RETURN TIMES DISTRIBUTION OF EXPANDING MAPS

Nicolai T A Haydn'

ABSTRACT

We consider expanding systems with invariant measures that are uniformly expanding
everywhere except on a small measure set and show that the limiting statistics of hitting
times for zero measure sets are compound Poisson provided the limits for the cluster
size distributions exist. This extends previous results from neighbourhoods around single
points to neighbourhoods around zero measure sets. The assumptions require the decay
of correlations to the at least polynomial and some decay condition on the non-uniformly
expanding and and some regularity conditions around the limiting zero measure target
set.

1. INTRODUCTION

Limiting return times distributions have been studied already by Doeblin for the Gauss
map, but serious broad interest developed only around 1990 in particular with a paper
by Pitskel [21] where he showed, using generating functions, that for Axiom A maps
the limiting distribution at almost all points are Poissonian if the shrinking target sets
are cylinder sets. He also found that at periodic points the return times also have a
geometric component which gives rise to a compound Poisson distribution. A similar
result was shown in [17] for the entry time using the Laplace transform and the argued
to generalise to extend to Poisson distributed limiting higher return times using the weak
mixing property. For harmonic maps such a results were shown in [5] using the Chen-
Stein method. Later, Galves and Schmitt [12] came up with a very effective method to
show exponentially distributed entry times in a symbolic setting for -mixing measures
and also provided error terms. This method was then carried further by Abadi and
others (e.g. [1, 13, 3, 2]) where it was shown that for symbolic systems the limiting
return times are almost everywhere Poisson distributed. Similar results for metric balls
for non-uniformly hyperbolic systems where shown in [4, 16, 20] even providing speeds of
convergence outside a small set. A closer look at periodic orbits was done in [14] where
it was found that in a symbolic setting one always gets a compound Poisson distrution.
Later there was found to be a dichotomy between non-periodic and periodic points where
non-periodic points always have Poisson distributed hitting times and periodic points
lead to compound Poisson distributions (see e.g. [10, 7, 8] and also [9]). In [15] such
concepts were generalised to the situation when the limiting set is not a single point any
longer but can be some arbitrary null set. In this case the limiting compound Poisson
distribution can be quite general and is not any longer restricted to be Pélya-Aeppli. In
that instance it was used to get limiting results on synchonised systems. Here we show
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a similar argument for expanding maps only which we then apply to interval maps and
look in particular at the limiting hitting times distribution at the parabolic point where
we recover a result of [11] where an ad hoc method was used to get the right scaling which
is different from the standard Kac scaling and which follows in a natural way from our
setup.

2. EXPANDING MAPS AND LIMITING DISTRIBUTIONS

Let 2 be a metric space and T : 0 — {2 be a measurable map and p a T-invariant
probability measure. Here we assume that T is differentiable and expanding, i.e. | Dt(z)| >
1 for all x. If U C € is a subset then put

N-1

ZY =Y lyoT’
§=0
for the hit-counting function over the time interval N. In particular, if I' C 2 has zero
p-measure and for p > 0 we denote by B,(I') = (U, B,(2) its p-neighbourhood, then

for suitable orbit lengths N (p) we want to get that the distribution of gg(fg) converges to
a non-degenerate probability distribution as p — 0. In the classical setting I' is usually
chosen to be a simple point z and for N one then choses the Kac scaling t/u(B,(x)) where
> 0 is a parameter. In that case it is known that for a variety of systems the limiting
distribution is a compound Poisson distribution. Here we present a general scheme for
expanding maps to obtain such results which might also result in a non-standard scaling

for N(p).
Let us recall that an integer valued random variable W is compound Poisson distributed
if there are i.i.d. N-valued random variables Y; > 1, 7 = 1,2,..., and an independent

Poisson distributed random variable P so that W = Zle Y;. The Poisson distribution
P describes the distribution of what usually is referred to as clusters whose sizes are then

described by the values of the random variables Y; whose probability densities are given
by Ay =P(Y; =¢), £ =1,2,.... In particular
k
P(W =k) =Y P(P=0P(S, =k),
=1

where Sy = Zﬁzle and P is Poisson distributed with parameter ¢, i.e. P(P = () =
e~ 't /0!, and by Wald’s equation E(W) = tE(Y;). We say a probability measure 7 on Ny
is compound Poisson distributed with parameters t and A,, £ = 1,2, ... if it has the same
distribution as W.

In the special case Y7 = 1 and A\, = 0V > 2 we recover the Poisson distribution W = P.

An important non-trivial compound Poisson distribution is the Pdélya-Aeppli distri-
bution which happens when the Y; are geometrically distributed, that is A, = P(Y;) =
(1 =)t for £ =1,2,..., for some ¥ € (0,1). In this case

k

. s (k-1
PW=k)=e') 971 - ﬁ)ﬂi,(kf )
= JP\ =1
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and in particular P(WW = 0) = e~*. In the case of p = 0 this reverts back to the straight
Poisson distribution.

3. ASSUMPTIONS AND MAIN RESULT

Assume there exist R > 0 and for every n € N finitely many y; € €2 so that 2 C
U, Br(yk), where Bgr(y) is the R-disk centered at y. Denote by (s, = ¢(Bgr(yx)) where
¢ € £, and &, denotes the inverse branches of T". We call ¢ an n-cylinder. Then there
exists a constant L so that the number of overlaps N, i = [{Cprpr : o N Gy # B, ¢ €
Z, }| is bounded by L for all ¢ € .#, and for all k¥ and n. This follows from the fact that
N, equals [{k" : Bgr(yx) N Br(yx) # @}| which is uniformly bounded by some constant
L

Let us denote by J, = % the Jacobian of the map T with respect to the measure
p. Also put Zf = S5 1y o TV,

j=0
For some L € N put Z; = Z]L:_ol 1 o TY9 for the hit counting function over a time

interval of length L. Let I' C Q be a zero measure set and for p > 0 denote by B,(I) its

p-ball neighbourhood. Then we shall make the following assumptions:

(I) There exists a decay function C(k) so that

| GUT o T du— WGl < CRICuslHl V€N,

for every H € L>*(Q,R) for every G € Lip(2, R).

Then, we need some geometric assumptions:

(II) We assume that there is a set G, C {(, : ¢ € Z,} so that
(i) w(Gy) S n~9 for some g > 0, where Gy, = ,cg,, Co-

(ii) (Distortion) We require that i’;g; = O(®(n)) for all z,y € ¢ for all ( € G, n-
cylinders and all n, where ® is a non-decreasing function which below we assume to be
D(n) = O(n®) for some 2 > 0.

(iii) (Contraction) There exists a function d(n) — 0 which decays at least summably
polynomially, i.e. §(n) = O(n™") with € > 1, so that diam¢ < §(n) for all n-cylinder
¢ C G, and all n.

(iv)

> u(GE N B, (D) N T—"VE)
O =2 wory !

n=L

as p — 0, L — oo, where VPL ={reN: Zép(r)(a:) > 1}.
(III) (Dimension estimate) There exist 0 < dy < d; < oo such that p™ < u(B,) < p.
(IV) (Annulus condition) Assume that for some £ > 3 > 0:

,U(Berr \ Bp*r) . 7’_5
w(B,) O(pﬁ )

for every r < p.
Here and in the following we use the notation x,, < ¥y, for n = 1,2,..., to mean that
there exists a constant C' so that x, < Cy, for all n. As before let T : O and pu a



4 RETURN TIMES DISTRIBUTION OF EXPANDING MAPS

T-invariant probability measure on . For a subset U C Q we put X; = 1y o 7% and
define

L-1
78 =7f =) X,
=0

where L is a (large) positive integer. For I' C € of zero measure we put

L—oo
where B( : 9
B,(I) —
M(L) =1
)= B = 1)

Let us now formulate our main result.

Theorem 3.1. Assume that the map T : Q@ — Q satisfies the assumptions (I)-(1V) where
C(k) decays at least polynomially with power p > (% + dl)lTJga and € > 1di00. Let T' C Q) be
a zero measure set and Ay the corresponding quantity as defined in (1).

Then

lim lim P&, 1) = k) = v({k}),

L—oo
where v is the compound Poisson distribution for the parameterst, Ay and N = N (L, p) =
tL
P(Z5 2D

The proof of Theorem 3.1 is given in Section 6. In the following section we will express
the parameters A\, in terms of the limiting return times distribution.

4. RETURN TIMES ANC KAC’S SCALING

As before let U C €2 be a subset of €2 so that x(U) > 0, then define the first entry/return
time 7 by 7y(z) = min{j > 1 : T € U} which by Poincaré’s recurrence theorem is
finite almost everywhere. Similarly we get higher order returns by defining recursively
h(x) = 75 + (T (2)) with 7} = 7. We also write 79 = 0 on U. For L some large
number we then put ay(L,U) = uy(riyt < L < 1) for £ = 1,2,..., where puy is the
induced measure on U given by puy(A) = p(ANU)/uw(U),YA C .

Now let U, C Q,n=1,2,..., be a nested sequence of sets and put A =), U,,. Assume
the limits ap(L) = lim, 00 a¢(L,Uy,), £ = 1,2, ..., exist for all L large enough. Similarly
we put ay = limy_,o (L), for £ = 1,2,.... In the special case £ = 1 we get in particular
ap = limy,_ o0 limy, o0 py, (L < 7y, ) which is also called the extremal index.

Lemma 4.1. [15] Assume Y, (?ay < 0. If ay > 0 then
Ap = ok T Ykl
aq
In particular the limit defining A\, exists.

This lemma in particular implies that the expected length of the clusters is given by

> 1 & 1
E kX, = — E — = —

k a k(% Oék+1) o
k=1 k=1
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provided «; is positive. Also notice that since A\ > 0 one obtains that oy > ag > a3 >
- is a decreasing sequence. Moreover A\, = a;Vk only when both are geometrically
distributed, i.e. A\, = ap = a1(1 — ay)* which results in a Polya-Aeppli compound Poisson
distribution.
Let us consider the entry time 7 (z) where x € Q.

Lemma 4.2. For U C 2 one has

Mh

Pty <L) =pU) > o(k,U).

j=0
If moreover U, C Q) is a nested sequence so that u(U,) — 0 as n — oo and so that the

limit oy = limyp o0 lim,, oo oy (L, U,) exists and satisfies oy > 0, then

<

L—o00 n—oo LM(Un) =

Proof. We have

Py <L) = P(ZF>1)

= Y P(Z >1,T7UmoT) >L—j)
§=0

= ) P(Um>L—j)

5=0
L
= w(U)Y aa(k,U).
§=0
The second part of the statement now follows if a; > 0. 0

Remark 4.1. If a; > 0 then it now follows from the two previuous lemmata and its proof
that

P(Téﬂ <L< Té:l)

ST Ly
fort =1,2,3,.... In a similar way as in the previous lemma on can show for { = 2,3, ...
that
L L
P(rg, <L) =Y P(rf, <L <75 =Plry, < L)Y (L, Uy)
k=t k=¢
which implies as before that
S )
lim lim —2——~ = q.
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5. THE COMPOUND BINOMIAL APPROXIMATION

In this section we prove an approximation theorem that provides an estimate how
closely the level sets of the counting function W is approximated by a compound binomial
distribution which represents the independent case. As the measure of the approximating
target set B,(I") goes to zero, the compound binomial distribution then converges to a
compound Poisson distribution.

To be more precise, the following abstract approximation theorem which establishes
the distance between sums of {0, 1}-valued dependent random variables X,, and a random
variable that has a compound Binomial distribution is used in Section 6.1 in the proof
of Theorem 1 to compare the number of occurrences in a finite time interval with the
number of occurrences in the same interval for a compound binomial process.

Let Y; be N valued i.i.d. random variables and denote A\, = P(Y; = ¢). Let N’ be
a (large) positive integer, ¢ > 0 a parameter and put p = ¢/N’. If @ is a binomially
distributed random variable with parameters (N”, p), that is P(Q = k) = (]Z/)pk(l—p)N/_’“,

then W = Z?Zl Y; is compound binomially distributed. As N’ goes to infinity, () converges
to a Poisson distribution with parameter ¢ and W converges to a compound Poisson
distribution with parameters ¢, \,.

Let (X, )nen be a stationary {0, 1}-valued process and put ZX = Zf:iol X; for L € N.
Let WP = 2% — Z% for 0 < a < band W = Z¥. (In the following theorem we assume for
simplicity’s sake that N’ and A are integers.)

Theorem 5.1. [15] Let L << N and denote by v be the compound binomial distribution
measure where the binomial part has values p = P(Z¥ > 1) and N' = N/L and the
compound part has probabilities \y = P(ZL = 1) /p .

Then there exists a constant C1, independent of L and A < L, such that

BV = k) — #({k}) | < CL(N'(Ry + Ro) + AB(Z" > 1)),

where
qg—1
R = sup Z(P(ZL :u/\W%LL :q—u) —IP’(ZL :u)}P’(W%LL Zq—u))
0<A<M<N’ u—1
0<g<N’'—A-1/2
A
Ry = > P(ZF=1AW 0 >0,
n=2

6. PROOF OF THEOREM 1

In this section we bound the quantities in the assumption of Theorem 5.1 in the usual
way by making a distinction between short interactions, i.e. those that are limited by
a gap of length A, and long interactions which constitute the principal part. The near
independence of long interactions is expressed bv the decay of correlations and gives rise
to the error term R;. The short interactions are estimated by Ry and use the assumptions
on limited distortion, the fact that ‘cylinders’ are pull-backs of uniformly sized balls and
the positivity of the local dimension.
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6.1. Compound binomial approximation of the return times distribution. To
prove Theorem 1 we will employ the approximation theorem from Section 5 where we put
U= B,(I). Let X; = 1y oT" ! and for the blocking argument let L be an integer and put
as before V! = Z?:a Z;, where the Z; = ZZ(J: E)Lfl X, are stationary random variables.
Then we put N = [tL/P,(Zy > 1)], where t is a positive parameter (from now on we omit
the integer part brackets [-]). Then for any 2 < A < N’ = N/L = t/P,(Zy > 1)] (for
simplicity’s sake we assume N is a multiple of L)

@) 'P(VON’ . ﬁ({k})\ < C(N'(Ry +Ra) + AulZo > 1)),
where
q—1
Ri=  sup 3 (B(Zo=uAVA = q—u) —P(Zy= w)B(V = g —u))
0<A<M<N' |
0<q<N'—A—-1/2
A
RQ - Z]P)(Zl Z ]./\Z] Z 1),
j=1

and 7 is the compound binomial distribution with parameters p = P(Z; > 1) and distri-
bution LP(Z; = k). Notice that P(Vy¥" = k) = 0 for k > N and also #({k}) = P(V;\" =
k) =0 for k > N.

We now proceed to estimate the error between the distribution of S and a compound
binomial based on Theorem 5.1.

6.2. Estimating R,. Let us fix p for the moment and put U = B,(I"). Fix ¢ and u and
we want to estimate the quantity

Ri(q,u) = ‘P(Zo =u, V)l =q—u) —P(Zy = u)P(VA' =g —u)]

In order to use the decay of correlations (II) to obtain an estimate for R4 (g, u) we approx-
imate 14,—, by Lipschitz functions from above and below as follows. Let » > 0 be small
(r << p) and put U"(r) = B,(U) for the outer approximation of U and U’(r) = (B, (U°))*
for the inner approximation. We then consider the set U = {Z, = u} which is a disjoint

union of sets

u

N7vvn () T7'U°

j=1 i€[0,L)\{v;:5}
where 0 < v < vy < -+ < v, < L—1the uentry times vary over all possibilities. Similarly
we get its outer approximation U”(r) and its inner approximation U’(r) by using U”(r)
and U’(r) respectively. We now consider Lipschitz continuous functions approximating
1;; as follows

1 onlU " 1 oniU'(r)
r = d r = :
¢r() {0 outside U"(r) o #() {O outside U
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with both linear in between. The Lipschitz norms of both ¢, and gzgr are bounded by a* /r
where a = sup,cg |DT(x)|. By design ¢,, < 1zy=u < ¢.. Moreover let us note that since

u'(r)\u'(r) cUT" pir(D)\ By ()

one has by Assumption (IV)
3
-

MW%H\WWD<L;

In order to use the decay of correlation let us approximate as follows:

P(Zo=u, VA" =q—u) —P(Zy = w)P(Vx" = q—u)

S/ br ':H-Vé\fzq—udu_/ :ﬂ_Zoud,U/ ]]‘VAMZl]—UdN
M M M

=X+Y

_ ( | oin=| ]lZo—udM> JRr—
:/A4¢T (HVi”:qﬂ) d:u_/M(érd/L/MﬂVAM:qud:u'

The two terms X and Y are estimated separately. The first term is readily estimated by:

KB =g ) [ (6~ apma) i < @) \U() 5 L;—Zu@o L)

M

where

if we put r = p" for some w > 1. In order to estimate the second term Y we use the
decay of correlations. Using assumption (II), we can estimate as follows:

Y = / er VM—A:q_u) d,u - /qur du A ]lVOM*A:q—u d,u'
< C(A)orllLip
as ||]1V0M—A:q7u||goo = 1. Hence
pUNT 2V = g —u}) = pU) PV = ¢ — )

C(A
< aLQ + Lpfw_ﬁ,u(L{)

Since we get similar estimates using the inner approximation ngﬁr we obtain
C(A
Ri S aLQ + Lp*PP(Zy > 1)
p'll)

using the fact that U = {Zy = u} C {Zy > 1} for any u > 1.
In the exponential case when d(n) = O(9"), for some ¥ < 1, we choose A = t|logp |
for some t > w/| | and obtain the estimate

Ry <alpl?l=v 4 Lptv=PP(Z, > 1).
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6.3. Estimating the terms R,. To estimate the contributions made by short return
times we use, as it is typically done, expansiveness and the bounds on distortion. In order
to estimate the measure of U NT7U for some positive j define

C(U) ={Cpj 1 Gy NU # @, € I}
for the cluster of j-cylinders that cover the set U. If we put V = {Z, > 1}, then
TV ng

wW(T7VNUnG;) < (<)
Ce%%mgj (<)
< Y o) “’(“ Z%@
ce;(UING;

Since the sets (,x are ¢-pre-images of R-balls, the denominator is uniformly bounded
from below because u(T7¢) = u(Bgr(yx)) Thus, by assumption (I),

pTVAUNG) SDGY) Y. w2 L U ¢
Ce%;(U)NG; CEE;(U)NG;

Now, since diam ¢ < §(j) < j~* for ¢ € G,, in the polynomial case, one has
U ¢ Biy).
Ce?;(U)NG;
Since by assumption u(Bsg)(U)) = O((6(j) + p)%) we get in the polynomial case
IV NUNG;) SDHRMW)G(G)™ + p®) S DGRV + p™).
On the set G we use Assumption (II-iv) and obtain
w(UNT7YNGS)
p(V)

For the estimate of R, there are two cases to consider, namely (I) if 7 > 2 where we

have a gap of length L to give us some dacay, and (II) when j = 1 in which case we have

to open a gap to achieve some decay.
(I) If j > 2 then we use the decomposition

w(T7VNnUnGs) < pV)

L—-1
{(Zo>1,Z; =1y =vnT7"v=T7"vn | T *U
k=0
and obtain
L—1 jL—1
P(Zy>1,Z;>21) <Y p(TFUNT7V) = Y p(UnT™V).
k=0 u=(j—1)L
Consequently
A AL—-1

> P(Zo=1nZ;21) < Y p(UNT V)

7j=2 u=L
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< v i (g(u)(u_mo L oy MU mi(—;;meg))

~Y

% (L + (LAY ph + &)
since D (u) = O(u®), provided o = tdy — 0 — 1 is larger than 0, where

u(UNT"YNGe)
6 =
2 u(v)
goes to zero as L — oo by Assumption (II-iv).
(II) If j = 1 let @ = - and put Z; = ZiL:_Ll_L,H X, and 7| = Zy— Z, where L' = L*.
Then
P(Zo> 1,202 1) <P(Z) > 1,2, > 1) + P(Z, > 1),
where P(Z) > 1) = p(V'), where V' = {Z] > 1}. Similar to the case (I) above we have
now a gap of length L’ which allows us to estimate in the same way
-1
P(Z)>1,Z,>1) < > pUNT™V)
u=L'
S uW) (L7 + L + 6 p))
we conclude that
P(Zy > 1,72, > 1) S p(V) (L7 + L Pph + &) + u(V').

Finally if we combine steps (I) and (II) then the entire error term can be estimated by

N'R,

IN

A
Z (Zo>1,2; > 1)

( J(L77 + (LA) 9% + & o) + N'u(V)
t(L—OLO’ (LA>1+D do =+ ®LQ) + N/ (V’)
p(V)
p(V)
assuming v =dp —v(140) >0 (as A=p~ "), as N =t/u(V).
In the exponential case when §(n) = O(9"), for some ¥ < 1, then we put A = t|logp],
for a suitable t, and obtain

A2

AN

L7+ L' + &0 +

A AL—1
E T c

P(ZO > 1A Zj > 1) 5 ,u(V) g (ua(ﬁiuio + de) + :U(U N yn Gu)>
J=2 u=L ILL(V)

< uV) <§L+L1+apd0+®L>

for any 0 € (9,1) and any positive dy < do. This yields

p(v')

N'Ry SOF 4+ L'y 4 &0 + .
n(V)
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6.4. The total error. For the total error we now put r = p* and as above A = p7"
where v < dy since A << N and N > p~%. Moreover L' = L® for « = 1/(1 + o) and in
the polynomial case when C(A) = O(A™P) = O(p*) we get

[P(W = k) = v({k})]

A / !
< N <aL&w) + Lp&"—ﬁu(u)) + L7 4 LY 4 B+ V) + Ap(ty < L)

p n(V)
L /
’S a_pvp—w—dl + pwﬁ—ﬁ + Ll—i—bpv’ 4+ L Q5Lo< + M(V) + Lpdo—v
L n(V)
as N'u(U) = 2, s = N'P(Zy > 1), N = t/P(Zy > 1) Z p™ and Ay < L) S p=tph.

When p — 0 then p(U) — 0 and in order to get convergence we require vp —w — dy > 0,
w—pF > 0and v = dy—v(140) > 0. This can be achieved if w > §/¢ is sufficiently close

to B/€ and p > (% + d1> ld—JgD in the case when C decays polynomially with power p, i.e.

C(k) ~ k~P. These choices also satisfy v < dy. Since we also must have 0 = tdy—0—1 > 0
this is satisfied if € > %.

In the exponential case (diam ¢ = O(9") for n cylinders ¢ and C(A) ~ ¥2) we obtain
with A = s|log p| for s large enough

/
B(W = k) —o({k})] S abp™ 57— g L L149] log r”°+19”+i(<);>) 160+ Au(ry < L),

for some 9 € (1, 1). Note that in this case we only need to have dy > 0.

6.5. Convergence to the compound Poisson distribution. For¢ > 0 and any L € N
large we take N’ = t/P(Z% > 1) In the double limit first p goes to zero and then we let L
go to infinity. Denote by 77, , be the compound binomial distribution with the paramters
p="P(Z* > 1) and N’ = t/p. Then, as p — 0 the compound binomial distribution 7y,
converges to the compound Poisson distribution 7y, for the parameters tA,(L). Thus for
every L:
P(W =k) — v({k}) + O(L™ + Bpa).

Now let L — oo. Then \(L) — A\, for all £ = 1,2,... and 7, converges to the compound
Poisson distribution v for the parameters Ay = limy_,,, A¢(L). Finally we obtain

P(W =k) — v({k})
as p — 0. This concludes the proof of Theorem 3.1. UJ

7. EXAMPLES

7.1. C? interval maps. Let T : I — I is piecewise expanding on the interval I. We
assume that T is piecewise C? with uniformly bounded C%norms. For ¢ € ., (.,
are, as before, the set of inverse branches of 7™) we denote by (, = () the n-cylinder
associated with . If, as before,

0(n) = max |G|

then d(n) decays exponentially fast since we assume that |7"(x)| > ¢y uniformly in z for
a constant ¢y > 1. That is d(n) < ¢;" (his corresponds to the case when £ = 00).
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Moreover one has decay of the annealed correlation function (I) and also the decay of the
quenched correlation functions (II). In fact, the decay function \(n) decays exponentially
fast to zero (this is equivalent to p = 00).

Since the measure p is absolutely continuous with respect to Lebesgue measure and a
density h which is bounded and bounded away from 0, Condition (V) is satisfied with
any values dy < 1 < d; arbitrarily close to 1. Condition (III) follows from the uniform
boundedness of second order derivatives which implies that 0 = 0. Let us notice that
G¢ = @ for all j and that the contraction rate of the maximal size of n-cylinders §(n) is
exponential. The Annulus Condition (VI) is satisfied with £ = 5 = 1.

By [15], Lemma 4, z is a periodic point if and only if the 7,(z) = inf{j > 1: TV B,(x) N
B,(x) # @}. Note that 7,(z) < 7(x) if p > p’ > 0 and if p — 0 then 7,(z) converges to
the minimal period of m of z if x is a periodic point and to oo if  is not periodic. If x is
periodic with minimal period m, then A\, = (1 — ¥)9*"!, where

B T'B
=0 pu(By(x))
is the Pitskel value of z. If x is not periodic then we find that A\; = 1 and A\, = 0 for all

¢ > 2 which follows from the fact that 7,(z) then diverges to oo.
We can therefore invoke Theorem 3.1 and obtain the following result:

= |DT™ ()|~

Theorem 7.1. Let the map T be piecewise C? with uniformly bounded C? derivative and
uniformly expanding. Then

=

-1
W%p == ILBp(z) O Tj

<
I
=)

with respect to the measure p 1s:

(i) Poisson(t) if x is non-periodic,

(ii) Pdlya-Aeppli if x is periodic with minimal period m and the Pitskel value ¥ =
| DT™(z)| 7Y, Ao = (1 —9)9 1,

where N = N,(z) = m (Kac scaling).

7.2. Parabolic interval maps. Let us consider the Pomeau-Manneville map which for
a parameter o € (0, 1) is given by

r+ 2%t ifxelo,i
T(.ZU) — . [1 2)
20 —1 if z € [3,1]

and has a parabolic point at = 0, i.e. 7"(0) = 1. Otherwise 7"(z) > 1 for all = # 0.
These maps have a neutral (parabolic) fixed point at z = 0 and are otherwise expanding.
It is known that 7" has an invariant absolutely continuous probability measure with density
h(x), where h(x) ~ = for x close to 0.

There exists a constant C' so that

[veoryan- [van [oa < clollole

Wherewzé—l.
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Consequently, for the purposes of Theorem 3.1, Assumption (I) is satisfied with A(n) =
O(n~") with p = é — 1. Clearly the dimensions of p and p“ are equal to one and
Assumption (V) is satisfied with any dy < 1 < d; arbitrarily close to 1 for any point x
away from the parabolic point at 0. Assumption (VI) is satisfied with £ = § = 1.

Let us denote by ) for the parabolic inverse branch of 7" and denote by v, the other
inverse branch ¢;(z) = 1 + £. Then ¢y the (unique) inverse branch of 7™ which contains
the parabolic point 0, then one has that [§(1)] = O(n~"®), where ¥g(I) = [0,a,)],
tn = P (1) ~ n"a.

One has () (1) = 1/(T%)'(ax) and since T"(s) = 1 + (1 + «)2%¢ we obtain

(T (@) = [T+ 0+a)2%)

1
~  exp Z(l + a)2°‘aaz
(=1

~ exp ((1+ «a)(2a)*logk)
—

_ 1ta _ l4o _ 1
WhereC—(M)a— =1+

Now for j € N, let us put ¢ = 7(I) for the j-cylinder given by i = (i1,92,...,1;) €
{0,1}9, where 5 = Yi; 0y, ooy . The ¢ then describe all possible j-cylinders as i
ranges over all possibilities. For some 3 < 1 to be determined later, let us put ¢ = j° and
define the set of 'bad’ j-cylinders G¢ by

Gi = {C=vi1) : 1€ {0,111y =iy = -+ =i, = 0}
and put G§ = ecge - Then
. 1
G5 < Uy S -
Now let ng be so that z € U,, \ Uyy—1, then ¢ N B,(x) # @ if ( = (1), for i;_,, =

Lji—ng+1 = =1 = 0.

7.2.1. Away from the parabolic point. From now on we let I' = {x} for x € I, x # 0. In
order to get better estimates of the term R? we will, unlike done earlier, stratify the set gy
as follows. If ¢ € G; then there exists s < ¢ so that ( = ¢#(I), where iy =iy =--- =43 =0
and 541 = 1. In this case, if moreover ( N B,(z) # &, then

diam(¢) < diam(U,)

(7 —s—mng)en§
Or, since diam(U,) < a, < s™a we get
1 1

sa (( — s —no)no)°

0s(j) S
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which is the diameter estimate for those j-cylinders for which have the given value for s.
In a similar way we can estimate the distortion of those cylinders by

D,(7) < distortion(T2]p,) < s°.

Since the dimension of the measures p on the unit interval [ is equal to 1, we get the
following refined estimate of the error term Ry where the gap is again denoted by A. For
the contribution of the short returns we get (as ¢ << j)

A qg—1

Rogood S > Y 0s(1)D:()
j=L' s=0
A q—l 1+l

AN
]
»

A
< Y
S
provided é — 20 is positive, i.e. § < % and L' < L. Therefore

Ry < L

2
~ LléiQﬁ

+ B,

The estimates of the other terms R; and R3 proceed unchanged. As before we ap-
proximate the characteristic function 1p,(,) from the outside by a Lipschitz continuous
function ¢ which smoothens on an annulus of thickness p* for a w > 1 and in a similar
way with a Lipschitz function ¢ from the inside. Then ||||Lip, |¢l|lLip < p~* and gives for
the correlation term:

< pv(é71)7w7

1_1 ~
51

L —w
Rl,corr S, a /)

where we used the decay of correlation and where we put, as before A = p~" for a v < 1.
This tells us that the condition on the parameters is v(é —1)—1—w > 0. For the annulus
term we get as before

7-\)fl,ann S Pw 5 pw]P(ZL Z 1)

which goes to zero as w is larger than 1. Then Ry = Ri corr + Riann. The third error
term is then

N A
R3S D Y u(V)? = NAu(V)® < Ap(V)

k=0 j=1

which goes to zero as v < 1. The total error now is

R < N'(Ry+ Rz) + Rs.
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Since g = By which implies that pu(G%) < 77 and define N; = Z;’i 1 Lee for which
we get

[o.¢] . o 1 1
= uGH 5 ij S e
=L j=L
The Hardy-Littlewood maximal function is then
1 — (G5 N By(x))
HNp(z) = sup ————— Ny, dp = sup 2
p>0 [1(By(7)) B, () p>0 FZL 1(By())

for which we get by the maximal inequality for ¢ > 0:
1
P(HNL>€ /NLd,uN L1 Vp>0
If we put ¢ = L=F=1/2 then

= p(G5NB@) 1 i
<
]P)“(Z W(B,(@)) LG IR | S Lo

Jj=L

Since Np, > 1if Ny # 0 we get that P,(Ng # 0) < L~¥7=Y decays to zero as L — oo if
v > 1. By [6] Theorem 3.18 we now obtain

= (G5 N B,(x))
Sulr) = T m ) Ve

j=L
for all z € {N; = 0} as p — 0. Since P(N;, # 0) is summable if S(X —1) —1 > 1 and
£ < 1 can be arbitrarily close to 1, we see that if a < % by the Borel-Cantelli theorem
lim llr%(%Lp( z)=0

L—o0

for almost every x € I, i.e. p-almost every z lies in liminf; ,{ N, = 0}.
Let us note that if x € liminf; ,{N; = 0} is periodic with minimal period m then we

get that the limiting distribution is Pélya-Aeppli with parameter ¢ = |DT™(z)|™! and
the Kac. scaling N = ]P’(ZLt21)/L ~ u(ﬁp)' If x € liminf;, ,{N; = 0} is non-periodic then

the limiting distribution is Poisson(t) with the scaling N = g5y ~ u(ltip)'

7.2.2. Asymptotics at the parabolic point. If x = 0 we obtain a different scaling since in
this case oy = 0. Instead of p — 0 we shall use the neighbourhoods U,, = [0, a,,]. Denote

by Ay = Uy \ Ups1 = (@ns1,an) and V,, p = U5 Aj = U, \ Uy, for L € N. For given
n let as before ZV = ij:_ol 1y, o T7 be the hit counting function where we assume for
simplicity’s sake that N = rL for some r, L € N. If k < K (for some K < L) we obtain

Pz =k) = P| ) hT(“)L{Zszj}

Fetr (k) 3=1

=P ﬂTﬂlL{ZL ki)

ket (k) I=1
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N—-1
]P’(Z Zl ot = k) ,
§=0

where (k) = {k € Ng : D751 kj = k} and A Zf;ll Ly, , o T7. This is because if
Z{}L = k < K then for the iterates one has Tz € U, x for j =0,...,N. Let K = L" for
some 7 € (0,1). Then K — o0 as L — oo.

Lemma 7.1. For all « € (0,1):
P(ZE > 1)
LV r+k-1)
as n — 0o. In particular there is a constant C' so that

Clna <P(ZF>1)<Cna.

—1

Proof. We do the following decomposition as quvn, kK = Vatik:
L1

{(z">1} = T Vox
=0
-1 -1
= U (Vn—l—Z,K U U T_(Z_i_l)@/hvnﬂ,z()
=0 i=0
= Voksr1UE
where we get the error term (k = ¢ — 1)
L-10-1 L1
= JUT "V eVaik = UT (k=0 U 1 Vori = UT D Vo kg
=0 i=0

which can be estimated as follows:

L-1

K+ L — k LK+ L

W) 8 3 T S
k=0 n° ne

Since

1V k+r-1)

(K+L—1)n"=

is bounded and bounded away from 0 uniformly in n we get the desired estimates. 0

Lemma 7.2. If o, 5 € (0,1) then

> (Ve NT-H{ZL > 11N Ge
Q5anzlu( K A{ > 1} ]) —0
’ P(ZL > 1)

Jj=L

as n — Q.

Proof. In order to verify Assumption (II-iv) we write
L-1
Vak NTHZE > 130G =V NT7 | JT Vo NT™U, = Vg NT-U70Y
=0
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(as G§ = T71U,), where

L—1 l+q—1—i
V= U (Vn+ﬁ+q,K U U T~ Vi 0 Uq)
=0 i=0
Since
T_(Z+q_1_i)77z)1vn+i,K N Uq - Ag+q_1_i N Uq =d

ifl+q—i—1<gq,or, ift>/¢—1, we can put

L—10-1

f}/ _ U U T—(€+q—1—i)¢lvn+i7K N Uq
(=0 i=0

which implies V' C V,.—1 and to write

L-1
V = U Vn+g+q7[{ U V/ == Vn+q,K+L—1 U V/.
=0
Note that since
l+q—i—1
T_(€+q_1_l)¢lvn+i7l( NU, = U ¢§¢1T_(Z+q_z_2_k)¢lVn—H}K
k=q

(the term k = £+ ¢ — 1 — i is when one of the maps 17 is deleted) we get for the Lebesgue
measure m
l4+q—i—1
m(T*(qul—z)wl Virie N Uq) < Z m(w(l)cwle(éJrqﬂfQ—k)?ﬂl VnJri,K)

k=q

N
faght
k‘
t»—
3
S
A

as Dy, < k=1, Consequently

and therefore

~ ~

m(V) S m(Viygr+r—1) +m(V')
< K+ L KL?
Y g g
2
<
(n+q)=*

Since hly. . < n one has
n,K

p(Vox NT{ZE > 13N GS) Sn-m(V g NTU79Y)
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and therefore
Jj—q—1j—q—i—1

Vaxk NT-00V = (Ve ngg )y u | | ebn T 0 Py n v k.

=0 k=q

Since @b’g@blT*U*fI*i*Z*’“)wl%ﬁ C Ay we must have n < k < n + K which implies in
particular that j —q—i—2 > n and thus j > n+1 in the second term. For k € [n,n+ K)
this leads to

L N 1 R

_ 1 ¢ \*  KL?
~ né"’l q+1 (n—{—q)é"’l

. 141
as DYglv, o S (ﬁ) . Since hly, , < n this leads to

j—q—1j—q—i—-1
u( U U wéwlT—U*q—"—z—“wlwgvmvn,K)

1=0 k=q

Jj—q—1 141 9

< =5 o

g+ (n+q)at!

K2L2 qé—l-l 1

S T T )
na e (n—}—q)a

_ K?L%q
na(n+ q)at!

For the other term we get
p(Vae N V) Snem(Vie N 1V) S ”(m(Vn,K N Vatjr+r-1) +m(Var N wé‘qf/)) :

Since for j > L one has V,, k N V1) k+r—1 = & and since V' C V,.L—1 one gets wgqu/ C
V; -1 and therefore V,, x NV # @ only if n — L < j < n+ K we obtain

g K+ L
m(Vi,x Naby~ V') S - BL
natin
as q = j°.
Finally we arrive at
A . k21258 k+ L
#(Vn,KﬂT j{ZL > l}mG]) X[noo)(])+ﬁX[n Ln+K)(])

na(n+ j8)at nana

and since P(ZX > 1) > LKn ™= this gives us

S S

Jj=

1
T X j)+—F—0
n+15 ine0)(J) na
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as n — oo. O

The estimates of the R terms are much the same as for non-parabolic points:

aL

1
< - < L —w pnr—vy
Rl,corr ~ pw AY ~ a - p N ,
where we put A = NV for some v < 1. Similarly
Riann S p“p(V)h(an) < npp(V).

No change in the R3 term as we still have R3 < p(V)!7°. Similarly we have

1
QS L/é_z@'—i_@[]l’n
For the coefficients of the limiting compound Poisson distribution we get if ¢ > 2:
P(ZF =¢ Vi,
( ) _ lim lim M(l—l—o(l)) =0

A¢ = lim lim ———=
¢ L—00 n—oo ]P)(ZL > 1) L—o00n—oo N(Vn,L—K—l)

which implies that we get in the limit that limy_, lim, o % — et that is the

appropriately rescaled entry times converge to an exponential distribution.

Notice that for the parabolic point we have the non-Kac scaling N = m ~
tL

AT tna rather than the standard Kac scaling which would require N to have the

t
value m

An application of Theorem 5.1 then leads to the following result.

~ tna~! which grows much more slowly.

Theorem 7.2. Let T : I O be as described above, where the map T is the parabolic map
T,. Assume 0 < a < % Denote by p the absolutely continuous invariant measure, then
for all t > 0 the counting function

N-1
Wz7p == Z ILBp(z) (¢] Tj
7=0

converges in distribution to Poisson(t) for Lebesgue almost every x € [0, 1] and for x = 0,
where for:

v 0N = i
r=0: N=——"L—- where K <L (e.g. K=L" for somen < 1) and a double limit

#(Vn,L+K)/L
n — oo and then L — oo.
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