constant, so that existence and smoothness of a solution
becomes a matter of quoting well known results. The existence of a solution of the quasilinear
equation is obtained from “a-priori” estimates for the solution of the elliptic problem and
its derivatives. If the flow against the surface is strong compared to the flow in the surface,
then the solution ¢(z, ) will be very smooth since higher derivatives may be estimated.
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CHAPTER 1
INTRODUCTION AND SUMMARY

In this dissertation we are concerned with the ordinary differential equation

dx

— =F(z 1.1

= Flap) (11)
where z and F' are real n-vectors and p is a real parameter. We will say that (1.1) has
an invariant manifold oy, of dimension k < n, if any solution passing through a point of o,
remains on oy, for all time ¢. The manifold oy, is said to be asymptotically stable if all solutions
of (1.1) sufficiently near o}, approach oy as t — +o0, and unstable if in any arbitrarily small

neighborhood N of g there is at least one solution which leaves N as ¢t — +o0.

Assume that for p < g, o is asymptotically stable, but for p > pyg, it is unstable. One

of the simplest examples of this for n =2, k=0, is

o= (i+p)z+ 022
(1.2)
= i[l+ Im B)z]*]z + [ + Re B|z]*)2

where z = x1 + iz9, jp = 0 and o9 = 0. The characteristic exponents for the singular point
z=0are a(p) =1+ p and a. If Re § < 0 (nonlinear damping) then for u > 0 this equation

has an asymptotically stable limit cycle

_ H 2
v«—(_Reﬁ)

i.e., a stable invariant manifold o (p) with 01(0) = o¢, which branches off or bifurcates form

0o as p increases through zero (Fig. 1).

Definition: We say that the manifold o, bifurcates” from o as p increases through s if

oe(po) = ox but o¢(u) and of have no points in common for p > po.

The above example illustrates a general result obtained by E. Hopf [2] which may be
stated in a somewhat weaker form as follows. Assume (1.1) is analytic and has a stationary
solution # = 0 for |u| sufficiently small. Assume that for p < 0 all the characteristic
exponents a(yu) satisfy Re a(u) < 0. As p increases through zero assume a conjugate pair
of exponents a(u), a(pu) # 0 crosses the imaginary axis and enters the right half plane
with Re a(0) = 0, Re a'(0) > 0, while the remaining exponents satisfy Re a(u) < ag for
some constant ay < 0. Then if a certain constant depending on terms of degree < 3 in the

expansion of F' about x = 0 has the proper sign (nonlinear damping), then the solution

“See Minorsky [1] for a discussion of bifurcation.
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0o : © = 0 bifurcates into an asymptotically stable” periodic solution o (u) : = (¢, u)
for p > 0 sufficiently small. ¢(¢,0) = 0 and ¥(¢, ) # 0 for > 0. If the constant has the
opposite sign, then ¢ will exist in advance (u < 0) but will be unstable, i.e, as u decreases
through zero the unstable origin oy becomes stable and bifurcates into an unstable periodic
solution. Hopf assumed analyticity of the functions and used power series expansions in his

proof- the method of Poincaré.

In this dissertation we consider the case in which (¢, 1) becomes unstable as p increases
further and passes through a second critical point p;, and a pair of Floquet exponents
ap), a(u) enters the right half plane Re ¢ > 0 with Re a'(u1) > 0, i.e., a pair of Floquet

multipliers A(u), A(p) leaves the unit disc |¢] < 1 with d/du|A(p1)| > 0.

The Floquet exponents are associated with (1.1) linearized along (¢, ),

If the frequency of ¢ = (¢, 1) is wy then I'm a(p;) = wy (determined only up to integral
multiples of wy) is the frequency of oscillation about ¢; of solutions of (1.3),, starting near

Y. Floquet theory asserts that (1.3),, has a family of solutions of the form
o(t) = A(t) coswat + B(t) sinwot

where A and B have frequency wy. If wy/w; is irrational (non-resonance case) then ¢(t) is
not periodic. If wy/w; = rational = p/q in lowest form (resonance case) then ¢(t) is periodic
and has frequency w;/q, i.e., the period P = ¢P, (P, = 27/w; is the period of ¢;). If ¢ > 1

we call ¢(t) a subharmonic solution. In terms of the Floquet multiplier A(p;) = ei%%,

non-resonance is characterized by A%(u;) # 1 for any integer g and resonance by A?(p;) = 1

for some integer q.

Throughout this work we will assume that F' has p > 5 continuous derivatives with

respect to = and p in some neighborhood of (¢, 1). We will prove the following.

Statement 1: If certain low order resonances are avoided, specifically, if

(a) wy /w1 # p/q in lowest form with ¢ = 1,2,3,4 i.e., if N(uy) # 1 for those ¢, and if

(b) Re o (1) > 0 and

(c) a certain constant obtained from the terms of degree < 3 in the expansion of F' about
¥(t, u1) has the proper sign, then ¢ (¢, ;1) bifurcates into a unique asymptotically stable torus
oo(p) as p increases through py. For r an integer, 0 < r < p — 1, o9(u) exists as an r-times

continuously differentiable manifold for 0 < p — puy < 4, where 9, depends on r, the terms of

“i.e., n — 1 of the Floquet exponents associated with (¢, ;1) have negative real parts.



degree < 3 mentioned in (c), and My = |F|,”. In general 6, — 0 as r — oo. If the constant

in (c) has the opposite sign, then the torus oy exists in advance (@ < p1) and is unstable.

A model of such bifurcation phenomenon was given by E. Hopf [3]. Hence we show
essentially that for the second bifurcation (i.e., periodic solution into torus) Hopf’s model is

the generic situation.

It is worth noting that even if F'(x, i) is analytic, this torus may not be analytic but only
represented by functions with finitely many derivatives. Thus any method based on power

series expansions must fail.
Three resonance cases are discussed and we prove the following.

Statement 2: If

(a) wo/wy =1/4,ie., A () =1

(b) Re o' (j11) > 0 and

(c) certain conditions are satisfied by the terms of degree < 3 in the expansion of F
about v (t, py1), then as p increases through py, 1 (t, p) bifurcates into a pair of subharmonic

solutions™ . One solution is asymptotically stable and the other is unstable.

The next result deals with the case in which one real Floquet exponent a(u) becomes

positive.

Statement 3: If

(a) a(pr) =0, ap) real, (b) @' (1) > 0 and

(c) a certain constant obtained from the terms of degree < 2 in the expansion of F' about
W(t, 1) is not zero, then as u increases through gy, ¥(t, 1) bifurcates into an asymptotically

stable periodic solution having the same period.””

The third resonance case, wy/w; = 1/3, is discussed by means of an example which

illustrates the violent instability which develops after bifurcation.

The resonances (Statements 2 and 3 and the example) are treated in Chapter III where
the rate of growth of the bifurcating manifolds is also discussed. The proofs of Statements 2
and 3 require the usual construction of periodic solutions by means of the implicit function
theorem [4]. In contrast, Statement 1 requires the construction of a 2-dimensional surface
and thus different techniques are needed. Statement 1 is proved in Chapter II and again in

Chapter III. In Chapter II the problem is treated by working with the mapping induced by

“This norm is defined at the end of the chapter. The differentiation is with respect to  and p and the

supremum is taken over a small neighborhood of ¥ (¢, w).

** The deviation of period with p is eliminated by introducing a new parameter s in place of t.



the vector field near 1, the so-called “method of surfaces of section” of Poincaré and G.D.
Birkhoff. The method is described in detail in the introduction to that chapter.

In Chapter IIT we treat the differential equation directly. The torus is obtained as the
solution of a certain partial differential equation which arises in the theory of perturbation
of an invariant surface of a periodic vector field. This theory, treated in Chapter IV, is

concerned with the problem of finding an invariant manifold 7(u) of

y = glz,y,p
whenever 7(0) is known and has certain properties. p is a small parameter, z and y are
vectors, and the functions are periodic in x. If 7(0) is the surface ¢g(x), then the problem is

to find a solution 7(p) : y = ¢(x, u) of the quasilinear partial differential equation

v

S Fule 6 1) 5% — gl 6.) = 0 (15)

with ¢(z,0) = ¢o(z). The properties of the flow (vector field) in the surface 7(0) and the
flow against” the surface are essential in determining the existence and smoothness of the
perturbed surface. We say that the flow in 7(0) is parallel if & = constant on the surface.
The flow is parallelizable if it is parallel in appropriate coordinates on the surface. The case
of parallel flow has received much attention (Diliberto [5, 6], Bogoliubov and Mitropolski [7,
8], Hale [9, 10], Diliberto and Hufford [11]).

In treating the general problem of perturbation of invariant surfaces the assumption of
parallel flow is much too stringent and unnatural since it is generally lost after the perturba-
tion is made. When the unperturbed surface contains lower dimensional invariant manifolds
(e.g., stationary points) it is usually impossible to parallelize the flow. The characteristics on
the surface may form envelopes and it seems unsatisfactory to use methods such as those of
Bogoliubov and Mitropolski [7] in which (1.5) is solved by integrating along characteristics.
The characteristics method is associated with initial value problems whereas the problem
of solving (1.5) defined on a torus may be formulated more naturally as a boundary value
problem in which the boundary condition to be imposed is the periodicity of the solution
in z. It is the latter formulation which is considered in Chapter IV. The solution of (1.5)
is obtained by an iterative process. At each stage the equation is linearized and smoothed
so that we obtain an equation Lu = h where h and the coefficients in L are C'*° functions.

This is then modified to give an elliptic equation

cAu+Lu=nh

“We do not consider the case in which the flow is away from 7(0).



where ¢ = ¢(n) is a constant which tends to zero as n, the number of iterations, tends to oo
and A is the Laplacian. Under the given conditions we obtain existence and C'* smoothness
of a solution of the above equation. The existence of the solution of the nonlinear equation
then follows from the “a priori” estimates for the solution of the linear equation and its
derivatives. In deriving these estimates there are two parameters, 6 > 0 and A < 0, which
play a fundamental role. (3 is a measure of the flow against the unperturbed surface and A
is a measure of the flow in the surface. It is shown that if 5+ 7\ > 0, r and integer > 2,
and another condition” is satisfied, then for sufficiently small x the perturbed surface 7(u)
has r — 1 Lipschitz continuous derivatives. This is the second main result established in
this dissertation (Theorem 8). It says essentially that if the flow against the surface is great
(0 large) compared to the flow in surface, then the perturbed surface will be very smooth.
Heuristically we can see the need for such an assumption. For consider (in one  dimension)
two characteristics C; and Cy approaching the equilibrium x = 0, (see Figs. 2 and 3 where
7(0) is the line y = 0). If as in Fig. 2, the flow against y = 0 is small compared to the flow
in y = 0 (shown by arrows), then a cusp may develop. McCarthy [13] and Kyner [14] discuss
an example of such a situation. If the relative strength of these flows is reversed (Fig. 3)

then C] and Cy tend to meet in a smooth fashion.

Thus even if f and g are C* functions and 7(0) is a C'* surface it may happen that 7(u)
has only finitely many derivatives. In fact, in the example of Kyner the perturbed surface

has a cusp for arbitrarily small x> 0.

The result of Kyner [14] is not restricted to parallel flow. In the case of non-parallelizable
flow he postulates the invertibility of a certain linear transformation and obtains a perturbed

surface which is Lipschitz continuous. Higher derivatives are not treated.

In the special case in which the flow on 7(0) is parallel, A = 0 and thus 7(u) will have
any finite number of continuous derivatives provided p is sufficiently small. Such is the case

if we consider the equation
§=F(&) +pul" (&t p) (1.6)

(¢ an n-vector) where the functions are C* in all arguments and have period T" in t. It is
assumed that for © = 0 there is a limit cycle I' which is asymptotically stable (n — 1 of the
characteristic exponents of the linear variational equation have negative real parts). 7(0) is
then the torus I' x {0 < ¢ < T} with the faces t = 0 and ¢ = T identified (see Fig. 4). It is
known ([15], [8], [9], [11]) that coordinates can be introduced such that the flow on 7(0) is
parallel. Hale [9] and Diliberto and Hufford [11] treat (1.6) in the degenerate case in which

“This condition (number 3 in Theorem 8) is used to solve the linearized equation and is precisely the

“positive” condition of Friedrichs [12].






the flow against 7(0) vanishes for y = 0 (some of the characteristic exponents have zero
real part for 4 = 0). It is this case which arises in the bifurcation problem in Chapter III
(see equation 3.24) and thus the results of these authors could have been applied at this
stage to prove existence of the torus. The theory of Chapter IV also takes this degeneracy
into account and may be considered as a new derivation of the results of the above authors.
Its chief advantage, however, lies in its applications to cases of non-parallelizable flow. (see

example in Chapter IV).

Notation: We now introduce some notation which will be used throughout the rest of

our work. For r a positive integer

F(z,y,p1) € C"(z,y) N C(p)

means that F' has r derivatives with respect to x and y which are continuous in (z,y, ).

F(z,y,p) € C"(z,y) N Lip"(z,y) N C(p)

means the same as above and the derivatives are Lipschitz continuous in x and y uniformly

in pu.

For a vector f = (f;) define

= (Z f) = (f.1):

We will consider functions f(x,u) defined for x a vector in some domain G and p a small

parameter. For r > 0 an integer define the norm

_ p
| fl» max 21612|D 1

where D? is any p'* order derivative of f with respect to the components z; of z. Unless

otherwise stated, differentiation will never be performed with respect to pu.

For two real vectors u = (uq,...,u,) and v = (vy,...,v,), the symbol (u,v) will denote

the usual inner product

n
(u,v) = Z Uk Uk
k=1



Fie. Y

In this rigure I' 1s assumed to be in the ley,82) plane.

The coordinates Egj,...,gﬂJ are not shown.,



CHAPTER 11
BIFURCATION - MAPPING METHOD

1. Introduction

In this chapter we treat the bifurcation problem by considering the mapping induced
by the vector field near the periodic solution: the method of surfaces of section mentioned

earlier.

We consider the differential equation
&~ Flap) 2.)
where x and F are real n-vectors and p is a real parameter. Suppose that for all sufficiently
small p, |p| < s, (2.1) has a periodic solution x = (¢, ) with period 27. Assume that F
has p > 5 continuous derivatives with respect to z and p in some neighborhood of ¥ and
that in this neighborhood
|F ‘p < MO

where differentiation is with respect to x and p.

Suppose that v is asymptotically stable for ;1 < 0 in the sense that n-1 of the Floquet
multipliers lie inside the unit circle in the complex plane. As p increases through zero we

assume that a conjugate pair of the multipliers

M) = €2m(u), Mp) = e2raln)

leaves the unit circle with

Re a(0) =0, Re o/ (0) >0

while the remaining n-3 stay inside. Hence the periodic solution 1) becomes unstable.

We do not require that ¢ is obtained by a bifurcation from an equilibrium as discussed
in Chapter I but just consider any periodic solution which loses its stability in the above

manner as p passes through a critical value (assumed to be u = 0).

2. Reduction to a Mapping Problem

We now obtain the mapping described by the flow near the periodic solution . Let C'
be the curve described by 1. Choose a point P on C and let S be the n-1 dimensional
hyperplane normal to C' at P. Let P be the origin of coordinates * = (z(1),...,%4-1))
describing S. It is known [16; p.50] that any solution of (2.1) starting on S and close enough
to P will return to S for the first time after a time lapse of 27 + ¢(z) where ¢ — 0 as © — 0.
In a small neighborhood of P this defines a mapping 7" of S into itself having P as a fixed
point

T:xy=Dx+... (2.2)

10



It is known [16; p.163] that the eigenvalues of D are just the n — 1 previously mentioned
Floquet multipliers. Thus for 4 < 0, P is an asymptotically stable fixed point which becomes

unstable as p increases through zero.

The existence of a torus will be established by showing that P bifurcates into a closed
curve C, lying in S which is invariant under 7', i.e., if ¢ is a point of C, then Tiq = ¢, is on

C' (see Fig. 5).

3. Normal Form for the Mapping

By appropriately transforming coordinates we will put the mapping in a certain normal
form which is needed in the existence theorem. We assume that a real linear transformation

of coordinates has been carried out so that D is in the real form

Re A(p)  —Im A(p)

0
D=1 ImX\u) Re \(p)
0 S(p)
where S(p) is a matrix whose eigenvalues o(u) satisfy
lo(0)] <1 (2.3)

and

sup |S(0)Y| =09 < 1
Y|=1

where Y = Col(zs), ..., 24-1)) and Y| is the ordinary Euclidean length of a vector (Y, Y)z.
Let z = x(1) + ix(2). Then in the 2,Y coordinates the mapping is
1= )\(M)Z—i_U(ZvZ) Y?ﬂ)
T (2.4)
Vio= S(uY +V(z,zY, )

where U is complex and V is real. The functions U, V, A and S have five continuous derivatives

in a neighborhood of (z,Y, 1) = 0 which we assume to be
PV <2, fp] < pa

We assume U and V to be expanded into Taylor series up to polynomials of degree 4 plus

remainder.

In order to motivate the following theorem consider the following example of a mapping

; 2
2 = €z+u+ﬂ|z\ >

Y, = SY +b|z]?

11
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where (3 is complex, b is a real constant vector and S is a matrix which satisfies (2.3). If

Re (8 < 0, this mapping has the invariant curve

. 1% : . - I
\z|—<_Reﬁ), V= (5D g

contained in a neighborhood |z| < ¢y/1r, |Y] < p, ¢ a constant. We now consider the effect

of perturbing this example by adding more nonlinear terms. In such an oblate neighborhood
Y is small of order p whereas z is small only to order ;ﬁ. More precisely consider the
neighborhood

N:z=al, Y =d%Y

where [¢|2 + |Y]?> < 2 and a is a small parameter, 0 < a < 1. In N the monomial M, =

P
Y

17@), ¢, and ¢ and c(k) is a constant depending only on k.

29Z" T = 2p + q + r, satisfies |M,|p < ¢(k)a” where differentiation is with respect to

Definition. We call 7 the weight of M. In the following theorem we will transform the
mapping (2.4) into a form similar to the above example in which monomials of weight 2 and
3 will serve to determine the invariant curve in the first approximation while the remaining
terms will act as small perturbations. The transformations used are of the type treated by
B. Segre [17]. See also A. Kelly [18] for an excellent bibliography.

Theorem 1. If A*(0) # 1, A3(0) # 1 and (2.3) is satisfied, then there exists a po < fu.
such that for |u| < uo there exists a transformation
Z = Cw—i_P(wawaWC?M)

O0<e<1
Y = W+ P(w,w,W,c, )

with P and P polynomials in w, w, and W, which carries (2.4) into the form

w, = 627ra(,u)+62ﬂ(u)|w|2w + R4(U), w, VVa c, lu)
(2.5)
Wi = S(W + Rs(w,w, W,C, )

where Ry are function whose Taylor expansions” about (w,w,W) = 0 contain no terms
of weight < k. P and P contain no constant or linear terms. For proper choice of ¢ the

transformation is one-to-one in the neighborhood |w|? + |[W|* < 2.

Proof: In this proof subscripts on functions will carry the same significance as for Ry
defined above. We write the first equation of (2.4) as

2 =Nz +ulz, z,p) +v(z,z2Y, 1)+ Fy (2.6)

"By the smoothness assumption made after (2.4), Ry is well defined provided k < 4.

13



where u contains quadratic and third order terms in z and z and v = Y”'[p(u)z + ¢(p)z] with

p, q vectors and prime denoting transpose. We transform (2.6) by
z = w + r(p)w o’ kE+0=2,3 (2.7)

to obtain

wi = AMp)w + uw(w, @, p) — g(p)w*e’ +v(w,o,Y, p) + Fy

where
glp) = NN = Nr(p), A= Mp)

Unless £ = 2, | = 1 we see that r(u) may be determined so that (2.7) removes the term

wkw* from u. By successive applications of (2.7), we obtain the form
wy = Mp)w + b(p)|wrw + v(w,w,Y, ) + Gy. (2.8)

The transformation
W=V, k=1 (2.9)

with r(u) a vector carries (2.8) into

o= A)CFb)ICPE+ (¢ Y p) = Y g()¢hC + Gy

where
g(p) = [S" (NN = MJr(n), A= Ap)

and [ is the identity matrix. Since A(0) is on the unit circle and from (2.3) the eigenvalues
of §’(0) are inside the unit circle, we see that r(u) may be determined for u sufficiently small

such that the term ¢*C* is removed from v. The mapping now has the form

1= Ap)¢ 4 b(w)|C¢ + Hy. (2.10)

The second equation of (2.4) may be written

Vi = S(u)Y + (¢, C, ) + Hy (2.11)
where s is quadratic in ¢ and (. The transformation
Y= X (e, k=2

reduces (2.11) to
X1 = S()X +s(¢,Cp) — g(u)¢"C" + Hs

where

g(p) = [NXT = S(u)r(p), A= Au).
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Just as before r(u) may be determined for u sufficiently small. Thus the mapping has the
form (2.10) together with

Using A(u) = 2™ (2.10) may be written

G = WL+ B + H,
2w+ e 4

with = b/A. All the previous transformations may be combined into one; z =(+...,Y =
X + ... where the dots represent polynomials in ¢, (, X without constant and linear terms.
It is one-to-one in a neighborhood |¢|? + | X|* < 2¢. The transformation ¢ = cw, X = cW

then gives the desired results.

4. Existence of an Invariant Curve

Having the mapping in the form (2.5) we may now establish the existence of an invariant
curve and hence, according to the discussion of Section 2, an invariant torus of the differential

equation (2.1).
Theorem 2. In (2.4) assume
1. A*(0) # 1, A3(0) # 1 (non-resonance)

2. Mp), S(p), U, V€ C¥z,z,Y,u) for £ an integer > 5, |u| < pa, [2)> +]Y]? < 2 and
assume S(u) satisfies (2.3).

In (2.5) assume

3. A=2nwRe d/(0) >0, B= Re (0) <0.

Let r, 1 <r < {be apositive integer. Then there exists u, < p, such that for 0 < p < p,,

(2.4) has an asymptotically stable invariant curve

z = ag\/me” + pf(0, p)e”
(2.12)
Y = pug(0,p)
where ag = \/—A/B . f and g are defined for all # and 0 < p < ., have period 27 in 6,
f.g € CTHO) N Lip"H(0) N C(p)

and
| flr—1,1glr—1 < E(r)

15



where ¢(r) is a constant which depends only on r and differentiation is with respect to 6
only. In general p, — 0 as r increases. pu, depends on the coefficients of terms of degree < 3
in(2.4), i.e., on terms of degree < 3 in the expansion of (2.1) about v. u, also depends on
the constant M, defined after (2.1).

Proof. In (2.5) we assume c to be fixed such that the mapping is one-to-one for |w|? +
|W|?> < 2. Note that ¢ depends only on the coefficients of terms of degree < 3 in (2.5).

We restrict attention to a neighborhood w = az,
W =a®Y (2.13)

where |z|* + |Y|*> <2 and 0 < @ < 1. Then (2.5) becomes

21 = 627ra(u)+a202ﬂ(u)|z|2z + fl (Z’ 27 Y7 a, /~L>
i = S(p)Y + fo(2,2,Y,a, )
and
[file < elr)a®,  |falr < c(r)a

where differentiation is with respect to z, z and Y. Note that the subscripts on the functions
are used simply for identification and have nothing to do with “weight” as they did in the

previous theorem.

Expanding «, 3, and S, we obtain

z1 = exp[2ra(0) + p27a’(0) + a?c2B3(0) |22z + f3(z, 2, Y, a, 1)

Yi = S(O)Y+f4(zvzay7a’wu)

where
|[fslr < e(r)(® + @+ a®), | fals < c(r)(a+ p).
Letting
S(0) = S, 2ra(0) = T
oma’(0) = A+id, pB(0) = B+iB
and choosing
[ —Ap 0< 4 < i — mi 2B
o=\ 35 < p < po = min ( p, —
we obtain '
2= expli(T + po) + pA(L — [2)]z + f5(2, 2, Y, 1)
(2.14)
)/1 = SY + fﬁ(zu 27 Ya ,U,)
where

- AB
¢=A—§’Z|2
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and
fsle < e(r)pz, | folr < c(r)uz.

The unperturbed mapping (fs, f¢ = 0) has an invariant curve |[z| = 1, ¥ = 0. We

introduce coordinates in a small toriod (see Fig. 6) surrounding this curve.
0|2 2 1
= (L), P+ Y < 1 (2.15)
The first equation of (2.14) becomes

p1 = (1 —2pA)p = 3uAp® — pAp® + f2(p,0,Y, 1)

- AB
b =0+7+p | A= —=(1+p)| + fs(p.0,Y, 1)
where 5
| fales | Sfslr < C(T):ua
Letting p = p2u, Y = p2v, we finally obtain (2.16)

w o= (1-2pAu + plg(0)+ G0, u,v,p)]
6 = 0+ + ulfo+ F(0,u,v,p1)] (2.17)

vy = Sv + h(0)+ H(B,u,v,p)

where fj is a constant, all functions have period 27 in 6 and

(NI

|g|’r7 |h|7“ S é(T), |é’7“7 |FI|T7 |F|T S 5<T7 K)/'L (218)

for

2 2<K2 0< <
PP <K% 0<ps o

where differentiation is with respect to all variables except p. ¢ and ¢ are constants which
depend only on the arguments shown. See Fig. 7 for a description of the toroidal neighbor-
hood in the W, w coordinates. Finding an invariant curve v = u(0, p), v = v(0, p) of (2.17)

is equivalent to solving the functional equation
u(bh) — (1 —2pA)u() = pnG(0,u,v, p)
v(60y) — Sv(0) = H(0,u,v, 1) (2.19)

01 =047+ pF (0, u,v,p)

17



Fic. 6

y = SCALAR

2]

In sach rigure the toroildal nelghborhood is obtained by

rotating the cirele about the vertical axis,

Fie. 7
o/ = S5CALAR

—0(F)
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where F' = fy+F, fyaconstant, G = g(f)+G and H = h(#)+ H satisty (2.18). Theorem
3 which follows guarantees the existence of a unique solution v = u(0, u), v = v(0, ) of (2.19)
satisfying all our requirements. The form (2.12) is obtained by applying the transformations
(2.16), (2.15), (2.13) and finally, the transformation of Theorem 1.

We now prove the stability of the invariant curve. If w(6, ), v(6, u) is the solution of
(2.19) for 0 < p < fiy, let w = u(f, u) + du, v =v(0, u) +ov in (2.17) to obtain the nonlinear

variational mapping

ouy = (1 —=2pA)ou+ pu(Gy — u'F,)ou+ p(G, — u'F,)ov
vy, = Sév+ (H, — w'F,)ou+ (H, — ' Fy,)dv

where prime is d/df and F), etc. are evaluated at u(6, u)+edu, v(0, p)+edv, 0 < e < 1. From
(2.18) we see that the derivatives of F, G, and H with respect to v and v are < (constant)
12 uniformly in a small tube R : |du|? + |dv[> < constant. Hence in R for p sufficiently
small, 0 < p < p, < fi,, the above mapping is a contraction. This completes the proof of

the theorem.

5. Solution of Functional Equation

The above stability argument is based on the principle of contraction, i.e., the eigenvalues
of the linear part of the mapping are less than unity in modulus. This same principle will

now be utilized to prove existence of a solution of equation (2.19).
Theorem 3. In (2.19) assume
1. A>0, |Sv| < oplv], 0 <0y <10y constant
2. F,G,H € C"(0,u,v) N C(u), r > 1,

for 0 < p < po and |ul? + Jv|*> < K?, K sufficiently large and assume these functions
satisfy (2.18) and have period 27 in 6.

Then there exists p, < po such that for 0 < p < p, (2.19) has a unique solution
u(f, 1), v(0, 1) having period 27 in 6.

u,v € C"HO) N Lip" 1 (0) Ne(p)

and |u|,—1, |v],—1 < K uniformly in p where differentiation is with respect to € only. pu,

depends on A, 0¢, r and the constants ¢ and ¢ in (2.18). In general, i, — 0 as r increases.
Proof. Define b = min(2A,1 — 0y). Then 0 < b < 1. Also define
K = b—r—lc()(T) é(r)zé(r—i-l)—i-ii
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where co(r) and 0 are defined in Lemma 2 and ¢é(r) comes from (2.18). We will construct

n

successive approximations u,, and v, with ug = 0,v9 = 0. For convenience let w,, = (:j")

As an induction assumption suppose w,_; satisfies
wy—1 € CT(O) N C(p), 0 < p< pio- (2.20)
lwp_1l, < K (2.21)

Inserting this approximation in (2.19) we obtain

w(t) — (1=2ud)u(d) = pGu(,p)

v(h) — Sv(9) = H,(0,p) (2.22)

91 :9+T+/'LFTL<97/’L)

to be solved for w, (0, i), where

Fn(ea :u) = F<07 wn—l(ea U)? VJ) (2'23)

and so on. We now verify the conditions of Lemma 1. We have F),, G,,, H, € C"(0) N C(u)
for 0 < p < pgy = min(pg, 1/4K?). Also if we define m = infy, F,,, we have, using (2.18),
b+rm>b—cruz > b/2 for psmall, 0 < u < p' < pyg, where ¢ depends on K and ¢&(r, K).
Unless F' = 0 we see that ¢/ — 0 as r increases. By Lemma 1,* (2.22) has a solution w,, (6, x1)
which satisfies (2.20) for 0 < pu < p” < p/. To verify (2.21) for w, define Q,, = (gz) and

apply Lemma 2*.
co(1)|Qulr[1 + [ Fg lr—1)°"
(b+rm)r+t

|wnr <

From (2.18) we have
|Fn9"r—1 < Cllfé <1
Qulr < 26(r) + crp® < 4é(r)
for g small, 0 < u < ji < . Thus
wal, < (2/6)146(r)eo(r)2°) = K.
Repeating this procedure we generate a sequence {w,} which satisfies (2.20) and (2.21) for

0<p<fi.

To show convergence define duy,41(0) = wpi1(0, 1) —un (0, 1), 6Gpi1 = Gpi1 — Gy, and so
on. Then from (2.22)

Sup41(61) — (1 = 2pA)0p1u(l) = pldGrir — up0F 4]

6Un+1(91> — SéU,H_l(H) = 5Hn+1 — U;éFn_H.

“This lemma is proved later.
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0 =0+7+ puFna(0, 1)

Defining @),, as before, we have from the first estimate of Lemma 2

2
|0wn11]0 < g{|Qn+1|0 + |wpl1 |0 F 410}

Using (2.21), (2.23) and (2.18) we have
1 1
[0wn1lo < euz|dwnlo < Slownlo

for p sufficiently small, 0 < p < g < fi, i.e., uniform convergence of the w,. For the 6

derivative w$" 0 < A < r—1 we have from Lemma 3 (withm =1, 21 =60, £ =r) and (2.21)

W) — wPy < 2K e\, r)|wnip — wals .

Hence {w,} converges to a solution w of (2.19) and w(f, u) € C"~1 () NC (). The Lipschitz

condition follows from passing to the limit in

M (@', 1) — w0, )| < Jwa|ria | — 0] < K10 — 6.

n

Uniqueness follows by applying the convergence argument to the sequence {wy, we, wy, wy, ...}
where w; and wy are two supposed solutions. Finally we note that |w|,_; < K. Thus the

theorem is proved with u, = .
Lemma 1. (Solution of Linear Functional Equation)
Consider the equation

u() — (1—2upA)u®) = pG(O)
(2.25)
v(f) — Sv(0) = H(0)

O =0+T1+ pF (0, 1) (2.26)

where 7 is constant, 0 < u < p/;, A > 0 and |Sv| < gp|v| for some 0y, 0 < op < 1. Define

b=min(2A4,1 — 0y) and m = infy , Fy. Assume
1. b+ rm > 0 for some integer r > 0
2. F\G,H € C"(0) N C(p) and have period 27 in 6.

Then for ) .
0 7 _ . L ’ 1
<p<p m1n|:2A7 |m|7ﬂa :|
(2.25-6) has a solution u(0, u),v(0, ) € C"(0) N ¢(p) having period 27 in 6.

Remark. Since F' is periodic in 0, m will be < 0 and hence if 1 is true for some integer

r = ro then it is true for any smaller integer r < .
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Proof. Each equation has the form

Y(61) = D(u)Y(0) = P(6, 1) (2.27)

with
[ D(w)Y] < (1 —pb)|Y| (2.28)

where D(p1) represents either S(u) or 1 —2uA. Let I be any closed subinterval of (0, ). We
may solve (2.26) for the negative iterates 0_1,60_o,... where 0_,,11 = 0_,, + 7 + pF(0_,, 1)

since

df,
o

We allow D to depend on 6 also and write

>1+pum>0for pel.

Y(Q) - D(9—17 M)Y(e—l) = P<0—17:u)

D01, )Y (01) = D(0-1, p) D(0 2, )Y (02) = D01, 1) P(6 2, 1)

Adding and passing to the limit

0o 1
Y(0,) =" ] DOk, )P0, 1)

7=1 k=1

<.
|

where []_, = 1. From (2.28) we see that the series converges uniformly for all # and for

we . If r =0 we are finished. If » = 1 we differentiate term by term using

d 0 — do_; do_,
ag 7 do_j i1 T de
and A
d 1 J
—0_;| < )
df 1+ /JF@

The differentiated series converges uniformly for the same values of § and p since for |y| = 1,

Dyl _ 1= pb
L+pFp = 14+ pum

<c<1 (2.29)

where ¢ depends only on I,b and m. Hence Y (0,u) € C*(0) N C(u). If r > 1 assume for
s <rthat Y € C*1(0) N C(n). Then differentiate (2.27) s — 1 times with respect to 6
DY ()

ye=(g,) (e =P8, 1) (2.30)

where P contains derivatives Y , 0 < XA < s— 2 considered as known functions. Thus
P e C'(0) N C(n). We now consider this as an equation for Y~ and repeat the above
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procedure with D(u)[1+ uFy]'~* in place of D(u). Using the fact that for x > —1, (1+z)* >

1 + sz we see that the corresponding condition (2.29) is

Dyl 1 —pb
1+ puFyl* = 1+ psm

<c <1

hence the solution of (2.30) is in C*(#) N C'(u), i.e.,
Y(6,u) € C"(0)NC(w). Q.E.D.
Lemma 2. “A-priori” Estimates. Consider equation (2.25-6) of Lemma 1 and assume

everything in the statement of that lemma. Letting @) = (g) we then have the following
estimates for the solution w = (%) of (2.25-6).

2
ol < 71Ql

and in general for 1 < s < r, s an integer,

‘w‘ CO(S>|Q|S[1+ |F0|371]5(S)
° - (b + sm)st1

where, as before, m = infy , Fy. cy(s) is a constant which depends only on s. 6(1) = 0 and
d(n+1)=46d(n)+n.

Proof. We will use the fact that for x > —1 and n > 0 an integer (1 + x)” > 1 + nz.
(2.30)

From the first equation of (2.25)
u(01)] < (1 = pb)|ulo + p|Glo

for all 6; and in particular at the point where |u|q is assumed. Thus |ulp < b7 G|o.
Similarly for v
[vlo < (1 =b)[vfo + [Hlo

and therefore |v]g < b7!|H|o. Adding we obtain the first estimate. For the second estimate

we differentiate to obtain
uM (0)(1 + pFy) — (1 — 2uA)uM (8) = uGy.
Noting the restrictions imposed on g in Lemma 1,
(14 pm)|uPo < (1 = ) [uVlo + p| Gl
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and similarly for v. Thus
o < 2(b+m)~! Q-

2|Qh
(b+m)?
assume it true for s — 1 and differentiate the first equation in (2.25) s times

Using b+ m < b < 1 we have |w|; < . To prove the general statement for s > 2

uO(O)(1+ i) — (1 - 2 Ayl (6) = ulG) + g,

where g, is a linear combination of terms of the form
u® H FO) (2.31)

where 0 <p, g<s—1land 1<\ <s.

At the point 0; where |u(®)(60,)| = |u'®|, we have, using (2.30), 1+ psm < (1+ puFy)® and
therefore
[ o(1 + psm) < (1 — ub)[u®)o + |Gl + |gslo]

or
|Q|s + |gs|0

b+ sm
Using the estimate for s — 1 and the fact that b+ sm < ... <b+m < b < 1, we obtain

c(8)|Qs[1 + | Fyls—1]°
(b + sm)stl )

|u(5)|0 <

|u(8)|0 <

In estimating g5, since the maximum number of terms in the product in (2.31) is s — 1, we
choose §(s) = d(s — 1) + s — 1. Repeating this for the second equation in (2.25) and adding
we obtain the desired result. Q.E.D.

We now establish an inequality which is useful in proving the convergence of the deriva-
tives gy({\), 0 < X\ <, of a sequence whenever the original sequence {g,} converges and the

sequence { g )} is uniformly bounded.

Lemma 3. Suppose f(z) = (fi,...,f.) € C¥x) for all x = (x1,...,2,,). Then for
0< A</
D flo < eX Ol o™ 111"

for positive integers A and ¢, where D) is any partial derivative of order A. ¢ depends on m
and n but not f.

Proof. We define the norm
[f]; = sup | D" fi
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th

where the supremum is taken over all 7** order derivatives. We introduce the smoothing

operator (J. Moser [19])

[ee) o

HJ@ﬁ:/”x/Kw@—fﬁ@%mQ“m% (2.33)

—00

valid for any N > 0 and all . The kernel is given by
Kn(x) = N"K(Nxy)... K(Nx,,)

where K (t) € C™ for all t and K (t) = 0 for [¢t| > 1, and

o0

k . 1 fork:()
/t K(t)dt_{o, 0<k<s

—0o0

with s an integer to be fixed later. K is constructed [19] from a C'* function ¢. We assume
that the mode of construction as well as ¢ are fixed. Therefore K depends only on ¢t and s.

For (2.33) the following inequalities can be verified for o, s, r > 0:
[TNf]T+O' S 01(0', S)Na[f]r (234)

[f = Tnflr < ca(s) N7°[flrrs (2.35)

where ¢; and ¢, depend on m but not on N and f. Letting N = ([f]¢/[f]o)/*, we use (2.35)
with 7 =\, s = ¢ — X and (2.34) with » = 0, 0 = A to obtain

[f]a < e O[]0 MO 11"

The final result follows using

cs(n)[DP flo < [flp < |flp

where c3 is a constant depending only on n. Q.E.D.
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CHAPTER III
BIFURCATION - INVARIANT SURFACE METHOD

1. Introduction

In this chapter we treat the bifurcation problem by reducing it to a problem of pertur-

bation of an invariant surface of a vector field.

We consider the differential equation

X Plap) (3.)
where x and F' are real n-vectors, n > 3, and pu is a real parameter. Suppose that for all
sufficiently small y, (3.1) has a periodic solution = = (¢, ;1) which is asymptotically stable
for p < 0 in the sense that n — 1 of the Floquet exponents have negative real parts, i.e.,
n — 1 of the Floquet multipliers lie inside the unit circle in the complex plane. As u increases
through zero we assume that a conjugate pair of these exponents «(u) and @(u) crosses the

imaginary axis and enters the right half plane with
Re a(0) = 0, Re o/ (0) >0 (3.2)

while the remaining n — 3 stay in the left half plane.

We assume that F'(x, ) has p > 5 continuous derivatives with respect to  and p in a
neighborhood of ) and in that neighborhood |F|, < M where differentiation is with respect

to x and p and M, is constant.

2. Reduction to Normal Form

We will now transform equation (3.1) into a form suitable for discussing the behavior of

solutions near the trajectory .

Following Nemytskii and Stepanov [20] we introduce the arc length s along 1) as the new
independent variable and 1, ...¥y,_1 as new dependent variables. The y; are coordinates in
the hyperplane Ss; normal to ¢ at the point s. Without loss of generality we assume that
the trajectory ¢ has arc length 27, i.e., w; = 1. In these new coordinates (3.1) takes the real

form
g = Als, )y + F(s,y, 1) (3.3)
where F(s, 0,p) =0, F’y(s, 0, 1) = 0. The functions are periodic in s with period 27 and -
means d/ds.
Note: If we let Sy be the hyperplane S discussed at the beginning of Chapter II, then
the mapping T" : yo — v is just y(27, yo, ) where y(s,yo, pt) is the solution of (3.3) which
satisfies y(0, yo, 1) = Yo.
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It is known [21] that if «(0) # n(i/2),n = odd integer, there exists a real periodic matrix
Q(s, 1) having period 27 such that the change of variables

y = Q(s, p)u

reduces (3.3) to
i = Clp)u+ G(s, 0, 1) (3.4

where G has period 27 in s, G(s,0,u) =0, G,(s,0,) =0 and Cp is in the real form

Re o) —Im o(p)
C(p) = | Ima(n) Rea(p)

S(w)

The roots of C'(p) are the n—1 non-zero Floquet exponents associated with ¢. By assumption
the roots ¢(0) of S(0) satisfy Re 0(0) < ¢ < 0 and Re () satisfies (3.2). We also assume
that a linear transformation has been performed such that (Y, S, (0)Y) < 0¢(Y,Y) where

Y = col(uz, ..., up_1).
If we let
Z = Uy + tUs, Z = U3 — U9
(3.4) becomes
z = a(M)Z+G1(SaZa27Y7M)

‘ (3.5)

Y = S(Y +Ga(s,2,2,Y, 1)
where G (complex) and G5 (real) have period 27 in s, contain no linear terms in z, z, and Y’
and G;(s,0,0,0, 1) = 0. The functions a(p), S(u), and G; have p > 5 continuous derivatives
in a neighborhood of (z,y, ) = 0 which we assume to be |u| < ., 2] +|Y]* < 2. We
assume the G; to be expanded into Taylor series in z, z, and Y; up to terms of degree 4 plus
remainder. As in Chapter II we will transform (3.5) into a form in which terms of weight < 3
occur in a particular way. We recall that for the term c(s, ) 2*2°Y;™ the weight 7 is defined
to be 7 = k+ ¢+ 2m. This problem of removing nonlinear terms from a differential equation
by coordinate transformation has been treated by many authors. (See G.D. Birkhoff [22]

and the references given in Chapter II prior to Theorem 1.)
Theorem 4. In (3.5) assume that
1. Rea(0) =0, Red'(0)>0

2. the eigenvalues of S(0) satisfy Re o(0) < 0
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3. a(0) #vi/3, vi/4, v an integer

4. G; € CYs,2,2,Y, )

Then there exists a o < p. depending only on a(u) and S(u) such that for |p| < wuo,

there exists a transformation

z=cw+ P(s,w,w, W, c, )

) (3.6)
Y =cW + P(s,w,w, W, ¢, ),
¢ constant, 0 < ¢ < 1, which carries (3.5) into the form
W = a(p)w + B(p)wlPw + Ra(s,w, w, W, c, 1)
(3.7)

W = S(H)W + Rg(S,’LU,’U_},VV,C, /’L)

where P and P are polynomials in w, @ and W having no terms of degree zero or one, and
the Ry, are functions whose Taylor expansions about (w,w, W) = 0 contain no terms having
weight” < k. The transformation is one-to-one in a neighborhood |w|? + |[W|? < 2 and all
functions of s have period 27 in s. The transformation is unique once ¢ has been fixed. In

case 3 is violated, the following is true.

If a(0) = 0 then (3.7) should read

i = a(juyw + el f()w? + gluywin + h(u)a?] + Ry

. 3 (3.8)
W =S(u)W + Rs
where R3 and Ry are functions of (s, w, @, W, ¢, i).”
If a(0) = i/4 then (3.7) should read
w = a(p)w + B [wlPw + y(p)ew®] + Ry 59

W = S(u)W + Rs

where Rz and Ry are functions of (s, w,w, W, ¢, ).

Proof. Throughout, subscripts will have the same significance as above,i.e., Rj contains

no terms of weight < k. We write the first equation of (3.5) as

Z=oa(p)z+U"s,2,2,1) + ... (3.10)

““Weight” is defined in Chapter II, Section 3.
** For this assertion, hypothesis 4 may be replaced by G; € C3.
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where U™ contains all the terms of degree p, 2 < p < n, in z,z. We write U" displaying a

particular n'” degree term
U =U(s, 2,z 1) +b(s, ) 2"z, k+0=n

where

b(s,p) = > b (e

Define d(s,p) = 0 if (k — 1)a(0) + £a(0) # ni, n an integer, and d(s, ) = b= (u)e™™* if
(k — 1)a(0) + £ (0) = ni. Then for sufficiently small p the equation
¥+ [k = Da(p) + a(uw)ly = b(s, p) — d(s, 1)

has a periodic solution (s, u) having period 27 in s. The real part of the bracketed term is

# 0 for u # 0 and therefore (s, 1) is uniquely determined. The transformation
z=w + (s, p)wro (3.11)
then carries (3.10) into
W = a(p)w + U(s,w, @, 1) + d(s, p)w o + ...

where the dots contain no terms of degree < n in w and w. If «(0) # v i/3, v i/4 then
successive applications of (3.11) for n = 2 and 3 leads to the form w = a(u)w+8(p)|w|?w+-. . .
we write this as

w = a(p)w + B(p)|wfw +Y - v(s,w,w,u) + Gy (3.12)

where v = a(s, p)w + b(s, p)w, a and b vectors. Consider the vector differential equation
¥+ 5" () +{(k = Da(p) + La(u) ]y = h(s, 1)

where prime denotes transpose, [ is the identity matrix and h is periodic in s. For pu

sufficiently small this equation has a unique periodic solution (s, 1) and the transformation
w=C+Y (s, m)¢C (3.13)
carries (3.12) into
¢ =alp)¢+BICPC+Y - [u(s,¢, ¢ ) — his, p)¢C] + G
Applying thisfor k=1, / =0, h =a(s,u) and k =0, ¢ =1, h = b(s, 1) we obtain the form
¢ = alp)C + B(w)[¢*¢ + Hay.

After carrying out the above transformations on the second equation of (3.5) we write that
equation as

Y = S(n)Y +v(s, ¢, ¢ p) + Hy (3.14)
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where v = f1(s, 1)¢? + f2(C + f3¢%. For u sufficiently small the vector differential equation
¥+ Hka(p) + a(u)} = S(pw)ly = his, p)
with h periodic in s, has a unique periodic solution (s, ) and the transformation
Y = X + (s, p)C"’
carries (3.19) into the form
X = S()X +v(s,¢, ¢ p) — h(s, w) ¢ + Hi.
Applying this transformation for k + ¢ = 2 we obtain the form X = S(u)X + H;.
The previous transformations may be combined into
2=+ Qs,(, ¢ X, p)
Y =X +Q(.¢,¢X p)

which is one-to-one in a small neighborhood |(|*+|X|* < 2¢, 0 < ¢ < 1. The transformation
¢ = cw, X = cW then gives the desired result (3.7).

In the case a(0) = 0 we apply (3.11) only for k + ¢ = 2, skip (3.13) and proceed from
(3.14) as before. In the case a(0) = i/4 the procedure goes as before except that in equation

3.12) there now appears a new term (u)e*w?. E.D.
1

3. Non-resonance Case: a(0) # v i/3, vi/4, v an integer

In this section we obtain the results of Chapter II by the method of perturbation of an
invariant surface. The problem is reduced to solving a certain partial differential equation

defined on a torus. The actual solution of this equation is carried out in Chapter IV.

The following theorem states that as u increases through zero the periodic solution

bifurcates into an asymptotically stable torus.
Theorem 5. In (3.5) assume
1. a(0) #vi/3, vi/4, v an integer

2. Re «(0) =0, A= Re /(0) > 0 and the matrix S = S(0) satisfies (Y, 5Y) < 0o(Y,Y)

for o9 < 0 a constant
3. a(u), S(u), Gy € C(s,2,2,Y, ), £ and integer > 5

4. In equation (3.7) B = Re (5(0) < 0.
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Then given any integer r, 2 < r </, there exists p, < p. such that for 0 < p < p,, (3.5)

has an asymptotically stable invariant torus

2(s,0, 1) = ag\/1 € + puf (s, 0, 1)
() (3.20)
Y(s,0, 1) = pg(s, 0, p)

where ag = \/—A/B. f and g are defined for 0 < pu < p,, have period 27 in 6 and s
f, g€ N6, 5) 0 Lip (6, 5) N C(p)

and |f|,—1, |glr—1 < ¢(r) with ¢(r) a constant depending only on r. In general p, — 0 as
r increases. p, depends on M, (defined after (3.2)) and the terms of degree < 3 in the
expansion of (3.5) about (z,%,Y) = 0.

Proof. In (3.6) Assume ¢ to be fixed such that the transformation is one-to-one for
|w|? + |[W]? < 2. Note that ¢ depends only on terms of degree < 3 in the expansion of (3.5)

about (z,z,Y) = 0. We no longer indicate the dependence on ¢ in the functions.

We restrict attention to a neighborhood
w=az, W=aY (3.21)
where |2 + |Y]? < 2 and a, 0 < a < 1, is a small parameter to be fixed later. In the new
coordinates (3.7) becomes

i =a(p)z +a*p(p)|2lPz + fi(s, 2,2, Y, a, )

Y = S(u)Y + fals, 2,2, Y, a, 1)

with |fi|x < c(k)a®, | fo|r < c(k)a where differentiation is with respect to all variables except
a and p. Note that the subscripts on the functions are used simply for identification and

have nothing to do with “weight” as they did in the previous theorem.

Expanding a(u), S(u) and G(p) we obtain
2= [a(0) + pa/(0) + a*c26(0)|2]?]2

+f3(S7Z,2’Ka,M)

Y = S0)Y + fils, 2,2 Y, a,p)
where
|fsli < e(k)(a® + pa® + %), | fule < e(k)(a+ p).
Let S(0) = S, a(0) = iw, o/(0) = A+iA, 3(0) = B + B and choose

—Ap 2B
_ < -

a =
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Then the above equation becomes
¢ =ilw+ pgle + pA[l — |27z + f5(s, 2,2, Y, )

Y =S5Y + f6(87za Z,Y, :u)
where ~
~  BA
¢=A- ?MQ
and
fsle < cBnz, | fslk < clk)pe.

The unperturbed equation (f5, f¢ = 0) has an invariant torus |z| = 1, Y = 0. In order to
treat the perturbation terms we introduce coordinates in a neighborhood of this surface by

making the transformation

(3.22)

. 1
z=(1+p)e?  |pP+ Y < 1

to obtain . ,
p = —2pAp + [—pAp* + f(s,0,p,Y, )]

0 = w+ [u(cr + cap+ csp?) + fu(s,0,p,Y, )]

Y = SY + fols,0,p,Y, )
where the ¢; are constants. We now treat fy9 and the expressions in brackets as perturbation
and note that the unperturbed system has an invariant torus 7 : p = 0, Y = 0, which
is asymptotically stable for 4 > 0. The problem is to find an invariant torus 7, for the

perturbed system. By making the transformation

p =, Y =\/pv (3.23)

we obtain R
U= —2pAu+ plGY(s,0) + Gi(s,0,u,v, )]

0 = w+ p[F* + F(s,0,u,v, )] (3.24)

b= Sv+ GY(s,0) + Ga(s, 0, u,v, ).

The functions on the right have period 27 in 6 and s and are defined for |u* + |v]* < K2,
0 < p < fip = min(pg, 1/4K?) where K is an arbitrary constant to be fixed later. These

functions satisfy F° = constant and

GOk < e(k);  |Gilk,  |Flk < (k)2

32



The problem of finding an invariant surface for (3.24) is equivalent to finding a solution

u=u(s,0,pn), v="u0(s,0,p) of the partial differential equation

ou ou
ov ov
%[w—i-,uF]jL%—SU—GQ

WhereGizG?—l—éiandF:FOnLﬁ.Ifwedeﬁnew: Z ,G:(gl>,D(w,9,s,,u):
2

( lé,u ? ) {(w + /LF)% + %} and P = < 264 —OS ), the equation takes the form

D(w, s,0, p)w + Pw = G(w, s, 0, 1) (3.25)

which is a special case of equation (4.4) of Chapter IV withm =2, 1 =0, x5 = s, A} = F°
and A = 1. It is shown in that chapter that for a given integer 7, 2 < r < [, there exist
values K and i such that for 0 < u < fi, (3.25) has a unique solution 7» : w = w(0, s, u)

having period 27 in 6 and s,
we C™ 0, s)N Lip™(0,5) N C(p)

and |w|,—; < K. The form (3.20) then follows by applying the transformations (3.23), (3.22),
(3.21) and finally the transformation (3.6) of the previous theorem.

We now show that 7, is asymptotically stable. Let u*(s, 1), v*(s, 1), 6*(s, i) be a solution

of (3.24) which is sufficiently near 7, for some value of s. Write
u*(s, 1) = u(s, 0*(s, 1), 1) + ou

v*(s, 1) = v(s, 0%(s,p), 1) + dv

which defines the variations du and dv, where u and v represent 7. Putting this into (3.24)

we obtain
o+ 2uAdu = p(Gy, — ugF,)ou + p(Gy, — ugF,)ov

(3.26)
00 — Sov = (Gg, — pveFy)ou + (Ga, — pvgF,)ov

where the terms in parentheses are functions obtained by replacing 6 by 6*(s, ) and the

derivatives, F, etc., arise from the mean value theorem, e.g.,
F, = F,(s,0%,u(0", s, u) + €du, v(07, s, n) + edv, )

where 0 < € < 1. From the form of F' and G; given just before (3.25) we see that their

derivatives with respect to u and v satisfy
|Fulo, - < cou%, co = constant

33



uniformly in a small region R : [du|* + |6v|> < M containing 7. Thus (3.26) has the form

0t = [—2uA + Pi|ou + Pyv
00 = Qrou + [S + Q2]ov

where P, and Q; are continuous functions of (du, dv, s, ) which satisfy [Plo < bu?, |Qs]o <
buz, b constant, uniformly in s for du, v in R. If we define U = |0ul? + p|év|?> and
m = min(2A4, —0,) then for 0 < p < min[1, (m/8b)?] it can be shown that U < —u(m/2)U
and therefore U — 0 as s — oo. Q.E.D.

4. Resonance Case a(0) = i/4

We now discuss a case in which a particular low order resonance occurs. Since the

frequency of ¢ has been normalized (w; = 1), we are in the case in which wy = 1/4, i.e.,
for solutions of the linearized (Floquet) equation the frequency of motion along the periodic
solution 1 is four times as great as the frequency about 1. In this resonance case we see that
the normal form of the equation (Theorem 4) is given by (3.9) in which a new parameter ~y(u)
now appears. The relative size of the parameters o/(0), ((0), and v(0) determines several
cases. We discuss on possible case and show that 1 bifurcates into a pair of subharmonic

solutions one of which is asymptotically stable. More precisely
Theorem 6. In (3.5) assume
1. a(0) =1/4

2. Re o/(0) > 0, Im &'(0) = 0 and S = S(0) satisfies (Y,SY) < 0o(Y,Y) for some

constant g9 < 0

3. a(p), S(n), G; € C*(s, z,2,Y, ) and periodic in s with period 27, and in (3.41) below

assuime

4. Re B(0) <0, Im B(0) = 0, and 0 < |(0)| < |3(0)]

Then there exists a py depending on M, (defined after (3.2)) and the terms of degree
< 3 in the expansion of (3.5) about (z,z,Y) = 0 such that for 0 < p < o, (3.5) has two
subharmonic solutions. Each has the form

z =/l 20 €5 4 pf(s, i)
(3.40)

Y = pg(s, p)

where 2 is a constant, f and g have period 87 in s, f,g € C’4(s,,u%), i.e., C* a functions

of s and ,u%, and |fl|s4, |g|lsa < constant (independent of x). One solution is asymptotically
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1
—a/(0 3
stable and the other is unstable. For the stable solution zy = ( 3 o'(0) > and for the

(0) + (0]

NI

(0) = 1 (0)]

Proof. We apply Theorem 4 to obtain the canonical form

Y,
unstable solution zy = (5&) e'a

W = ap)w + A[B(p)|wPw + () %] + Ra(s, w, @, W, 1)
(3.41)
W = S(u)W + Rs(s,w,w, W, )

valid for |w|* + |[W|* < 2, where Ry contains no terms of weight < k. Letting o/(0) =
A, 26(0) = B and ¢*y(0) = C we have A > 0, B < 0 and by replacing s by s+ constant

we may assume C' > 0. Hence 0 < C < —B. We then make the transformation

w=/u¢, W= (3.42)

B+C
—2A"7

—4A
where |C|? + |v|? < B C and 0 < g < min ( 1), to obtain

C = ic + /’Lh(‘S?C?g) + fl(sa Caéavau)

(3.43)
U= S'U + f2(87§757vvﬂ)
where
h(s,¢,¢) = AC + BIC¢ + Ce*¢?
and
|fila < Kug, |fala < Kp,%, K = constant >0 (3.44)

In this system we consider the terms f; and f; as small perturbations and discuss first
the system obtained by dropping them. We will show that the unperturbed system has a
pair of subharmonic solutions having the stated properties and that this remains true if the
perturbation is taken sufficiently small. We thus introduce a new parameter € by writing
fi = pez fi, fo = €2 fo where |fj\4 < K. Then for € = 1 we have (3.43) and € = 0 gives us

the unperturbed equation. Let € = 0 and make the transformation

C=mned (3.45)

to obtain . ) .,
n = u[An + Bln|*n + Cp’]
(3.46)

v = Sv
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or in polar coordinates, n = re®

7 = u[A + (B + C cos 40)r?]r

6 = —uCr? sin 40 (3.47)
v = Sv.

The stationary points of this equation are (see Fig. 8)
(" (T
p=(0) e=()

AN ins
— - T,TL§

i = ( 4 )eG*”g)

B-C

where

v, =0, n=0,1,2,3.
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Fig. B

73 A=
=4 A
B +C cos 4«8 C = 3/2

[' conslsts of eight such arcs Joining the outer

slngularities. Only one arc is shown.
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These stationary points correspond to a pair of periodic solutions of equation (3.43) with

e=0

po(s)={ me4 |, Qol(s)=| foe4
0 0

The linear variational equation obtained from (3.47) has the matrix

J; 0
J p—
0 S
where
—2uA 0
Jl = at Pn
0 " CA
B+C
and
—21A 0
J1 = CA at Qn
0 —14
FB_C

Thus po(s) is asymptotically stable and go(s) is unstable. It is easily seen that py and g, are
the only periodic solutions (other than the zero solution) of (3.43) for e = 0.

We now treat the perturbed equation. For p = e = 0, (3.43) has a family of periodic
solutions ¢ = (pe’/*, v = 0 having period 87 where (; is an arbitrary constant. Accord-
ing to standard theory, e.g., [4], for sufficiently small u and e there exist initial conditions
Colp, €), vo(p,€) with (o(0,0) = ¢ and v0(0,0) = vy and a periodic solution of (3.43) satis-

fying these initial conditions for s = 0 if for p =€ = 0,

(e85 — Ivg = 0

87
H(Co, o) = / e "ih <t, Coe't, Coe_%) dt =0
0

and _
0(H,H)

J =
9(Co, Co)

£ 0.

Evaluating the integral, we obtain

H((o, Go) = 87 (Ao + B|Co|*¢o + CE).

Hence the first two of these conditions are satisfied are satisfied if ( f}o ) is one of the
0
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points P, or Q,. Evaluating .J, we obtain

J = |H? — | HeP?

= (;ZAC) (0= B — (B30

at P, and

J— (;iACY (C+ B)? — (B —3C)?)

at Q,. Thus J # 0 since 0 < C < |B| and there exist periodic solutions p(s, y1,€) and

q(s, i, €) such that
p(s,0,0) = p(s, 11,0) = po(s)

q(5,0,0) = q(s, 1,0) = qo(s).
These solutions exist for all sufficiently small ;4 and € and in particular for u = €. If we assume
the functions in (3.41) are smooth as functions of (s,w,w, W, u) then (3.43) is smooth as
a function of (s,¢,C, v, puz). Hence p(s, p, ) = po(s) + p2p(s, ), |pla < constant, where
the constant is independent of u, and similarly for ¢(s, p, ). Using the estimates (3.44),
it follows from standard arguments that p(s,u,p) and q(s, p, 1) have the same stability
properties as po(s) and go(s) respectively. The form (3.40) follows from applying (3.42) and

the transformation of Theorem 4.

5. Another Resonance Case

In previous sections we considered cases in which a conjugate pair of Floquet exponents
crossed the imaginary axis as p increased through zero. We now consider the case in which

a real exponent «o(p) enters the right half plane and satisfies

Since wy = 0 (notation of Chapter I) there is no tendency for solutions of the linearized
equation to oscillate about the periodic solution . Hence in this case we expect that

bifurcates into another periodic solution having the same period.

We repeat equation (3.4)
= C(pu+G(s,u, p1) (3.50)

where G(s,0, ) =0 and G, (s,0, z) = 0 and assume that C(u) is in the real form
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where S(p) satisfies the same conditions as before. Equation (3.50) is assumed to be valid
for |u| < . and |ul? < 2 where y, is a constant > 0. We introduce the notation £ = uy, U =

col(ug, ..., u,) and write (3.50) as

é = oz(,u)f + G1(87 57 U7 /1“)
(3.51)

U = S(u)U + Ga(s, &, U, ).

We write the scalar function G as

Gi(s,6,U,p) = Bls, )€ + ...

and define ,
1 T

B=— 0)ds.

5 [ a0

Theorem 7. Assume in (3.51) that

2. (U,S(0)U) < 0y(U,U) for some constant oy < 0
3. B£0

4. Gl, G2 € 03(S,§, U, ,u)

Then there exists a fi, i < p., such that for 0 < u < f, (3.51) has an asymptotically

stable periodic solution
§ = pco + p*f (s, p)
(3.52)

U= p?g(s, )
where ¢g = —(a/(0))/B; f,g € C3(s,1); |fls, lg|s < constant uniformly in p and f and g
have period 27 in s. The constant i depends on the M, defined after (3.2) and the terms of
degree < 2 in the expansion of (3.51) about U =0, £ = 0.

Proof. In (3.51) make the substitution

§=px, U=pY

e (). oewei(iy)

and expand « and S to obtain

T = MF1(57‘T7Y7 ,LL)
. (3.53)
Y = SY +/“LF2(87:U7Y7/1’)
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where S = 5(0) and
Fu(s,2,Y, 1) = o/ (0)2 + A(s,0)2% + puF (5, 3, Y, 1)

where |F|3 < constant uniformly in g. For p = 0 (3.53) has a periodic solution py : z =
xg, Y = 0 where x( is an arbitrary constant. It is known that for sufficiently small p, (3.53)

will have a periodic solution p,(s) of period 2 which for = 0 reduces to py, if x( satisfies

2
H(zg) = / Fi(s,20,0,0)ds =0
0

and H'(xzo) # 0. Furthermore the solution will be asymptotically stable if H'(zy) < 0. We
see that H(zy) = 27[a/(0)zg + Bx?] and therefore o = —(a’/(0))/B and H'(xg) = —a/(0).
From the assumed smoothness of the functions in (3.53) we have p,(s) = po+ pp(s, 1) where

|p|3 < constant uniformly in p. Q.E.D.

6. Resonance case a(0) = i/3 (An Example)

We now discuss an example of this resonance case for the sake of completeness and to
point out the rather violent type of instability which develops as the exponents a(u) and
a(p) cross the imaginary axis. We consider the case in which the second equation of (3.5) is
absent. By transformations of the type (3.11) we may put the first equation of (3.5) into a

standard form similar to those obtained in Theorem 4,
W = a(p)w + ed(p)ew* + R(w, @, s, 1).

where R is a function whose Taylor expansion about w = w = 0 contains no quadratic terms

and w = pe'®. We consider the case in which a(p) =4/3 + u, cd(pu) =1 and R = —|w|?w,
W= (% + u) w + e*w? — |wlw. (3.60)
Letting w = ze's we obtain
= pz+ 2% — |22 (3.61)
In polar coordinates z = re? this equation is

7= (u+rcos3f —r)r

0 = —rsin 30.

There are seven stationary points,



n = 0,1,2; and 0( ) is meant as p — 0.” For u > 0, the origin is an unstable node, P,
are stable nodes and @, are saddle points (see Fig. 9). The rays r > 0, 6 = n(n/3),
n = 0,1,...,5 are invariant manifolds and the disc A : r < 5/4 is invariant as s — +00.
Thus A consists of six invariant subsets
Avi0<r<? Kl <g<(ki )l
4 3 3
k =0,...,5. Applying the theorem of Poincaré and Bendixson to the A\, we see that the
points P, and @, must be joined by arcs which are solutions of (3.61). Let I : r = (0, u)
denote the closed curve formed by the sum of these arcs and the points P, and (),,. Then
v has period 27/3 in 6. In the w, s space the original periodic solution 1 is the line w = 0
with points 2n7 identified. The 2 plane rotates in such a manner that when s increases by

2m, I' sweeps out a 2-dimensional torus
S i
Tu:w:'y<¢—§,u>e¢. (3.62)

The points P, sweep out a stable periodic solution p = p(s, u) of period 67 obtained by
setting ¢ = s/31in (3.62). Similarly the @,, sweep out an unstable periodic solution ¢ = ¢(s, 1)
obtained by setting ¢ = s/3 + 7/3. As p > 0 tends to zero, ¢(s, ) — 0 and we may say

that ¢ bifurcates from 1 as u increases through zero. However as u — 0, p approaches a
s

limiting position p(s,0) = ¢'3. Hence in the » plane I' has a limiting position which consists

of three spikes 0 <r <1, 6§ = n—W, n = 0,1,2 and we see that 7, does not bifurcate from
1 in the sense of the definition of Chapter I, i.e., it does not collapse onto ¢ as p > 0 tends
to zero. We also see that for arbitrarily small ¢ > 0 there are solutions starting arbitrarily
close to ¥ which run out a distance 1 + 0(u) to the orbit p(s, ). This is in contrast to
the non-resonance case of Section 3 where nearby solutions may run out a distance of the
order /jt to the torus (3.20). Even is the resonance case a(0) = i/4 we see, by the same
reasoning above, that the unperturbed equation (3.46) has an invariant curve I' (Fig. 8).
Thus equation (3.43), with fi and f; omitted, has an invariant torus 7, lying at a distance of
the order /p and therefore solutions starting near ¢ can run out only that far. The problem

of the existence of 7, for the perturbed equation is not treated in this dissertation.

“See Titchmarsh [24] for definition of 0( ).
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7. Rate of Growth of Bifurcating Manifold

We have discussed cases in which the periodic solution 1) becomes unstable and a new

stable manifold bifurcates as p increases through zero. Since the stable oscillations of a
system are the only ones observable after a long time, it is of interest to know how these new
stable states change as the parameter p changes. In particular, how far away is the stable
motion from the original periodic motion %7 Such information is given by the quantity
p = p(p) which is some appropriate measure of the distance from ¢ to the stable bifurcating
manifold.” Of course for i < 0, 1 is stable and p(u) = 0. Let S be the normal hyperplane
to the orbit 1 at some point of ). In the case in which one real root crosses the origin
(Section 5) the bifurcating manifold is a periodic solution which intersects S at some point
P. The distance from P to v is, in the first approximation, p(u) = (constant) u, (Fig. 10).
In the non-resonance case of Section 3 the bifurcating manifold is the torus (3.20) whose
intersection with S is, in the first approximation, a circle of radius p(;) = (constant) |/f,
(Fig. 11). Also in the resonance case a(0) = i/4 the stable bifurcating manifold is the
subharmonic solution (3.40) which intersects S at a distance p(u) = (constant) \/z in the

first approximation.

Thus we see that in the last two cases the bifurcation is more violent in the sense that

near the bifurcation point, p'(x) becomes infinite.

For the example of the last section («(0) = i/3), the subharmonic solution p(s, i) inter-
sects S at a distance of 1 in the first approximation. Hence p(u) is a discontinuous function
(Fig. 12)

“See Minorsky [1] for a discussion of bifurcation and the function p.
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CHAPTER IV
INVARIANT SURFACES

1. Introduction

In Theorem 5 of Chapter I1I we saw that a closed invariant surface of
defined as the solution of a certain partial differential equation of first order
functions. In this chapter we treat the problem of existence, uniquenes
of the solution of a slightly more general equation. Thus we consider

quasilinear system of first order

D(w,z, p)w + Pz, p)uw = G(w, z, p)

where z = (21,...,2y), w = col(wy,...,w,) = () with v = col(u,
col(vy, ..., Up,).
Pl(xa/l) 0
Pz, p) =
0 PZ(Z'aM)
Cll 0
D(w,z,p) =Cd = d
0 I
and

Glua) = ((Gr ) = 6+ Gl

where P; is an n; X n; matrix, I; is the n; x n; identity, c =1/p > 1 and

= 0
d= Zau(wvxaﬂ>ax

v=1

with a, scalar functions. The functions a,, P and G are defined for
(w,z, 1) €W x Rx{0<p<po}

with W : |w| < constant and R : 0 < z; < R; a period parallelogram.

a vector field was
involving periodic
s and smoothness

the real periodic

(4.0)

cey Uy, ) and v =

From the coefficients of d define the vector a(w,z, u) = (ai, ..., a,,) and assume that

(1) a(w,z,p) = w + pA(w, z, 1) if ny >0

(2) a(w,z, ) = A(w, z, ) if ng =0

where w 1s a constant vector and
Alw, 1) = A(x) + A(w, z, ).
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The case n; > 0 is the “degenerate” case mentioned in Chapter I in which the flow against

the unperturbed surface vanishes for © = 0 (see 4.2 below).

Equation (4.0) expresses the fact that w(z, i) = () should represent an invariant surface

for the differential system

U= pPr(z, pu+ pGi(w, z, 1)
b= =Pz, p)v + Ga(w,z, p) (4.2)

T =a(w,z, p)

In Chapter I we considered the following differential system:
&= f(z,y, 1)
(4.3)
=gz, y,p)
where x and y are vectors, u is a small parameter and the functions are periodic in .
We assume that for 4 = 0 (4.3) has an invariant surface y = ¢o(z). The problem is to
find an invariant surface y = ¢(x,pn) for p > 0 such that ¢(z,0) = ¢o(z). If we assume
¢o(z) = 0 then (4.3) can be put into the form (4.2) with the u equation absent (n; = 0)
by setting y = pv — g,(x,0, 1) = Py(x, 1) and a(v,z, 1) = f(x,y, ). Then we see that
A%(z) = f(x,0,0).

The basic idea of the method of solution of (4.0) can be illustrated with a single equation

in one variable
a(u, x)u, + b(z)u = f(u,x) (4.4)

where z is a periodic variable and b(z) > # > 0,  a constant. The equation is first replaced
by a similar equation with C*° coefficients and right hand side. Then it is linearized by
substituting an approximate C* solution into the functions a(u, z) and f(u, z) to obtain the
C*° equation

a(x)ug, + b(z)u = f(x).

This equation is made elliptic by adding a higher derivative:

with € > 0.

The existence of a C* solution of this equation is then treated from the standpoint of
the classical theory (Lemma 5). We then obtain an “a-priori” estimate for the solution by

multiplying (4.5) by u to obtain.

e F@ﬁ)m - UQ] + Sa(e) (). + blau? = f(x)u
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At the maximum of v?, (u?),, <0 and (u?), = 0. Hence we obtain, independently of ¢,

1
ulo < B|f|0-

This estimate and similar ones for higher derivatives are then used to prove convergence of
the approximations to a solution of (4.4). The parameter ¢ = €(n) goes to zero as n, the

number of iterations, goes to oc.

2. Notation
Let A(z,p) = (A, ... ,; ) be a k-dimensional array of functions defined for z € R and

4 in some interval. Define
(AB)=> Aj .. Bj. .
[Alo = max |A(z, u)|
4] = (4, 4)z
(A, B)s = [(A,B)dr and |A] = (A, A)3.

R

For r a positive integer let

o 0 0

8@1 al’gz o 8%&

a?"

1 < ¢; < m, denote any r* order partial derivative and let

LD
L

The 7" derivative of A with respect to = in an r + k dimensional array
AT = (0"A;, . )
For r =1 or 2 we write A, or A,,. Then
AV =N " |or AP =) (074,07 A).
[r] [r]
Finally define

|Al, = max [A®)],.
0<k<r

Note that the value of this norm is a function of the parameter pu. Any estimate involving

|Al, is understood to be true for each value of p under consideration.
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3. Main Theorem

We will now prove the existence, uniqueness and smoothness of a solution of (4.0). From

the vector A%(x) = (AY,..., A%) define the symmetric matrix

1 { DAY DA }
_ + .
2 a.’L‘j 8:171

Let Ax(x) denote an eigenvalue of this matrix and define
A= Iilin ().

Since A°(x) is periodic the functions OAY/dx; have zero mean value, i.e.,

0
04, dr = 0.
r O;

In particular, the trace of the above matrix has zero mean value and thus for some k£ and
x, Ag(z) < 0. Therefore A <0

Theorem 8. In (4.0) assume that for all z € R and p, 0 < pu < py,

1. (w, P(x,p)w) > B(w,w) for some constant 3 > 0
2. 0+ rA >0 for some integer r > 2

3. (w, Prw) — 3divA°(z) > B, > 0 for some constant fy and all |w| = 1. If ny = 0, replace
P1 by PQ.

4. P(z,p), Glw,z, 1), Alw,x, 1) € CYw,z)NC(p) for £ an integer > 7 and |w| < K, K
sufficiently large

5. max{|A|,, |G|} = é(r, K, )

where ¢ — 0 as p — 0.

Define M = max{|A°,, |G°|,, sup, |P|,}. Then there exist constants K and i, i < pig
such that for 0 < u < fi, (4.0) has a unique solution w(z, u) € C™1(x) N Lip™™! (z) N C(p)
and |w|,_; < K. K depends only on M, B+ r\ and r. i depends on r, M, ¢, 3, By and K

and in general i1 decreases as r increases.

Remark. If A°(x) = constant as in Theorem 5 of Chapter III, then A = 0 and the
smoothness of the solution of (4.0) is limited only by the smoothness of the equation and the
smallness of p. Thus if £ = oo in (4) above then there exist intervals 0 < p < piy, fry1 < fir

with r arbitrarily large, on which the assertion holds, i.e., w is smoother for smaller values
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of p. Reversing this we see that as u increases,the number of derivatives which the theorem

guarantees is diminished.

Proof. Define ' =+ r\ and let K be a constant

2 r—+1 r
K > (3) 3M[[(3M,2M) +1
where ﬁ is the polynomial with positive coefficients defined in Lemma 4 (proved later). We

construct successive approximations wy,(x, ;) with wg = 0. This is done inductively.

Suppose wy,_1(z, ) satisfies

w1 € C™(z) for each fixed p, 0 < p < p/ (4.30)
w,_1 € C"Hx) N O () (4.31)
|wn,1\r < K.

On the set {Jw| < K} x R x {0 < u < po} approximate the functions A = A(w, x, pu),
G = G(w,z, ) and P = P(x, 1) by functions, A, G, P € C(w, x, ;1) and consider the linear
partial differential equation

Dn(z, pyw + P(z, p)w = Gu (2, 1)

where

Gn(*ra M) = é(wn—l(xv :LL)7 Z, M)
and (4.33)

Dn(l‘uu) = D(“’n—l@yﬂ)ﬁaﬂ%
A

i.e., in the expression for D, the function A is replaced by

An(l’, /“L) = A<wn—1(x7 :u)v Z, :u)
We assume the approximation to be so close that

1A, — Al 4+ G — Gl +|P — P|, < M, (4.34)

1 /
M, = — min B, ﬁO,L,M
n? 12r” 4y/m’ 4y/m
and the subscript r denotes differentiation with respect to z. A, and G, are defined by
(4.33) with the tildes omitted. We modify this equation still further to obtain an elliptic

equation for which the existence and smoothness of a solution is well known. Thus consider

where

Lyw = —epAw + Dy (x, p)w + Pz, p)w = Gy (z, ) (4.35)
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where A is the Laplacian in m variables, ¢, — 0 as n — oo and €, > €,,1 > 0.

Define @, = w + pA, and use (4.34) to obtain
1. 1 .
(w, [P — idw anC’] w) > imm[ﬁg,ﬂ](w,w)

for p sufficiently small. Hence by Lemma 5, (4.35) has a solution w = w,(z, ) € C*°(x) for
each fixed . If we define p = § — 3'/12 then using (4.34) we obtain (w, Pw) > p(w,w). Let
A = \(u) be obtained from A, (z, ;1) just as A was obtained from A°(x). Then using (4.34)
and the fact that 7|\ — A| < r|A° — A, |, < rM, +2Kré(l, K, 1) we have p+7rX > 3'/2 for p

sufficiently small. We see here that for larger » we need smaller ;. Thus applying Lemma 4,

r+1 r
|wn |, < (%) |én|TH <|Anm|r—2> |P|T> .

We have B A
|Gl < M, + |G|, + |G|, < 2M + ¢ < 3M

and
|P|, < M, + |P|, <2M

for p sufficiently small. Differentiation is with respect to x only. G and A are as defined
in (4.1) with w,,_(z, u) substituted for w. ¢ depends on r, K and ¢ defined in hypothesis
5 and is obtained by applying the chain rule to G and A; ¢ — 0 as i — 0. Hence from
the way K was defined, |W,|, < K. We now verify that w, satisfies (4.31). For a function

ful, ) define 6 fy = fu — fur = fa(@s 1) — fulw, pu1). From (4.35)
Lpa0w, = 6Gy — (0D, wny — (6P )wn
where L, is L, with ¢t = us. From the estimate of Lemma 4,
Slwalo < 16Gulo + 64,0 lwaly + 18P [walo
Since |wy|; < K this can be made small for ps — 7 small. From Lemma 3, Chapter 11,

6wy < 2Kc(j,r)|dw,ly "

for 0 <j <r —1. Thus w$ is continuous in p uniformly in z. Since w,, € C*(z) for fixed
u, we have w,, € C"1(x)NC (). Thus for u’ sufficiently small and fixed we have a sequence
{w,} satistying (4.30)-(4.32).

To show convergence define d,,+1 = wy+1 — w,. Then from (4.35) L, 116,41 = H where

H=Gp1—Gn— Awy (€, — €p41) — (Dpy1 — Dy)w,,.
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From the estimate of Lemma 4 5
|5n+1|0 < _lHIO'
p

We have ~ ~
|(Dn+1 - Dn)wn|0 S [2Mn + |An+1 - An|O]K

< 2K M, + K|Ayu|o |0nlo
where A,, = A(w,—1,z, ). Similarly

|én+1 — én|0 < 2M,, + |Gylo |9nlo

and
But [Aylo = |Aulo < &1, K, 1) and |Gylo = |Gulo < é(1, K, 1). Thus for x sufficiently small

1
|5n+1|0 < 5‘5n‘0 + qn

where
qn = 8Kp71Mn + 2]771 \% m(en - €n+1)‘
Since 35°g, < oo we see that X3°|0,,+1]0 < oo and hence the w,, converge uniformly in = and

L.

Letting z = wy4p — wy,, p > 0 an integer, we have, using Lemma 3,
. . 1—2
2D < 2Ke(j, )|zl

for 0 < j < r—1. Thus the sequence {w,} converges to a limit function w € C" ' (z)NC ().
The Lipschitz condition follows from
wi ™Y () =i (n, 0)| < Jwnlslar — ol

< K|xy — 2

and passing to the limit. For uniqueness assume w; and wy € C'(z) N C(u) are solutions of

(4.4) and satisfy |w;|; < K. Then dw = wy — w; satisfies the linear equation
Dydw + Péw = 6G — (0D)w,

where
Dy = D(wy, x, 1), 0G = G(wg, x, p) — G(wy, x, 1)

and
0D = D(wq, x, 1) — D(wy, z, ).
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Now apply Lemma 4 in the ¢ = r = 0 case to obtain
p

= [5G0 + |5AJo K

< (|Gulo + [AwloK)[dwlo
p
4
for p sufficiently small (Hypothesis 5). Thus |dw|y = 0. Q.E.D.

S |5w|0

4. “A-priori” Estimates and Solution of Linear Problem

We now derive some estimates appropriate for a solution of the real linear elliptic partial

differential equation

Lw = —eAw + D(x, p)w + Pz, p)w = G(z, p) (4.40)
where z = (x1,...,,,), wand G are column n-vectors with w = (1) u = col(uy, ..., up,), v =
col(vy, ..., vp,),

1
cly 0 c=—>1
D=Cd= d, H
0 & I; = n; x n; identity
with
& 0
d= ; a,(z, 1) . a, scalar and
Py (l’, /L) 0
P(z,pn) = , P; an nj X n; matrix.
0 P2<x7 M)
From the coefficients in d we have the vector a(z,u) = (a1,...,a,) where (1) a(z,p) =

w~+ pA(x, 1) if ng > 0 or (2) a(x,u) = Az, pn) if ny = 0 where w is a constant vector. We
assume A = A(x, ), P = P(x,p) and G = G(z, ) are defined for (x, ) € R x I; where R
is a period parallelogram and I : 0 < p < fi.

Consider the symmetric matrix

1[04;  0A;
= +
2 (%j 8@

and let A\i(x,u), k=1,...,m denote the eigenvalues. Define

X' = inf min Ay (z, p)
n o kx
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and note that A < 0 due to the periodicity of A and the same argument as given before
Theorem 8.

Lemma 4. “A-priori” Estimates

Assume € > 0 and for 7 > 0 an integer, assume

1. A,P,G € C"(z) for each fixed p € I; and w € C(z); L=r+2ife >0, { =7+ 1if
e = 0.

2. (w, Pw) > f(w,w) for (xz,u) € R x I where § > 0 is a constant

3. B+7rXN >0.

Then

and in general for 0 < s <r

G TT(1 Auels—z, 1P].)
<
wle < (B4 s\)st1

(4.41)

for all o € I, where for k <0, | | is taken to be zero. 1f[(ot, b) is a polynomial in @ and b of
degree s having positive coefficients which depend only on s. The estimates are independent

of e.

Proof. Due to the form of P and the fact that A and D are diagonal operators, (4.40)
has the form
—eAu + cdu + Piu = Gy (4.42)

—eAv + dv + Pyv = Gs. (4.43)

We have |wly < |ulo + |v]o < 2[wlo, |Plo < |Pilo + |P2lo < 2|P|o and (v, Pjv) > [(v,v) for
j =1 and 2. We obtain the estimate for (4.43) and note that the estimate for (4.42) follows
by replacing a by ca.

Multiply (4.43) by v (scalar product) and use the identities

(v, 50) = S 5(0,0) o

(v,dv) = %d(v, v)

to obtain



Let 29 be a point at which (v,v) is a maximum, i.e., at zy, (v,v) = |v[3. Since A(v,v) <0
and d(v,v) = 0 at zg we obtain (v, Pov)|sesy < (v, G2)|2es, and therefore Flv]y < |Galo.

To obtain the general estimate (4.41) we assume the solution has a sufficient number
of derivatives and apply the same argument to the differentiated equation. The rule for

applying 0° to a product fg of two functions is
( f q 85 + Z as 1

where

a .« .. a 8 .. 6
8:@1 a$g 8@ 61’@5

and the dots (present only if s > 2) represent a sum which is bilinear in f and g involving
derivatives of f of order > 2. Thus

J

J+1

9% (dv) = d(d*v) + Qs + R,

where

da, e
Z Z a; 67 )
and

prg=s+1
I<p<s-—1

where R, =0 for s < 1, Qs = 0 for s = 0 and the * notation denotes a linear combination

of terms 0Pvd%a,. Now apply 0° to (4.43), multiply by 0°v and sum to obtain
1 S S S 2 1 S S
PR SO0, 0%) = |0°v*| + Sd(0°v, 0")
[s] (4.44)
+(0%0, P,Ov+ Q) = H

where
H=> (0'0,0°Gy+ R,)
[s]
with
R,=—R,+ Z PQ(t) * v(p)]
0<peit
We now show that
D (0°0, P0*v + Qy) = (B+ sX) o). (4.45)

[s]
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From the assumption (2),

Z(aSU,PQGS/U) > 62(881},88@)

2] [s]

= 3 [0

For the second part, S, we have

S=D(0°0,Q) =) > 0ui(Qu)i

s i=1 [

ny s m 9 ) 9 . .
=2 Z 2 (9; Lm, @ 1%)} T

i=1 j=1 épzl vli=1
The term in braces is a quadratic form,

m
K= Z aV,ijVeggj(i?

vl;j=1

where

and e is the vector of subscripts
€ = (i,gl, .. 'gj717£j+17 .. gs)

From the way in which )\’ is defined,

KE>XNY &,
k=1
and therefore

ET093 z [axk ol

Jj=1 =1 kz =1
=N O = sXu(s)?
j=1

which proves (4.45). We now repeat the argument after (4.43) where ¢ is a point at which

w2 = Z(asv, 0°v)

[s]
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is a maximum to obtain
(8 +sX)|v)o < [Hlo < |G]o + | Rslo.
Using the fact that
B+sNI<[B+(s—DXN]<...<B+N<F<|Po (4.46)

we write this as

(B +sN) O < 3Gl + 18+ (s = DAP|Rolo.

We now prove (4.41) inductively. Assume it is true with s replaced by 0,1,...,s — 1. The
expression R, is linear in v and each term contains a factor 8°v with p < s — 1. Using the
induction assumption and (4.46) we obtain

s /

(6 + NV oo < |G ] ] (Awels—a, [ Pl)
s/
where ] is a polynomial of the type described after (4.41). (Note: |a,| = |pAz| < |A,]
since 0 < p < 1. In deriving the estimate for w in (4.42) we get |ca,| = |A,| and hence the

estimates are exactly the same.) From (4.41), with s replaced by s — 1, we have

s I

(ﬁ + 5/\/)8+1|U|s—1 < |G|SH (|Am|s—27 |P|8)

where we have again used (4.46) and the fact that | |, < ||, for p < ¢.

S
Now define ] to be the polynomial whose coefficients are twice the maximum of the
s ! s I

corresponding coefficients in [] and [] . Then (4.41) follows since

[v]s = max(jolo, Jv]s-1).

In regard to the assumption made on ¢ in (1), note that in (4.44) for s = r we need
veC™?ife>0andv e C"if e = 0. Q.E.D.

Finally comes the problem of existence of a solution of equation (4.40), Lw = G. We
no longer employ the maximum norm used in the solution of the quasi-linear equation, but
introduce the Hilbert space of square integrable functions having period parallelogram R.
By obtaining an “a-priori” estimate for a solution of the adjoint equation we prove the
existence of a “weak” solution of Lw = G. The proof follows that of Friedrichs [12; p. 353].
Certain difficulties, which arise in considering domains with boundaries, disappear due to
the periodicity. The C*° differentiability of the weak solution then follows from a result of

P. D. Lax [23]. The following lemma is a statement of these classical results.
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Lemma 5. - (Existence) In (4.40) assume

1. e>0
1
2. (w,[P(x,p) — 3 div a(z, p)Clw) > p(w,w) for (x,pn) € R x I; and p > 0 a constant

3. for each p € I, A, P,G € C*(x).

Then for each fixed u € I, (4.40) has a unique solution w(x, u) € C*(x).

Proof. For the equation Lw = G we have

Jww = [w.a)

R

and integrating by parts

[ luf+ [ w, (P divacio) = [(w.)

where periodicity was used to drop out the boundary terms. From this we obtain
1
Jw]] < 5HGH- (4.47)

For the adjoint operator L*¢ = —eA¢ — D(z, )¢ + P(x, )¢ with P = P — (div a)C, we

obtain the same estimate

1
o]l < 2—9||L*¢|| (4.48)

Let Lo(R) denote the Hilbert space of functions f(z), =z € R, such that ||f|| < co. Using
(4.48), for each fixed p, we prove the existence of a “weak” solution of Lw = G, i.e., a

function w(z, u) € La(R) such that (w, L*¢)s = (G, ¢)2 for all ¢ in a dense subset of Ly(R).

For define
Q={q:q=L¢, ¢cC®x), z€R, ¢

periodic with period parallelogram R}

On @ define the functional ¥(q) = (G, ¢)2. The estimate (4.48) implies uniqueness for
the adjoint equation and hence 1 is well defined, i.e., given ¢ € (@, there is exactly one
¢ € C*(x) such that ¢ = L*¢. 1 is bounded and linear due to (4.48) and the linearity of
L*. Thus by Riesz’s representation theorem v (q) = (w, q)s for some w(x, n) € La(R), i.e.,
(G, )2 = (w, L¢)s.

In the previous reference to P. D. Lax, it is shown that for such a weak solution w(x, u),

if G and the coefficients of L have derivatives in « up to order ¢ which are in Ls(R) then
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w(z, ) has derivatives in  up to order ¢ + 2 which are in Ly(R). This implies, by Sobolev’s
lemma, that w(z, u) € C"(x) where r =t — [m/2] + 1. Hence in our case w(z, u) € C*(z)
for each fixed pu.

Uniqueness follows from the estimate (4.47).
Q.E.D.

5. An Example of Non-parallelizable Flow

The following is an example of the situation described in Chapter I in which the flow on
the unperturbed surface 7(0) is not parallelizable. Here 7(0) is a 2-dimensional torus having

1-dimensional invariant submanifolds which intersect at stationary points (Fig. 13).

91 = —k’l sin@l + uFl(y,Hl,Qg,,u)

Oy = —kysin Oy + pF5(y, 61, 0o, 1)

y =Y + MG(yu 017 027 lu)

where k; > 0 are constants, y is distance measured along the normal to the surface and F;

and G € C* in all arguments.

In this example § = 1 and A = —max(ky, k2). Applying Theorem 8 we see that if
—\ < 1/r, r an integer > 2, then for u sufficiently small there exists an invariant manifold
y = (01,05, 1) where 9 has r — 1 Lipschitz continuous derivatives with respect to ¢; and 6
and is continuous in g with (6, 62,0) = 0.
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