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Abstract. We describe an approach that allows us to deduce the limiting return times
distribution for arbitrary sets to be compound Poisson distributed. We establish a re-
lation between the limiting return times distribution and the probability of the cluster
sizes, where clusters consist of the portion of points that have finite return times in the
limit where random return times go to infinity. In the special case of periodic points we
recover the known Pólya-Aeppli distribution which is associated with geometrically dis-
tributed cluster sizes. We apply this method to several examples the most important of
which is synchronisation of coupled map lattices. For the invariant absolutely continuous
measure we establish that the returns to the diagonal is compound Poisson distributed
where the coefficients are given by certain integrals along the diagonal.
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Université de Toulon, CPT, Marseille, France. E-mail: up201903442@fc.up.pt.
N Haydn, Mathematics Department, USC, Los Angeles, 90089-2532. E-mail: nhaydn@usc.edu.
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1. Introduction

?
2. Assumptions and main results

2.1. General setup. Let M be a Polish space, and Ω, the so-called driving space, be a
Polish space equipped with a measurably-invertible probability preserving system pθ, νq.
Consider maps Tω : M Ñ M (ω P Ω) which combine to make the a measurable skew

product S : Ω ˆ M Ñ Ω ˆ M , pω, xq ÞÑ pθω, Tωxq. As usual, for higher-order iterates we
denote Snpω, xq “ pθnω, T n

ω pxqq where T n
ω “ Tθn´1ω ˝ ¨ ¨ ¨ ˝ Tθω ˝ Tω.

Consider probability measures µω P PpMq (ω P Ω) which combine to form i) a random
measure over M in the sense that ω ÞÑ µωpBq is measurable (@B P BM), and ii) a quasi
invariant family in the sense that µθω “ Tω˚µ

ω (@ω P Ω).
Consider Γ Ă Ω ˆ M a measurable subset whose ω-sections Γpωq Ă M have null µω-

measure. The set Γ is the so-called random target.
The objects considered above comprise what we call a ‘targeted random dynamical

system’, or simply ‘system’, to be denoted by the tuple pθ, ν, Tω, µ
ω,Γq. Now we introduce

some other objects, derived from the previous ones.
Define the stationary measure µ̌ “

ş

Ω
µω dνpωq P PpMq and S-invariant measure µ̂ P

PpΩ ˆ Mq given by dµ̂pω, xq “ dµωpxqdνpωq. Notice that µ̌ “ πΩ˚µ̂.
Define Γρpωq “ BρpΓpωqq (ρ ą 0) and the corresponding ω-collection by Γρ. Moreover,

for U Ă Ω ˆ M whose ω-sections Upωq Ă M are sets of positive µω-measure, put Iωi “

1Upθiωq ˝ T i
ω and define the counting functions

Zω,L
U “

L
ÿ

i“0

Iωi and Zω,L
˚U “

L
ÿ

i“1

Iωi (L P Ně0). (1)

Finally, define first hitting times by

τωU pxq “ inftj ě 1 : T j
ωpxq P Upθjωqu.

and their higher order counterparts by putting τω,1U “ τωU and recursively

τω,ℓU pxq “ τω,ℓ´1
U ` τω

1

U pT
τω,ℓ´1
U

ω pxqq,

where ω1 “ θτ
ω,ℓ´1
U pxqω. Notice that tZω,L

˚U ě ℓu “ tτω,ℓU ď Lu and tZω,L
˚U “ ℓu “ tτω,ℓU ď

L ă τω,ℓ`1
U u.

Notation: A R-valued function defined on the product space, fpω, xq, is often rewritten
with the random seed in the sup/subscript, like fωpxq or fωpxq, which can be seen as an
Ω-family of functions defined onM . And vice versa. When integrating a function, we may
simply omit the dummy variable of integration, even if it is a sup/subscript. We leave it for
the reader to infer what variables and parameters are being integrated and were omitted.
Some examples: i) µ̂pfq “

ş

ΩˆM
fpω, xqdµ̂pω, xq “

ş

ΩˆM
fωpxqdµ̂pω, xq “

ş

Ω
µωpfωqdνpωq,

with µωpfωq “
ş

M
fωpxqdµωpxq “

ş

M
fpω, xqdµωpxq; ii) µ̂pZL

Γρ
q “

ş

ΩˆM
Zω,L

Γρ
pxqdµ̂pω, xq “

ş

Ω
µωpZω,L

Γρ
qdνpωq, with µωpZω,L

Γρ
q “

ş

M
Zω,L

Γρ
pxqdµωpxq. If the aforementioned f is t0, 1u-

valued we identify it with the set F “ f´1pt1uq, since f “ 1F , whereas its partials fω
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are identified with the ω-sections of F , denoted Fω, since fω “ 1Fω . And vice versa. So,
instead of i), we could write i’) µ̂pF q “

ş

ΩˆM
1F pω, xqdµ̂pω, xq “

ş

ΩˆM
1Fωpxqdµ̂pω, xq “

ş

M
µωpFωqdνpωq, with µωpFωq “

ş

M
1Fωpxqdµωpxq “

ş

M
1F pω, xqdµωpxq.

2.2. Working setup. Now we upgrade the general setup of section 2.1. To optimize for
generality, we present in abstract terms the conditions which are required from the systems
we’ll work with. In concrete examples, these conditions need to be verified, but one should
keep in mind that they are conceived to accommodate non-uniformly expanding behavior
and random targets which don’t overlap very badly with the regions where uniformity
breaks.

Convention: We’ll write lim
LÑ8

lim
ρÑ0

apL, ρq to refer to the coinciding value of lim
LÑ8

lim
ρÑ0

apL, ρq

and lim
LÑ8

lim
ρÑ0

apL, ρq, when they do exist and coincide.

We start introducing new objects and notation. Before items identified with H we
are not introducing new hypotheses, in particular, the following objects are not a priori
assumed to exist – if they do, then the notation to be proposed stands.

Whenever the following limits exist (and the appropriate ones coincide), denote

I)

λωℓ “ lim
LÑ8

lim
ρÑ0

λωℓ pL, ρq “ lim
LÑ8

lim
ρÑ0

λωℓ pL, ρq
looooomooooon

“
`

λωℓ pLq

“ lim
LÑ8

lim
ρÑ0

λωℓ pL, ρq

looooomooooon

“
´

λωℓ pLq

,

where

λωℓ pL, ρq “ µω
pZω,L

Γρ
“ ℓ|Zω,L

Γρ
ą 0q. (2)

II)

λℓ “ lim
LÑ8

lim
ρÑ0

λℓpL, ρq “ lim
LÑ8

lim
ρÑ0

λℓpL, ρq
looooomooooon

“
`

λℓpLq

“ lim
LÑ8

lim
ρÑ0

λℓpL, ρq

looooomooooon

“
´

λℓpLq

,

where

λℓpL, ρq “ µ̂pZL
Γρ

“ ℓ|ZL
Γρ

ą 0q “

ş

Ω
µωpZω,L

Γρ
“ ℓqdνpωq

ş

Ω
µωpZω,L

Γρ
ą 0qdνpωq

“

ż

Ω

λωℓ pL, ρq
µωpZω,L

Γρ
ą 0q

ş

Ω
µωpZω,L

Γρ
ą 0qdνpωq

dνpωq “

ż

Ω

λωℓ pL, ρqdνL,ρpωq,

(3)

with

dνL,ρpωq :“
µωpZω,L

Γρ
ą 0q

ş

Ω
µωpZω,L

Γρ
ą 0qdνpωq

dνpωq.

III)

α̂ω
ℓ “ lim

LÑ8
lim
ρÑ0

α̂ω
ℓ pL, ρq “ lim

LÑ8
lim
ρÑ0

α̂ω
ℓ pL, ρq

loooooomoooooon

“
`

α̂ω
ℓ pLq

“ lim
LÑ8

lim
ρÑ0

α̂ω
ℓ pL, ρq

loooooomoooooon

“
´

α̂ω
ℓ pLq

,
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where

α̂ω
ℓ pL, ρq “ µω

pZω,L
Γρ

ě ℓ|Iω0 “ 1q “ µω
pZω,L

˚Γρ
ě ℓ´1|Iω0 “ 1q “ µω

pτω,ℓ´1
Γρ

ď L|Iω0 “ 1q. (4)

Notice that, by L-monotonicity, the outer limits always exist provided that the
inner ones do.

IV)

αω
ℓ “ lim

LÑ8
lim
ρÑ0

αω
ℓ pL, ρq “ lim

LÑ8
lim
ρÑ0

αω
ℓ pL, ρq

loooooomoooooon

“
`
αω
ℓ pLq

“ lim
LÑ8

lim
ρÑ0

αω
ℓ pL, ρq

loooooomoooooon

“
´
αω
ℓ pLq

,

where

αω
ℓ pL, ρq “ µω

pZω,L
Γρ

“ ℓ|Iω0 “ 1q “ µω
pZω,L

˚Γρ
“ ℓ ´ 1|Iω0 “ 1q “ µω

pτω,ℓ´1
Γρ

ď L ă τω,ℓΓρ
|Iω0 “ 1q.

(5)

Notice that tτω,ℓΓρ
ď Lu Ă tτω,ℓ´1

Γρ
ď Lu implies tτω,ℓ´1

Γρ
ď L ă τω,ℓΓρ

u “ tτω,ℓ´1
Γρ

ď

Luztτω,ℓΓρ
ď Lu and so

αω
ℓ pL, ρq “ µω

pτω,ℓ´1
Γρ

ď L|Iω0 “ 1q ´ µω
pτω,ℓΓρ

ď L|Iω0 “ 1q “ α̂ω
ℓ pL, ρq ´ α̂ω

ℓ`1pL, ρq. (6)

Moreover, when α̂ω
ℓ ’s are defined, one has

lim
LÑ8

lim
ρÑ0

α̂ω
ℓ pL, ρq ´ lim

LÑ8
lim
ρÑ0

α̂ω
ℓ`1pL, ρq ď lim

LÑ8
lim
ρÑ0

αω
ℓ pL, ρq

lim
LÑ8

lim
ρÑ0

αω
ℓ pL, ρq ď lim

LÑ8
lim
ρÑ0

α̂ω
ℓ pL, ρq ´ lim

LÑ8
lim
ρÑ0

α̂ω
ℓ`1pL, ρq

ñ αω
ℓ exists and αω

ℓ “ α̂ω
ℓ ´ α̂ω

ℓ`1.

V)

α̂ℓ “ lim
LÑ8

lim
ρÑ0

α̂ℓpL, ρq “ lim
LÑ8

lim
ρÑ0

α̂ℓpL, ρq
looooomooooon

“
`

α̂ℓpLq

“ lim
LÑ8

lim
ρÑ0

α̂ℓpL, ρq

looooomooooon

“
´

α̂ℓpLq

,

where

α̂ℓpL, ρq “ µ̂pZL
Γρ

ě ℓ|I0 “ 1q “

ş

Ω
µωpZω,L

Γρ
ě ℓ, Iω0 “ 1qdνpωq

ş

Ω
µωpΓρpωqqdνpωq

“

ż

Ω

α̂ω
ℓ pL, ρq

µωpΓρpωqq
ş

Ω
µωpΓρpωqqdνpωq

dνpωq “

ż

Ω

α̂ω
ℓ pL, ρqdν0,ρpωq,

(7)

with

dν0,ρpωq :“
µωpΓρpωqq

ş

Ω
µωpΓρpωqqdνpωq

dνpωq.

Notice that, by L-monotonicity, the outer limits always exist provided that the
inner ones do.

VI)

αℓ “ lim
LÑ8

lim
ρÑ0

αℓpL, ρq “ lim
LÑ8

lim
ρÑ0

αℓpL, ρq
looooomooooon

“
`
αℓpLq

“ lim
LÑ8

lim
ρÑ0

αℓpL, ρq

looooomooooon

“
´
αℓpLq

,
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where

αℓpL, ρq “ µ̂pZL
Γρ

“ ℓ|I0 “ 1q “

ş

Ω
µωpZω,L

Γρ
“ ℓ, Iω0 “ 1qdνpωq

ş

Ω
µωpΓρpωqqdνpωq

“

ż

Ω

αω
ℓ pL, ρq

µωpΓρpωqq
ş

Ω
µωpΓρpωqqdνpωq

dνpωq “

ż

Ω

αω
ℓ pL, ρqdν0,ρpωq,

(8)

with

dν0,ρpωq :“
µωpΓρpωqq

ş

Ω
µωpΓρpωqqdνpωq

dνpωq.

Notice that, when α̂ℓ’s are defined, one has

lim
LÑ8

lim
ρÑ0

α̂ℓpL, ρq ´ lim
LÑ8

lim
ρÑ0

α̂ℓ`1pL, ρq ď lim
LÑ8

lim
ρÑ0

αℓpL, ρq

lim
LÑ8

lim
ρÑ0

αℓpL, ρq ď lim
LÑ8

lim
ρÑ0

α̂ℓpL, ρq ´ lim
LÑ8

lim
ρÑ0

α̂ℓ`1pL, ρq

ñ αℓ exists and αℓ “ α̂ℓ ´ α̂ℓ`1.

Now, on top of the features prescribed to the objects in our system throughout section
2.1, we’ll consider the following hypotheses.

H1 (Invertibility features).

1.1 (Degree). @ω P Ω, @n ě 1, @x P M : pT n
ω q´1ptxuq is at most countable

1.2 (Covering). DR ą 0,N ě 1, ι ą 0, @ω P Ω, @n ě 1, Dpyω,nk qkPKω,n with #Kω,n ă 8:

- Mz
Ť

kPKω,n
Bpyω,nk , Rq is at most countable,

- infkPKω,n µ
θnωpBpyω,nk , Rqq ą ι,

- pBpyω,nk , RqqkPKω,n has at most N overlaps.

1.3 (Inverse branches). @ω P Ω, @n ě 1, @k P Kω,n,

IBω,n
k “ tφ : Bpyω,nk , Rq Ñ M diffeomorphic onto its image with T n

ω ˝ φ “ idu

is non-empty, at most countable and so that φ, ψ P IBω,n
k , φ ‰ ψ ñ φpdompφqq X

ψpdompψqq “ H. In particular, the set IBpT n
ω q “

Ť

kPKω,n
IBω,n

k is countable and so

that φ, ψ P IBpT n
ω q, dompφq X dompψq “ H ñ φpdompφqq X ψpdompψqq “ H.

The next item follows from the ones above, but we list it together for convenience.

1.4 (Cylinders). @ω P Ω, @n ě 1, Cω
n “ tξ “ φpdompφqq : φ P IBpT n

ω qu is countable and
satisfies

- Mz
Ť

ξPCω
n
ξ is at most countable,

- the cover Cω
n has at most N overlaps.

H2 (Hyperbolicity features).

2.1 (Good/bad sets). @ω P Ω, @n ě 1, Cω
n splits like Cω

n “
`

Cω
n

Ů

´

Cω
n in such a way to

form the measurable function Gnpω, xq “

#

1, if x P
Ť

ξP
`

Cω
n

ξ

0, otherwise
(whose complement in M

is denoted by Ḡn). Not including the shrinking size of bad sets.
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2.2 (Distortion on good sets). Dd ą 0, DC ą 1, @ω P Ω, @n ě 1, @φ P IBpT n
ω q (i.e.,

ξ “ φpdompφqq P Cω
n ) with ξ Ă Gω

n , @x, y P ξ:

Jφpxq

Jφpyq
ď Cnd, where Jφpxq “

dφ˚µ
θnω|dompφq

dµω|φpdompφqq

pxq “
dφ˚µ

θnω|Tn
ω ξ

dµω|ξ
pxq.

2.3 (Backward contraction on good sets). Dκ ą 1, D ą 1, @ω P Ω, @n ě 1, @φ P IBpT n
ω q

(i.e., ξ “ φpdompφqq P Cω
n ) with ξ Ă Gω

n :

D´1e´n
ď inf

xPdompφq
}Dφpxq}co ď sup

xPdompφq

}Dφpxq} ď Dn´κ
pκ1

ą κq, diampξq ď Dn´κ,

where
}Dφpxq} “ sup

vPTxM
}v}“1

}Dφpxqv} and }Dφpxq}co “ inf
vPTxM
}v}“1

}Dφpxqv}

are, respectively, the operator norm of the derivative map and its associated conorm.
In particular,

aL :“ sup
ωPΩ

sup
φPIBpTL

ω q

sup
xPdompφq

}Dφpxq}co
´1

“ 1{ inf
ωPΩ

inf
φPIBpTL

ω q
inf

xPdompφq
}Dφpxq}op ď Den.

H3 (Small overlap between target and bad sets).

3.1 (Averaged separation). It holds that

lim
LÑ8

lim
ρÑ0

8
ÿ

n“L

µ̂pḠn X Γρq

µ̂pΓρq
“ 0.

3.2 (Quenched seperation). @L ě 1, DρseppLq ą 0, @ρ ď ρseppLq, @ω P Ω: Γ3{2ρpωq Ă Gω
L.

Notice: I’ve included 2.3 to take care of the Lipschitz constant of approximations used
lemma 3 and R1. The objective is to ensure that we are working with neighborhoods
which are inside “differentiability regions”

Notice: The previous hypothesis, being valid even for L “ 1, says that the starting cov-
ering presented in hypothesis (H1.2) (and therefore the associated covering with cylinder
presented in hypothesis (H1.4)) is sufficiently refined relatively to the target set Γ, in such
a way that one can select bad cylinders as in (H2.1) as to avoid them including target
points.

Notice: Property 3.2 kills 3.1. Also: here we don’t have much dynamical coherence
in the Cω

n ’s in respect to how cylinders compare when n increases. Do we need such
coherence if we want to include Nicolai’s “beta” cut (the one he used for the Pomeau-
Maneville map) at this level of generality in the paper? I’ll double check if yω,nk ’s in 1.2
really need to change in both ω and n. Also, I’ve added norms and conorms near the
derivatives in 2.3 to account for the Lipschitz constant of the approximations in higher
dimension (as used in lemma 3 and R1

Notice: I still need to change some @ω P Ω to a.s. And change uniform bounds to L8

counterparts.

H4 (Measure regularity).

4.1 (Atomless). @ω P Ω, µω is atomless.
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4.2 (Ball regular). D0 ă d0 ď d1 ă 8, DC0, C1 ą 0, Dρdim ď 1, @ρ ď ρdim, @ω P Ω:

C1ρ
d1 ď µω

pΓρpωqq ď C0ρ
d0 .

4.3 (Annulus regular). Dη ě β ą 0, DE ą 0, Dρdim ď 1, @ρ ď ρdim, @r P p0, ρ{2q, @ω P Ω:

µωpΓρ`rpωqzΓρ´rpωqq

µωpΓρpωqq
ď E

rη

ρβ
.

H5 (Decay of correlations). Dp ą 1 so that

5.1 (Quenched). @ω P Ω, @G P LipdM
pM,Rq, @H P L8pM,Rq, @n ě 1:

ˇ

ˇ

ˇ

ˇ

ż

M

G ¨ pH ˝ T n
ω qdµω

´ µω
pGqµθnω

pHq

ˇ

ˇ

ˇ

ˇ

À n´p
}G}LipdM

}H}8.

5.2 (Annealed). @ω P Ω, @G P LipdΩbM
pΩ ˆ M,Rq, @H P L8pΩ ˆ M,Rq, @n ě 1:

ˇ

ˇ

ˇ

ˇ

ż

ΩˆM

G ¨ pH ˝ Sn
qdµ̂ ´ µ̂pGqµ̂pHq

ˇ

ˇ

ˇ

ˇ

À n´p
}G}LippdΩbM q}H}8,

where

dΩbM ppω1, x1q, pω2, x2qq “

#

8 , if ω1 ‰ ω2

dMpx1, x2q, if ω1 “ ω2

ñ LipdΩbM
pGq “ sup

ωPΩ
LipdM

pGωq.

H6 (Hitting regular).

Dpλℓqℓě1,
ÿ8

ℓ“1
λℓ “ 1,

ÿ8

ℓ“1
ℓ3λℓ ă 8.

H7 (Return regular).

Dpαℓqℓě1, α1 ą 0,
8
ÿ

ℓ“1

αℓ “ 1,
8
ÿ

ℓ“1

ℓ2αℓ ă 8.

We call α1 the extremal index.

H7’ (Pre return regular). It holds that

Dpα̂ℓqℓě1, α̂1 ´ α̂2 ą 0,
8
ÿ

ℓ“1

ℓα̂ℓ ă 8.

Using the final implication of item VI), it is immediate that (H7’) ñ (H7), because
α1 “ α̂1 ´ α̂2 ą 0,

ř8

ℓ“1 αℓ “ α̂1 “ 1, and
ř8

ℓ“1 ℓ
2αℓ ď 2

ř8

ℓ“1 ℓα̂ℓ ă 8.
Moreover, for technical conditions, we assume that the quantities appearing in the

previous hypotheses harmonize so that the following constraints hold. Mostly, they hold
when (polynomial) decay is sufficiently fast.

H8 (Parametric constraints). It holds that

8.1. d0pp ´ 1q ą
p
β`d1

η
_1q`d1

d0{d1
,

8.2. d0p ą

´

β`d1
η

_ 1
¯

` d1,
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8.3. d0 ą maxt
β`d1p1`ηq

pη
, 1`d1

p
u, (I should discard this constraint soon)

8.4. 0 ď d ă
d0ηpp´1q´β´d0

β`d0p1`ηq
, (I should discard this constraint soon)

8.5. d ă κd0 ´ 1.

2.3. Main results. The first result to be presented, theorem 1, valid in the general
setup of section 2.1, expresses hitting statistics (λℓ’s) in terms of return statistics (αℓ’s).
Although important on its own, it actually plays an auxiliary role within the paper,
serving the following two purposes (the essential one being the second):

1) Technical: help the proof of our main result, theorem 2, via its use in the proof of
lemma 2. Be aware that the statement of this lemma can be phrased as to avoid the
dependence on theorem 1, both in the hypothesis and conclusion, but the dependence
on return statistics is still present in the hypothesis. We believe one could bypass both
aforementioned dependencies, in such a way as to write a spin-off of theorem 2 using
exclusively hitting statistics (instead of return statistics), either in statement or proof.

2) Examples: even if the said ‘spin-off’ could occur, to handle examples, one will always
need theorem 1 to compute the hitting statistics specified in theorem 2 (or its hypothetical
‘spin-off’). This is because return statistics are generally much easier to compute than
hitting statistics, so, whenever facing a concrete example, we calculate the former to
obtain the latter.1

Theorem 1. Let pθ, ν, Tω, µ
ω,Γq be a system as described in section 2.1.

Then

(H7’) ñ λℓ “
αℓ ´ αℓ`1

α1

pℓ ě 1q and (H6).

The essential part2 of this theorem is to conclude the equality, which will be proven in
section 3. It implies that α1 “ p

ř8

ℓ“1 ℓλℓq
´1.

Let us now formulate our main result. It says that the targeted random dynamical
systems being considered have quenched limit entry distributions in the compound Poisson
class.

Theorem 2. Let pθ, ν, Tω, µ
ω,Γq be a system satisfying hypotheses (H1)-(H5),(H7’) (so

(H6), by theorem 1) with the parametric constraints (H8.1)-(H8.5).
Then: @t ą 0, @n ě 0, @pρmqmě1 Œ 0 with

ř

mě1 ρm
q ă 8 (for some 0 ă q ă

qpd0, d1, η, β, pq3) one has

µω
pZ

ω,tt{µ̂pΓρm qu

Γρm
“ nq

ν-a.s.
ÝÑ
mÑ8

CPDtα1,pλℓqℓptnuq, (9)

where CPDs,pλℓqℓ is the compound Poisson distribution with parameter s and cluster size
distribution pλℓqℓ (see below).

1The general philosophy is that hitting-related quantities are theoretical and inaccessible, so assumptions
about them should be minimized; whereas return-related quantities are accessible and assumptions about
them can be adopted and should be checked/computed in concrete cases.
2(H6) follows from the previous equality and (H7) because

ř8

ℓ“1 λℓ “

ř8
ℓ“1 αℓ´αℓ`1

α1
“ 1

and
ř8

ℓ“1 ℓ
3λℓ “ pα1q´1

ř8

ℓ“1 ℓ
3pαℓ ´ αℓ`1q “ pα1q´1

`

13α1 `
ř8

ℓ“2 ℓ
3αℓ ´

ř8

ℓ“2pℓ ´ 1q3αℓ

˘

“

pα1q´1
`

13α1 `
ř8

ℓ“2p3ℓ2 ´ 3ℓ ` 1qαℓ

˘

ď pα1q´1
`

1 `
ř8

ℓ“1 7ℓ
2αℓ

˘

ă 8.
3A quantity to be introduced in lemma 3.
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Note: If the system has exponential asymptotics in (H5) and (H2.3), the previous
conclusion is still true, but, actually, with fewer parametric conditions being required:
instead of (H8.1)-(H8.5), only κd0 ą 1 is needed.
Recall: The compound Poisson distribution with parameter s P Rą0 and cluster size

distribution pλℓqℓPNě1 P PpNě1q,
ř8

ℓ“1 ℓλℓ ă 8, denoted CPDs,pλℓqℓ P PpNě0q, is the

distribution of a random variable M : pΩ,F ,Pq Ñ Ně0 given by Mpωq “
řNpωq

j“1 Qjpωq,

where N is a Ně0-valued random variable on pΩ,F ,Pq having Poisson distribution with
parameter γ and pQjqjPNjě1

is a sequence of Ně1-valued random variables on pΩ,F ,Pq

which are iid, independent of N and whose entries have distribution PpQj “ ℓq “ λℓ
(j, ℓ P Ně1). Denote Rl “

řl
j“1Qj. Then the probability mass function of CPDs,pλℓqℓ is

given indirectly by

CPDγ,pλℓqℓptnuq “

n
ÿ

l“1

PpN “ lqPpRl “ nq “

n
ÿ

l“1

sle´s

l!

ÿ

pn1,...,nlqPNl
ě1

n1`...`nl“n

l
ź

i“1

λni
. (10)

Structure of the paper. The rest of the paper is organized into two parts:
I) The first one, until section 6, is headed towards the proof of theorem 2 (section 6),

accomplishing required preliminary results: theorem 1 (section 3), theorem 3 (section 4)
and lemmas 2, 3 and 4 (section 5).

Theorem 1, as we said, has two uses: 1) technical: assist in the proof of lemma 2, 2)
examples (see (II) below): calculate hitting statistics in terms of return statistics, which
are more accessible.

Theorem 3 provides the skeleton of the proof of theorem 2, describing the asymptotics
we are after with a leading term and an error.

Finally, the lemmas are used to tame the above-mentioned leading (section 6.6) and
error terms (sections 6.2-6.4).

II) The second part applies the theory developed in (I) to examples. We consider certain
random expanding maps of the interval, casting new light on the well-known deterministic
dichotomy between periodic and aperiodic points and recovering the Polya-Aeppli case
for general Bernoulli-driven systems.

3. Proof of theorem 1

Let us note that theorem 2 from [16] is generalized by theorem 1 presented in section
2.3. The proof is very similar but presented here for the convenience of the reader.

In the scope of this section, let arbitrarily chosen ℓ P Ně1 and γ P Ną1 be fixed. These
will be used in the forthcoming proof of theorem 1 and lemma 1.

Lemma 1. It holds that
I) @η ą 0, DL2pηq, @L1 ą L ě L2pηq, Dρ2pη, L, L

1q, @ρ ď ρ2pη, L, L
1q:

µ̂
´

ZL1´L
Γρ

˝ SL
ą 0, I0 “ 1

¯

ď ηµ̂pΓρq.

II) @η ą 0, DL2pηq, @L1, L so that L1 ´ L ě L2pηq, Dρ2pη, L, L1q ą 0, @ρ ď ρ2pη, L, L
1q:

µ̂
´

ZL
Γρ

ą 0, IL1 “ 1
¯

ď ηµ̂pΓρq.
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Proof. Manipulating the definitions of α̂ℓ’s, the associated limits and the finiteness of the
series in the hypothesis, it can be shown that: @ϵ ą 0

i) Dk0pϵq ě 1 so that
ř8

k“k0pϵq kα̂k ď ϵ.

ii) DL0pϵq ě r2k0pϵq _ 2ℓs pϵ´1qγ, @L ě L0pϵq, Dρ0pϵ, Lq ą 0, @ρ ď ρ0pϵ, Lq one has

a) @H P rL, 2Lγs :
ř8

k“k0pϵq kα̂kpH, ρq ď 2ϵ,
ˇ

ˇ

ˇ

řk0pϵq
k“1 α̂k ´

řk0pϵq
k“1 α̂kpH, ρq

ˇ

ˇ

ˇ
ď 2ϵ.

b) @q P r1, 2k0pϵq _ 2ℓs, @H P rL, 2Lγs : |α̂q ´ α̂qpH, ρq| ď ϵ, |αq ´ αqpH, ρq| ď ϵ.

iii) DL1pϵq ě L0pϵq, @L
1 ą L ě L1pϵq, Dρ1pϵ, L, L

1q P

´

0,
ŹL1

H“L ρ0pϵ,Hq

¯

, @ρ ď ρ1pϵ, L, L1q

one has
ř8

k“1 |α̂kpL1, ρq ´ α̂kpL, ρq| ď 6ϵ.

To justify i) use that
ř8

k“1 kα̂k ă 8.
To justify ii.a) start noticing that @ϵ ą 0, DL0pϵq, @L ě L0pϵq :

0 ď α̂k´
˘

α̂kpHq ď
ϵ

k0pϵq
p@k P r1, k0pϵqs, @H P rL, 2Lγ

sq,

ñ 0 ď

k0pϵq
ÿ

k“1

α̂k ´

k0pϵq
ÿ

k“1

˘

α̂kpHq ď ϵ p@H P rL, 2Lγ
sq,

because α̂k “ limL

˘

α̂kpLq occurs monotonically increasing in L.
Then consider that @ϵ ą 0, @L ě 0, Dρ0pϵ, Lq, @ρ ď ρ0pϵ, Lq:

´

α̂kpHq ´
ϵ

k0pϵq2p2Lγq2
ď α̂kpH, ρq ď

`

α̂kpHq `
ϵ

k0pϵq2p2Lγq2

p@k P r1, k0pϵq2p2Lγ
q
2
s, @H P rL, 2Lγ

sq

implying

k0pϵq
ÿ

k“1

´

α̂kpHq ´ ϵ ď

k0pϵq
ÿ

k“1

α̂kpH, ρq ď

k0pϵq
ÿ

k“1

`

α̂kpHq ` ϵ p@H P rL, 2Lγ
sq,

and
8
ÿ

k“k0pϵq

kα̂kpH, ρq “

H
ÿ

k“k0pϵq

kα̂kpH, ρqď

H
ÿ

k“k0pϵq

k
`

α̂kpHq `

H
ÿ

k“k0pϵq

k
ϵ

k0pϵq2p2Lγq2

ď

8
ÿ

k“k0pϵq

kα̂k ` p2Lγ
q
2 ϵ

k0pϵq2p2Lγq2

ď ϵ ` ϵ “ 2ϵ p@H P rL, 2Lγ
sq.

Finally, combining the conditions and conclusions of the two previous paragraphs: @ϵ ą

0, DL0pϵq, @L ě L0pϵq, Dρ0pϵ, Lq ą 0, @ρ ď ρ0pϵ, Lq, @H P rL, 2Lγs:

8
ÿ

k“k0pϵq

kα̂kpH, ρq ď 2ϵ and

k0pϵq
ÿ

k“1

α̂k ´ 2ϵ ď

k0pϵq
ÿ

k“1

α̂kpH, ρq ď

k0pϵq
ÿ

k“1

α̂k ` 2ϵ,

as desired.
To justify ii.b) one can adapt the argument used above to show the second inequality

in ii.a).
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Finally, to justify iii) start noticing that @ϵ ą 0, DL1pϵq ě L0pϵq, @L
1 ą L ě L1pϵq:

ˇ

ˇ

ˇ

ˇ

˚

α̂kpL1
q´

˙

α̂kpLq

ˇ

ˇ

ˇ

ˇ

ď
ϵ

4k0pϵq
p@˚,˙ P t`,´uq,

and therefore @ϵ ą 0, DL1pϵq ě L0pϵq, @L
1 ą L ě L1pϵq, Dρ1pϵ, L, L

1q P

´

0,
ŹL1

H“L ρ0pϵ,Hq

¯

,

@ρ ď ρ1pϵ, L, L1q, @k P r1, k0pϵqs:

´

α̂kpL1
q ´

ϵ

4k0pϵq
ď α̂kpL1, ρq ď

`

α̂kpL1
q `

ϵ

4k0pϵq
p@k P r1, k0pϵqsq

´

α̂kpLq ´
ϵ

4k0pϵq
ď α̂kpL, ρq ď

`

α̂kpLq `
ϵ

4k0pϵq
p@k P r1, k0pϵqsq

so that ´
ϵ

k0pϵq
ď α̂kpL1, ρq ´ α̂kpL, ρq ď

ϵ

k0pϵq
p@k P r1, k0pϵqsq

ñ

k0pϵq
ÿ

k“1

|α̂kpL1, ρq ´ α̂kpL, ρq| ď ϵ,

and, since the quantifiers were subordinated to those of (ii), we actually get that
ř8

k“1 |α̂kpL1, ρq ´ α̂kpL, ρq| ď
řk0pϵq

k“1 |α̂kpL1, ρq ´ α̂kpL, ρq| `
ř8

k“k0pϵq |α̂kpL1, ρq ´ α̂kpL, ρq|

ď ϵ `
ř8

k“k0pϵq kα̂kpL1, ρq `
ř8

k“k0pϵq kα̂kpL1, ρq

ď ϵ ` 2ϵ ` 2ϵ ď 6ϵ,

as desired
Now we prove I).
Let L2pηq :“ L1pη{6q and ρ2pη, L, L1q :“ ρ1pη{6, L, L1q. Consider L1 ą L ě L2pηq and

ρ ď ρ2pη, L, L
1q. Then

µ̂
´

ZL1´L
Γρ

˝ SL
ą 0, I0 “ 1

¯

“

ż

Ω

8
ÿ

k“1

µω
´

ZθLω,L1´L
Γρ

˝ TL
ω ą 0, Iω0 “ 1, Zω,L1

Γρ
“ k

¯

dνpωq

ď

ż

Ω

8
ÿ

k“1

µω
´

Γρpωq X

”

tZω,L1

Γρ
ě kuztZω,L

Γρ
ě ku

ı¯

dνpωq

“

8
ÿ

k“1

„
ż

Ω

µω
pΓρpωqqα̂ω

k pL1, ρqdνpωq ´

ż

Ω

µω
pΓρpωqqα̂ω

k pL, ρqdνpωq

ȷ

“

8
ÿ

k“1

α̂kpL1, ρqµ̂pΓρq ´ α̂kpL, ρqµ̂pΓρq ď 6η{6µ̂pΓρq “ ηµ̂pΓρq, by (iii).

This concludes the proof of I).
Now we prove II).
Again let L2pηq :“ L1pη{6q and ρ2pη, L, L

1q :“ ρ1pη{6, L, L1q. Consider L1, L so that
L1 ´ L ě L2pηq and ρ ď ρ2pη, L, L

1q. Then

µ̂
´

ZL
Γρ

ą 0, IL1 “ 1
¯

ď

ż

Ω

L
ÿ

i“0

µω
pIωi “ 1, IωL1 “ 1q dνpωq “

ż

Ω

L
ÿ

i“0

µω
`

Iω0 “ 1, IωL1´i “ 1
˘

dνpωq
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“

ż

Ω

Eµω

˜

Iω0

L1
ÿ

i“L1´L

Iωi

¸

dνpωq “

ż

Ω

Eµω

´

Iω0

”

Zω,L1

Γρ
´ Zω,L1´L

Γρ

ı¯

dνpωq

“

ż

Ω

8
ÿ

k“0

k
”

µω
´

Zω,L1

Γρ
“ k, Iω0 “ 1

¯

´ µω
´

Zω,L1´L
Γρ

“ k, Iω0 “ 1
¯ı

dνpωq

“

ż

Ω

8
ÿ

k“0

k rαω
k pL1, ρqµω

pΓρpωqq ´ αω
k pL1

´ L, ρqµω
pΓρpωqqs dνpωq,

but
ř8

k“1 kα
ω
k pT, ρq “

ř8

k“1 krα̂ω
k pT, ρq ´ α̂ω

k`1pT, ρqs “
ř8

k“1 α̂
ω
k pT, ρq, so

“

ż

Ω

”

8
ÿ

k“0

α̂ω
k pL1, ρq ´ α̂ω

k pL1
´ L, ρq

ı

µω
pΓρpωqqdνpωq

“

8
ÿ

k“0

rα̂kpL1, ρq ´ α̂kpL1
´ L, ρqs µ̂pΓρq ď 6η{6µ̂pΓρq “ ηµ̂pΓρq, by (iii).

This concludes the proof of II). ■

Proof of theorem 1. Let ϵ P p0, α1{26q and consider a function ηpϵq to be chosen in due
time.

Set L3pϵq be large so that L ě L3pϵq ñ Lγ ´ L ą L ě 2 rL1pϵq _ L2pηpϵqqs.
Set ρ3pϵ, Lq to

ρ1pϵ, L, Lγ
q ^ ρ1pϵ, L

γ
´ L,Lγ

q^
ľ

iPrL,2Lγ´2L´2s

ˆ

ρ2pηpϵq, L ` 1, 2Lγ
´ iq^ρ2pηpϵq, L{2 ` 1, 2Lγ

´ iq
^ρ2pηpϵq, L{2, iq ^ρ2pηpϵq, i ´ L{2, iq

˙

.

Consider L ě L3pϵq and ρ ď ρ3pϵ, Lq. We evaluate the numerator which appears when
expanding λℓ.

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

“

ż

Ω

ℓ´1
2Lγ
ÿ

i“0

Eµω

ˆ

1!
Zω,2Lγ

Γρ
“ℓ

)Iωi

˙

dνpωq

ñ

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´ ℓ´1
2Lγ´2L´2

ÿ

i“L

ż

Ω

µω
´

Zω,2Lγ

Γρ
“ ℓ, Iωi “ 1

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

ď ℓ´14Lµ̂pΓρq. (11)

We establish some notation. When i P rL, 2Lγ ´ 2L ´ 2s and k P r0, ℓ ´ 1s, write:

DL,Lγ

ω,i “

!

ÿ2Lγ

u“i`L`1
Iωu ą 0, Iωi “ 1

)

;

F
L{2
ω,i “

!

ÿL{2

u“0
Iωu ą 0, Iωi “ 1

)

;

Ri,L
ω,ℓ,k “

!

ÿi´1

u“0
Iωu “ k,

ÿi`L

u“i
Iωu “ ℓ ´ k, Iωi “ 1

)

;

Ri,L
ω,ℓ,kpjq “ Ri,L

ω,ℓ,k X
␣

Iωj “ 1, Iωa “ 0 @a P r0, jq
(

, for j P r0, is;

Si,L
ω,ℓ,kpjq “ Ri,L

ω,ℓ,k X
␣

Iωj “ 1, Iωb “ 0 @b P pj, iq
(

, for j P r0, i ´ 1s.
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To update the estimate in equation (11), we’ll apply many approximation steps, to be
identified with uppercase roman letters and justified only at the very end.

A) For i P rL, 2Lγ ´ 2L ´ 2s:
ˇ

ˇ

ˇ

ż

Ω

µω
´

Zω,2Lγ

Γρ
“ ℓ, Iωi “ 1

¯

dνpωq ´

ż

Ω

µω
´

Zω,i`L
Γρ

“ ℓ, Iωi “ 1
¯

dνpωq

ˇ

ˇ

ˇ
ď ηpϵqµ̂pΓρq

Combining equation (11) with approximation (A), while observing that second inte-

grand above equals µωp
Ťℓ´1

k“0R
i,L
ω,ℓ,kq, gives

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´ ℓ´1
2Lγ´2L´2

ÿ

i“L

ℓ´1
ÿ

k“0

ż

Ω

µω
pRi,L

ω,ℓ,kqdνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

ď ℓ´1
r4L ` p2Lγ

´ 3L ´ 1qηpϵqsµ̂pΓρq. (12)

B) For i P rL, 2Lγ ´ 2L ´ 2s, k P r0, ℓ ´ 1s:
ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
pRi,L

ω,ℓ,0qdνpωq ´

ż

Ω

µω
pRi,L

ω,ℓ,kqdνpωq

ˇ

ˇ

ˇ

ˇ

ď 3ηpϵqµ̂pΓρq.

C) For i P rL, 2Lγ ´ 2L ´ 2s:
ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
´

Ri,L
ω,ℓ,0

¯

dνpωq ´

ż

Ω

µω
´

RL,L
ω,ℓ,0

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ď ηpϵqµ̂pΓρq.

Combining equation (12) with approximations (B) and (C), gives
ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´ p2Lγ
´ 3L ´ 1q

ż

Ω

µω
´

RL,L
ω,ℓ,0

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ď r4L ` 5p2Lγ
´ 3L ´ 1qηpϵqsµ̂pΓρq. (13)

Now we look to the other side of the equality we are trying to prove.
Notice that

αℓpL, ρq ´ αℓ`1pL, ρq “ µ̂pΓρq
´1

ż

Ω

»

–

µω
´

ř2L
u“L I

ω
u “ ℓ, IωL “ 1

¯

´µω
´

ř2L
u“L I

ω
u “ ℓ ` 1, IωL “ 1

¯

fi

fl dνpωq

“ µ̂pΓρq
´1

«

řk0pϵq
k“0

ş

Ω
µωpRL,L

ω,ℓ`k,kq ´ µωpRL,L
ω,ℓ`k`1,kqdνpωq

`
ř8pLq

k“k0pϵq`1

ş

Ω
µωpRL,L

ω,ℓ`k,kq ´ µωpRL,L
ω,ℓ`k`1,kqdνpωq

ff

(14)

p˙q
“ µ̂pΓρq

´1

«

řk0pϵq
k“0

ş

Ω
µωpRL,L

ω,ℓ`k,kq ´

´

µωpRL,L
ω,ℓ`k`1,k`1q ` O pηpϵqµ̂pΓρqq

¯

dνpωq

`
ř8pLq

k“k0pϵq`1

ş

Ω
µωpRL,L

ω,ℓ`k,kq ´ µωpRL,L
ω,ℓ`k`1,kqdνpωq

ff

ñ

ˇ

ˇ

ˇ

ˇ

pαℓpL, ρq ´ αℓ`1pL, ρqqµ̂pΓρq ´

ż

Ω

µω
´

RL,L
ω,ℓ,0

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ď 2k0pϵqO pηpϵqµ̂pΓρqq ` 2

8pLq
ÿ

k“k0pϵq`1

ż

Ω

µω
pRL,L

ω,ℓ`k,kq ` µω
pRL,L

ω,ℓ`k`1,kqdνpωq,

p˚q

ď 2k0pϵqO pηpϵqµ̂pΓρqq ` 7pk0pϵq ` ℓqα̂k0pϵq`ℓp2L, ρqµ̂pΓρq (15)

where steps p˙q and p˚q are justified, respectively, with the following two approximations.
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D) For i P rL, 2Lγ ´ 2L ´ 2s, k P r1, ℓ ´ 1s (for other k’s, zeroes pop up):
ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
´

Ri,L
ω,ℓ,k´1

¯

dνpωq ´

ż

Ω

µω
´

Ri,L
ω,ℓ,k

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ď 3ηpϵqµ̂pΓρq.

E)
8pLq
ÿ

k“k0pϵq`1

ż

Ω

µω
pRL,L

ω,ℓ`k,kqdνpωq ď pk0pϵq ` ℓqα̂k0pϵq`ℓp2L, ρqµ̂pΓρq.

Now choose ηpϵq “ ϵ{pk0pϵq ` 1q. Combining equations (13) & (15), using (ii.a) from
the proof of lemma 1, and factoring Lγ out (notice L1´γ ď ϵ), gives:

ˇ

ˇ

ˇ
µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´ 2Lγ
`

αℓpL, ρq ´ αℓ`1pL, ρq
˘

µ̂pΓρq

ˇ

ˇ

ˇ
ď 84Lγϵµ̂pΓρq. (16)

We can finally evaluate the denominator which appears when expanding λℓ.

µ̂
´

Z2Lγ

Γρ
ą 0

¯

“

k0pϵq`1
ÿ

h“1

”

µ̂
´

Z2Lγ

Γρ
“ h

¯ı

` µ̂
´

Z2Lγ

Γρ
ě k0pϵq ` 2

¯

“

k0pϵq`1
ÿ

h“1

„
ż

Ω

h´1Eµω

ˆ

1!
Zω,2Lγ

Γρ
“h

)Zω,2Lγ

Γρ

˙

dνpωq

ȷ

` α̂k0pϵq`2p2L
γ, ρqµ̂pΓρq

“

2Lγ
ÿ

i“0

k0pϵq`1
ÿ

h“1

«

h´1
h´1
ÿ

k“0

ż

Ω

µω
´

Ri,2Lγ´i
ω,h,k

¯

dνpωq

ff

` Opϵµ̂pΓρqq, (17)

where the last line applied (ii.a) from the proof of lemma 1.
Then we consider the following approximation.
F) For h P r1, k0pϵq ` 1s, i P rL, 2Lγ ´ 2L ´ 2s, k P r0, h ´ 1s:

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
´

Ri,2Lγ´i
ω,h,k

¯

dνpωq ´

ż

Ω

µω
´

Ri,L
ω,h,k

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ď ηpϵqµ̂pΓρq.

Starting from equation (17), splitting the i-sum into middle (i P rL, 2Lγ ´2L´2s) plus
tail terms and applying (F,B,C,B) to the middle ones, gives

µ̂
´

Z2Lγ

Γρ
ą 0

¯

“ p2Lγ
´ 3L ´ 1q

«

k0pϵq`1
ÿ

h“1

ˆ
ż

Ω

µω
´

RL,L
ω,h,h´1

¯

dνpωq

˙

` Opϵµ̂pΓρqq

ff

`O
´

4Lpk0pϵq ` 1qϵ´1ϵµ̂pΓρq

¯

` Opϵµ̂pΓρqq

ñ

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
ą 0

¯

´ 2Lγ

k0pϵq`1
ÿ

h“1

ż

Ω

µω
´

RL,L
ω,h,h´1

¯

dνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 3LγOpϵµ̂pΓρqq ` Op4L ¨ Lγ´1ϵµ̂pΓρqq ` Opϵµ̂pΓρqq ` 4L

k0pϵq`1
ÿ

h“1

ż

Ω

µω
´

RL,L
ω,h,h´1

¯

dνpωq

ď 8LγOpϵµ̂pΓρqq ` 4L

k0pϵq`1
ÿ

h“1

ż

Ω

µω
´

RL,L
ω,h,h´1

¯

dνpωq,
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where it was used that Lγ´1 ě ϵ´1.
To take care of the summations on both sides of the previous inequality we observe

that, when ℓ “ 1 is given to the “αℓpL, ρq side of” equation (14), one gets
ˇ

ˇ

ˇ

ˇ

ˇ

α1pL, ρqµ̂pΓρq ´

k0pϵq`1
ÿ

h“1

ż

Ω

µω
pRL,L

ω,h,h´1qdνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

“

8pLq
ÿ

h“k0pϵq`1

ż

Ω

µω
pRL,L

ω,1`h,hqdνpωq

ď pk0pϵq ` 1qα̂k0pϵq`1p2L, ρqµ̂pΓρq ď 2ϵµ̂pΓρq,

where (E) and (ii.a) from the proof of lemma 1 are applied.
Therefore

ˇ

ˇ

ˇ
µ̂
´

Z2Lγ

Γρ
ą 0

¯

´ 2Lγα1pL, ρqµ̂pΓρq

ˇ

ˇ

ˇ

ď 8LγOpϵµ̂pΓρqq ` 4L
`

α1pL, ρqϵ´1ϵµ̂pΓρq ` 2ϵµ̂pΓρq
˘

` 4Lγϵµ̂pΓρq

ď 20LγOpϵµ̂pΓρqq ` 4α1pL, ρqLLγ´1ϵµ̂pΓρq ď 12 ¨ 2LγOpϵµ̂pΓρqq. (18)

Since α1pL, ρq is ϵ-close to α1 and ϵ P p0, α1{26q, the previous equation sets µ̂
´

Z2Lγ

Γρ
ą 0

¯

far from zero, so we can really work with µ̂pZ2Lγ

Γρ
ą 0q as a denominator.

Combining the estimates given in equations (16) and (18) gives:
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

µ̂
´

Z2Lγ

Γρ
ą 0

¯ ´
αℓ ´ αℓ`1

α1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´
αℓpL,ρq´αℓ`1pL,ρq

α1pL,ρq
µ̂
´

Z2Lγ

Γρ
ą 0

¯

µ̂
´

Z2Lγ

Γρ
ą 0

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

αℓpL, ρq ´ αℓ`1pL, ρq

α1pL, ρq
´
αℓ ´ αℓ`1

α1

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

´ 2Lγµ̂pΓρqpαℓpL, ρq ´ αℓ`1pL, ρqq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
2Lγµ̂pΓρqpαℓpL, ρq ´ αℓ`1pL, ρqq ´

αℓpL,ρq´αℓ`1pL,ρq

α1pL,ρq
µ̂
´

Z2Lγ

Γρ
ą 0

¯
ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
ą 0

¯

`

ˇ

ˇ

ˇ

ˇ

αℓpL, ρq ´ αℓ`1pL, ρq

α1pL, ρq
´
αℓ ´ αℓ`1

α1

ˇ

ˇ

ˇ

ˇ

(16)

ď
(18)

42 ¨ 2Lγϵµ̂pΓρq `
αℓpL,ρq´αℓ`1pL,ρq

α1pL,ρq
12 ¨ 2Lγϵµ̂pΓρq

µ̂
´

Z2Lγ

Γρ
ą 0

¯ `

ˇ

ˇ

ˇ

ˇ

αℓpL, ρq ´ αℓ`1pL, ρq

α1pL, ρq
´
αℓ ´ αℓ`1

α1

ˇ

ˇ

ˇ

ˇ

ď 42ϵ

ˆ

1

α1

`
Opϵq

pα1 ´ Opϵqq2

˙

`
αℓpL, ρq ´ αℓ`1pL, ρq

α1pL, ρq
12ϵ

ˆ

1

α1

`
Opϵq

pα1 ´ Opϵqq2

˙

`

ˇ

ˇ

ˇ

ˇ

αℓpL, ρq ´ αℓ`1pL, ρq

α1pL, ρq
´

αℓ ´ αℓ`1

α1

ˇ

ˇ

ˇ

ˇ

(19)

where the last inequality applied the control
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2Lγµ̂pΓρq

µ̂
´

Z2Lγ

Γρ
ą 0

¯ ´
1

α1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

˜

sup
zěα1´Opϵq

z´2

¸

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µ̂
´

Z2Lγ

Γρ
ą 0

¯

2Lγµ̂pΓρq
´ α1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Opϵq

pα1 ´ Opϵqq2
,



16 LUCAS AMORIM, NICOLAI HAYDN, AND SANDRO VAIENTI

which is due to equation (18).
Passing limϵÑ0 limLÑ8 limρÑ0 over equation (19), we observe the RHS going to zero

and we find that

lim
LÑ8

lim
ρÑ0

µ̂
´

Z2Lγ

Γρ
“ ℓ

¯

µ̂
´

Z2Lγ

Γρ
ą 0

¯ “
αl ´ αl`1

α1

.

Alternating between lim sup’s and lim inf’s lets us reach the desired conclusion.
Now we prove each of the approximations used above. Many of them rely on initial

inclusions which are indicated and whose justification is left to the reader.

Proof of A) One can check that
!

Zω,i`L
Γρ

“ ℓ, Iωi “ 1
)

X pDL,Lγ

ω,i q
c

Ă

!

Zω,2Lγ

Γρ
“ ℓ, Iωi “ 1

)

Ă

!

Zω,i`L
Γρ

“ ℓ, Iωi “ 1
)

Y DL,Lγ

ω,i ,

which gives an inequality that, after integration, can bound the LHS of A) by
ş

Ω
µωpDL,Lγ

ω,i qdνpωq.
Then we calculate

ż

Ω

µω
pDL,Lγ

ω,i qdνpωq “

ż

Ω

µω
´

ZθL`1ω,2Lγ´i´L´1
Γρ

˝ TL`1
ω ą 0, Iω0 “ 1

¯

dνpωq,

but 2Lγ ´ i ą L ` 1 ô 2Lγ ´ L ´ 2 ě i, L ` 1 ě L3pϵq ě L2pηpϵqq and ρ ď ρ3pϵ, Lq ď

ρ2pηpϵq, L`1, 2Lγ ´ iq, so (I, lemma 1) applies, implying that the last integral is bounded
above by ηpϵqµ̂pΓρq. ˝

Proof of B) One can check that

Ri,L
ω,l,0 X pD

L{2,Lγ

ω,i Y F
L{2
ω,i q

c
Ă

i
ď

j“i´L{2

pT i´j
ω q

´1Ri,L
θi´jω,l,k

pjq Ă Ri,L
ω,l,0 Y pD

L{2,Lγ

ω,i Y F
L{2
ω,i q.

Then we calculate
ż

Ω

µω
´

F
L{2
ω,i

¯

dνpωq “

ż

Ω

µω
´

Z
ω,L{2
Γρ

ą 0, Iωi “ 1
¯

dνpωq ď ηpϵqµ̂pΓρq,

where the inequality follows from an application of (II, lemma 1), since i´L{2 ě L´L{2 “
L{2 ě L2pηpϵqq and ρ ď ρ3pϵ, Lq ď ρ2pηpϵq, L{2, iq.

And also
ż

Ω

µω
´

D
L{2,Lγ

ω,i

¯

dνpωq “

ż

Ω

µω
´

Z
θL{2`1ω,2Lγ´i´L{2´1
Γρ

˝ TL{2`1
ω ą 0, Iω0 “ 1

¯

dνpωq ď ηpϵqµ̂pΓρq,

where the inequality follows from an application of (I, lemma 1): 2Lγ ´ i ą L{2 ` 1 ô

2Lγ ´ L{2 ´ 2 ě i, L{2 ` 1 ě L2pηpϵqq and ρ ď ρ3pϵ, Lq ď ρ2pηpϵq, L{2 ` 1, 2Lγ ´ iq.
The consequence is the approximation
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
´

Ri,L
ω,l,0

¯

dνpωq ´

ż

Ω

µω

¨

˝

i
ğ

j“i´L{2

pT i´j
ω q

´1Ri,L
θi´jω,l,k

pjq

˛

‚dνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2ηpϵqµ̂pΓρq.
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However,

ż

Ω

µω

¨

˝

i
ğ

j“i´L{2

pT i´j
ω q

´1Ri,L
θi´jω,l,k

pjq

˛

‚dνpωq “

ż

Ω

µω

¨

˝

i
ğ

j“i´L{2

Ri,L
ω,l,kpjq

˛

‚dνpωq

ď

ż

Ω

µω
´

Ri,L
ω,l,k

¯

dνpωq

ż

Ω

µω
´

Ri,L
ω,l,k

¯

dνpωq ď

ż

Ω

µω

¨

˝

i
ğ

j“i´L{2

Ri,L
ω,l,kpjq

˛

‚dνpωq`ηpϵqµ̂pΓρq,

where the last inequality follows from the inclusion

Ri,L
ω,l,k Ă

i
ď

j“i´L{2

Ri,L
ω,l,kpjq Y F

i´L
2

ω,i

and the estimate
ż

Ω

µω
´

F
i´L{2
ω,i

¯

dνpωq “

ż

Ω

µω
´

Z
ω,i´L{2
Γρ

ą 0, Iωi “ 1
¯

dνpωq ď ηpϵqµ̂pΓρq,

with the inequality following from another application of (II, lemma 1): i ´ pi ´ L{2q “

L{2 ě L2pηpϵqq and ρ ď ρ3pϵ, Lq ď ρ2pηpϵq, i ´ L{2, iq.
The conclusion follows from aforementioned approximation and the previous control.˝

Proof of C) One can check that

Ri,L
ω,l,0 Ă pT i´L

ω q
´1RL,L

θi´Lω,l,0
, pT i´L

ω q
´1RL,L

θi´Lω,l,0
zRi,L

ω,l,0 Ă F
i´L{2
ω,i ,

which gives an inequality that, after integration, can bound the LHS of the expression we

need to control by
ş

Ω
µωpF

i´L{2
ω,i qdνpωq ď ηpϵqµ̂pΓρq, where the later estimate is identical

to that obtained at the end of the proof of B). ˝

Proof of D) One can check that

Ri,L
ω,l,k´1XpD

L{2,Lγ

ω,i YF
L{2
ω,i q

c
Ă

i´1
ğ

j“i´L{2

pT i´j
ω q

´1Si,L
θi´j ,l,k

pjq Ă Ri,L
ω,l,k´1YpD

L{2,Lγ

ω,i YF
L{2
ω,i q. (20)

The corrective sets F
L{2
ω,i and D

L{2,Lγ

ω,i are treated again as in the proof of B), implying
that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
´

Ri,L
ω,l,k´1

¯

dνpωq ´

ż

Ω

µω

¨

˝

i´1
ğ

j“i´L{2

pT i´j
ω q

´1Si,L
θi´jω,l,k

pjq

˛

‚dνpωq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2ηpϵqµ̂pΓρq. (21)

However,

ż

Ω

µω

¨

˝

i´1
ď

j“i´L{2

pT i´j
ω q

´1Si,L
θi´jω,l,k

pjq

˛

‚dνpωq “

ż

Ω

µω

¨

˝

i´1
ď

j“i´L{2

Si,L
ω,l,kpjq

˛

‚dνpωq

ď

ż

Ω

µω
´

Ri,L
ω,l,k

¯

dνpωq ď

ż

Ω

µω

¨

˝

i
ď

j“i´L{2

Si,L
ω,l,kpjq

˛

‚dνpωq ` ηpϵqµ̂pΓρq,
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where the last inequality follows from the inclusion

Ri,L
ω,l,k Ă

i
ď

j“i´L{2

Si,L
ω,l,kpjq Y F

i´L
2

ω,i ,

and the respective estimate of the corrective set using (II, lemma 1), precisely as in the
end of the proof of B). ˝

Proof of E) One can check that

L
ď

j“1

8pLq
ď

k“k0pϵq

pT j
ωq

´1RL,L
θjω,l`k,k

pL ´ jq Ă pTL
ω q

´1
!

ZθLω,2L
Γρ

ě k0pϵq ` ℓ, IωL “ 1
)

.

Therefore, integrating, manipulating and using invariance over and over:

ż

Ω

µω

¨

˝

L
ď

j“1

8pLq
ď

k“k0pϵq

pT j
ωq

´1RL,L
θjω,l`k,k

pL ´ jq

˛

‚dνpωq “

8pLq
ÿ

k“k0pϵq

ż

Ω

µω
´

RL,L
ω,l`k,k

¯

dνpωq

ď

ż

Ω

µω
´

Zω,2L
Γρ

ě k0pϵq ` ℓ, Iω0 “ 1
¯

dνpωq

“ α̂k0pϵq`ℓp2L, ρqµ̂pΓρq ď pk0pϵq ` ℓqα̂k0pϵq`ℓp2L, ρqµ̂pΓρq.

˝

Proof of F) One can check that

Ri,L
ω,h,k X pDL,Lγ

ω,i q
c

Ă Ri,2Lγ´i
ω,h,k Ă Ri,L

ω,h,k Y DL,Lγ

ω,i .

It remains to reapply the justification used in the proof of (A) to get that
ş

Ω
µωpDL,Lγ

ω,i qdνpωq ď ηpϵqµ̂pΓρq. ˝
. ■

4. An abstract approximation theorem

The following theorem approximates the probability distribution of an arbitrary sum
of binary variables in terms of the distribution of a suitable sum of independent random
variables. More precisely, to build the ‘suitable’ independent random variables, one splits
the first sum into smaller block-sums, and each of them is distributionally mimicked by a
new random variable, with the collection of new ones being taken to be independent.

Theorem 3. Consider n ě 0, L ě 1, N P Ně3 large enough so that L ď tN`1
3

u, and

pXiq
N
i“0 arbitrary t0, 1u-valued random variables on pX ,X ,Qq. Denote N 1

L :“ N`1
L

P Ně3
4

and pZL
j q

N 1
L´1

j“0 given by ZL
j :“

řpj`1qL´1
i“jL Xi

5.

4 Although L need not divide N ` 1, we pretend this is the case, for simplification purposes, i.e. to
neglect possible remainder terms associated with the fractional part — which shouldn’t play a role in the
asymptotics (of either the error and leading terms).
5 This is the first instance in the text where the letter L is used to measure block-size, where L is
fixed. Before, L was iteration-time and eventually sent to infinity, as in definitions (I-VI) of section 2.2.
However, through the text, these use cases merge, in the sense that the block of size L iterates the maps
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Let pZ̃L
j q

N 1
L´1

j“0 be an independency of Ně0-valued random variables on pX,X ,Qq6 satis-

fying Z̃L
j „ ZL

j (j “ 0, . . . , N 1
L ´ 1) and pZ̃L

j q
N 1

L´1
j“0 K pZL

j q
N 1

L´1
j“0 .

Denote W̃L
a,b :“

řb
j“a Z̃

L
j (0 ď a ď b ď N 1

L ´1) and W̃L :“ W̃L
0,N 1

L´1. Similarly notation

with „’s erased is adopted, in which case WL coincides with W :“
řN

i“0Xi.
Then:

ˇ

ˇ

ˇ
QpW “ nq ´ QpW̃L

“ nq

ˇ

ˇ

ˇ
À
`

R1
pN,L,∆q ` R2

pN,L,∆q ` R3
pN,Lq

˘

,

where

R1
pN,L,∆q“

N 1
L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

ˇ

ˇ

ˇ
Q
´

ZL
j “u,WL

j`∆,N 1
L´1“q´u

¯

´Q
´

ZL
j “u

¯

Q
´

WL
j`∆,N 1

L´1“q´u
¯ˇ

ˇ

ˇ
,

R2
pN,L,∆q “

N 1
L´1
ÿ

j“0

Q
`

ZL
j ě 1,WL

j`1,j`∆´1 ě 1
˘

and

R3
pN,Lq “

N
ÿ

i“0

i
ÿ

q“0_pi´∆Lq

QpXi “ 1qQpXq “ 1q,

with the convention that, for b ą a, WL
b,a ” 0 and QpWL

b,a ě 1q “ 0.

Proof. Notice that by using a telescopic sum and the given independence, one has

ˇ

ˇ

ˇ
QpW “ nq ´ QpW̃L

“ nq

ˇ

ˇ

ˇ
ď

N 1
L´1
ÿ

j“0

ˇ

ˇ

ˇ
QpW̃L

0,j´1 ` WL
j,N 1

L´1 “ nq ´ QpW̃L
0,j ` WL

j`1,N 1
L´1 “ nq

ˇ

ˇ

ˇ

ď

N 1
L´1
ÿ

j“0

n
ÿ

l“0

QpW̃L
0,j´1 “ lq

ˇ

ˇ

ˇ
QpWL

j,N 1
L´1 “ n ´ lq ´ QpZ̃L

j ` WL
j`1,N 1

L´1 “ n ´ lq
ˇ

ˇ

ˇ
.

We now estimate
ˇ

ˇ

ˇ
QpWL

j,N 1
L´1 “ qq ´ QpZ̃L

j ` WL
j`1,N 1

L´1 “ qq
ˇ

ˇ

ˇ

ď

q
ÿ

u“0

ˇ

ˇ

ˇ
QpZL

j “ u,WL
j`1,N 1

L´1 “ q ´ uq ´ QpZ̃L
j “ u,WL

j`1,N 1
L´1 “ q ´ uq

ˇ

ˇ

ˇ

“

q
ÿ

u“0

ˇ

ˇ

ˇ
QpZL

j “ u,WL
j`1,N 1

L´1 “ q ´ uq ´ QpZL
j “ uqQpWL

j`1,N 1
L´1 “ q ´ uq

ˇ

ˇ

ˇ
“:

q
ÿ

u“0

|Rjpuq|.

L times: much before the L-limit we are inclined to see L as a fixed block-size, much closer to the L-limit
we are inclined to see it as growing iteration-time. It is implicit that every time this merger occurs we’ll
eventually want to take the L-limit. There is a special situation where this is not the case, to be seen in
lemma 3 and lemma 4 item (3), where we’ll be equally interested in L “ 1 and L Ñ 8
6For the statement of the theorem, it seems unimportant that the domain of the mimicking random
variables is that of the original ones, but this is used in the proof. Of course, pX ,X ,Qq then has to be
a rich enough space in order to accommodate the existence of such mimicking random variables. This
won’t be an issue in our application.
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We single out u P t0, qu from the previous sum,

|Rjp0q| “

ˇ

ˇ

ˇ
QpZL

j “ 0,WL
j`1,N 1

L´1 “ qq ´ QpZL
j “ 0qQpWL

j`1,N 1
L´1 “ qq

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

´

QpWL
j`1,N 1

L´1 “ qq ´ QpZL
j ě 1,WL

j`1,N 1
L´1 “ qq

¯

´

´

QpWL
j`1,N 1

L´1 “ qq ´ QpZL
j “ 0qQpWL

j`1,N 1
L´1 “ qq

¯
ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
QpZL

j “ 0qQpWL
j`1,N 1

L´1 “ qq ´ QpZL
j ě 1,WL

j`1,N 1
L´1 “ qq

ˇ

ˇ

ˇ

ď

q
ÿ

u“1

|Rjpuq|,

and, similarly, for the other end

|Rjpqq| “

ˇ

ˇ

ˇ
QpZL

j “ qqQpWL
j`1,N 1

L´1 ě 1q ´ QpZL
j “ q,WL

j`1,N 1
L´1 ě 1q

ˇ

ˇ

ˇ

ď

q´1
ÿ

u“1

|Rjpuq|,

to conclude that
q
ÿ

u“0

|Rjpuq| ď 4
q´1
ÿ

u“q

|Rjpuq|.

For u “ 1, . . . , q´1, we expand |Rjpuq| using the triangular inequality, where we include
intermediate terms using the time gap ∆, to get the following three components

|Rjpuq| ď

ˇ

ˇ

ˇ
QpZL

j “ u,WL
j`1,N 1

L´1 “ q ´ uq ´ QpZL
j “ u,WL

j`∆,N 1
L´1 “ q ´ uq

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
QpZL

j “ u,WL
j`∆,N 1

L´1 “ q ´ uq ´ QpZL
j “ uqQpWL

j`∆,N 1
L´1 “ q ´ uq

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
QpZL

j “ uqQpWL
j`∆,N 1

L´1 “ q ´ uq ´ QpZL
j “ uqQpWL

j`1,N 1
L´1 “ q ´ uq

ˇ

ˇ

ˇ
,

where the entries in the RHS are denoted, respectively, by |R2
jpuq|, |R1

jpuq| and |R3
jpuq|.

It follows that

ˇ

ˇ

ˇ
QpW “ nq ´ QpW̃L

“ nq

ˇ

ˇ

ˇ
ď

N 1
L´1
ÿ

j“0

ˇ

ˇ

ˇ
QpW̃L

0,j´1 ` WL
j,N 1

L´1 “ nq ´ QpW̃L
0,j ` WL

j`1,N 1
L´1 “ nq

ˇ

ˇ

ˇ

is À-bounded by the sum of the three components evaluated in the next paragraphs.
First:

N 1
L´1
ÿ

j“0

n
ÿ

q“0

q
ÿ

u“0

|R1
jpuq| ď 4n

N 1
L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

|R1
jpuq|

À

N 1
L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

|R1
jpuq| “: R1

pN,L,∆q,

where n is incorporated into À because it is a constant in the sense that no limits in n
will be taken at all.
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Second:
N 1

L´1
ÿ

j“0

n
ÿ

q“0

q
ÿ

u“0

|R2
jpuq| ď 4n

N 1
L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

|R2
jpuq|

À

N 1
L´1
ÿ

j“0

QpZL
j ě 1,WL

j`1,j`∆´1 ě 1q “: R2
pN,L,∆q,

where the À step incorporated n and used that

Au :“ tZL
j “ u,WL

j`1,N 1
L´1 “ q ´ uu, Bu :“ tZL

j “ u,WL
j`∆,N 1

L´1 “ q ´ uu

ñ AuzBu, BuzAu Ă tZL
j “ u,WL

j`1,j`∆´1 ě 1u

ñ

q´1
ÿ

u“1

|R2
jpuq| “

q´1
ÿ

u“1

|QpAuq ´ QpBuq| ď

q´1
ÿ

u“1

QpZL
j “ u,WL

j`1,j`∆´1 ě 1q

ď QpZL
j ě 1,WL

j`1,j`∆´1 ě 1q.

Third:
N 1

L´1
ÿ

j“0

n
ÿ

q“0

q
ÿ

u“0

|R3
jpuq| ď 4n

N 1
L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

|R3
jpuq|

À

N 1
L´1
ÿ

j“0

pj`1qL´1
ÿ

l“jL

pj`∆`1qL´1
ÿ

i“pj`1qL

QpXi “ 1qQpXl “ 1q “

N`∆L`L
ÿ

i“0

i´L
ÿ

l“0_pi´L´∆Lq

QpXl “ 1qQpXi “ 1q

ď

N
ÿ

i“0

i
ÿ

l“0_pi´∆Lq

QpXl “ 1qQpXi “ 1q,

where the À step incorporated n and used the following: (with q1 “ q ´ u)

QpWL
j`1,N 1

L´1 “ q1
q “ QpZL

j`1 ě 1,WL
j`1,N 1

L´1 “ q1
q ` QpZL

j`1 “ 0,WL
j`1,N 1

L´1 “ q1
q

QpZL
j`1 “ 0,WL

j`1,N 1
L´1 “ q1

q “ QpZL
j`1 “ 0,WL

j`2,N 1
L´1 “ q1

q

“ QpWL
j`2,N 1

L´1 “ q1
q ´ QpZL

j`1 ě 1,WL
j`2,N 1

L´1 “ q1
q

ñ
|QpWL

j`1,N 1
L´1 “ q1

q

´QpWL
j`2,N 1

L´1 “ q1
q|

“
|QpZL

j`1 ě 1,WL
j`1,N 1

L´1 “ q1
q

´QpZL
j`1 ě 1,WL

j`2,N 1
L´1 “ q1

q|

but, with A :“ tZL
j`1 ě 1,WL

j`1,N 1
L´1 “ q1u and B :“ tZL

j`1 ě 1,WL
j`2,N 1

L´1 “ q1u, one has

AzB,BzA Ă tZL
j`1 ě 1u, implying

|QpWL
j`1,N 1

L´1 “ q1
q ´ QpWL

j`2,N 1
L´1 “ q1

q| ď QpZL
j`1 ě 1q

ñ |QpWL
j`l,N 1

L´1 “ q1
q ´ QpWL

j`l`1,N 1
L´1 “ q1

q| ď QpZL
j`l ě 1q ď

pj`l`1qL´1
ÿ

i“pj`lqL

QpXi “ 1q

ñ |QpWL
j`1,N 1

L´1 “ q1
q ´ QpWL

j`∆,N 1
L´1 “ q1

q| ď

∆´1
ÿ

l“1

QpZL
j`l ě 1q ď

pj`∆qL´1
ÿ

i“pj`1qL

QpXi “ 1q



22 LUCAS AMORIM, NICOLAI HAYDN, AND SANDRO VAIENTI

ñ

q´1
ÿ

u“1

|R3
jpuq| ď

q´1
ÿ

u“1

QpZL
j “ uq

pj`∆qL´1
ÿ

i“pj`1qL

QpXi “ 1q

ď

pj`1qL´1
ÿ

l“jL

pj`∆qL´1
ÿ

i“pj`1qL

QpXl “ 1qQpXi “ 1q.

■

5. Borel-Cantelli type lemmata

The objective of this section is its final lemma 4, which will be used in the proof of
theorem 2. Lemma 4 will follow from lemmas 2 and 3. The later lemmas are essentially
independent, although lemma 2 uses return statistics in its hypothesis and relies on the-
orem 1 in its proof. We believe that the dependencies in the last sentence might not be
intrinsic and could be untied.

Lemma 2. Let pθ, ν, Tω, µ
ω,Γq be a system satisfying hypothesis (H7’) (so (H6), by the-

orem 1) . Then:

lim
LÑ8

lim
ρÑ0

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq
“ p

ř8

ℓ“1 ℓλℓq
´1

“ α1 (22)

and

lim
LÑ8

lim
ρÑ0

µ̂pZL
Γρ

“ nq

pL ` 1qµ̂pΓρq
“ p

ř8

ℓ“1 ℓλℓq
´1λn “ α1λn pn ě 1q (23)

Proof. Using (H7’) (for the following items (i.b-ii)) and (H6) (items (i.a,iii-iv)), it holds
that: @ϵ ą 0

i) Dℓ0pϵq ě 1 so that
a)

ř8

ℓ“ℓ0pϵq ℓ
3λℓ ď ϵ,

b) @L ě 1:
8
ř

ℓ“ℓ0pϵq

ℓ
`

α̂ ℓpLq ď
8
ř

ℓ“ℓ0pϵq

ℓα̂ℓ ď ϵ.

ii) @L ě 1, Dρ1pϵ, Lq, @ρ ď ρ1pϵ, Lq:

´

α̂ℓpLq ´ ϵ{pL ` 1q
2

ď α̂ℓpL, ρq ď
`

α̂ℓpLq ` ϵ{pL ` 1q
2

p@ℓ “ 1, . . . , L ` 1q

ñ

L`1
ÿ

ℓ“ℓ0pϵq

ℓα̂ℓpL, ρq ď

L`1
ÿ

ℓ“ℓ0pϵq

ℓ

ˆ

`

α̂ℓpLq ` ϵ{pL ` 1q
2

˙

ď 2ϵ by (i).

iii) @L ě 1, Dρ3pϵ, Lq, @ρ ď ρ3pϵ, Lq:

´

λℓpLq ´ ϵ{pℓ0pϵqq
2

ď λℓpL, ρq ď
`

λℓpLq ` ϵ{pℓ0pϵqq
2

p@ℓ “ 1, . . . , ℓ0pϵqq.

iv) DL0pϵq ą ℓ0pϵq, @L ě L0pϵq:

|λℓ´
´

λℓpLq| ď ϵ{pℓ0pϵqq
2, |λℓ´

`

λℓpLq| ď ϵ{pℓ0pϵqq
2

p@ℓ “ 1, . . . , ℓ0pϵqq

ñ |
`

λℓpLq´
´

λℓpLq| ď 2ϵ{pℓ0pϵqq
2

p@ℓ “ 1, . . . , ℓ0pϵqq.
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v) (due to items (iv-v)) DL0pϵq, @L ě L0pϵq, Dρ3pϵ, Lq, @ρ ď ρ3pϵ, Lq:

|λℓpL, ρq´
˚

λℓpLq| ď 3ϵ{pℓ0pϵqq
2

p@ℓ “ 1, . . . , ℓ0pϵq, @˚ P t´,`uq

ñ |λℓpL, ρq ´ λℓ| ď 4ϵ{pℓ0pϵqq
2

p@ℓ “ 1, . . . , ℓ0pϵq, @˚ P t´,`uq

ñ

ˇ

ˇ

ˇ

ˇ

ˇ

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓpL, ρq ´

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ℓ0pϵq
ÿ

ℓ“1

ℓ0pϵq4ϵ{pℓ0pϵqq
2

ď 4ϵ.

Now, considering any ϵ ă 1{5
ř8

ℓ“1 ℓλℓ, L ě L0pϵq and ρ ď ρ1pϵ, Lq ^ ρ2pϵq ^ ρ3pϵ, Lq, we
evaluate the quantity of interest, µ̂pZL

Γρ
ě 1q{pL ` 1qµ̂pΓρq, starting with its numerator:

µ̂pZL
Γρ

ě 1q “

ż

Ω

µω
pZω,L

Γρ
ě 1qdνpωq “

ż

Ω

µω

˜

L
ď

j“0

pT j
ωq

´1Γρpθjωq

¸

dνpωq

p‹q
“

ż

Ω

L
ÿ

j“0

µω
ppT j

ωq
´1Γρpθjωqqdνpωq ´

ż

Ω

L
ÿ

ℓ“0

ℓµω
pZω,L

Γρ
“ ℓ ` 1qdνpωq

“ pL ` 1qµ̂pΓρq ´

ż

Ω

˜

L
ÿ

ℓ“0

ℓλωℓ`1pL, ρq

¸

µω
pZω,L

Γρ
ą 0qdνpωq

“ pL ` 1qµ̂pΓρq ´

ż

Ω

˜

ℓ0pϵq´1
ÿ

ℓ“0

ℓλωℓ`1pL, ρq

¸

µω
pZω,L

Γρ
ą 0qdνpωq

´

ż

Ω

¨

˝

8
ÿ

ℓ“ℓ0pϵq

ℓλωℓ`1pL, ρq

˛

‚µω
pZω,L

Γρ
ą 0qdνpωq

“ pL ` 1qµ̂pΓρq ´

ℓ0pϵq´1
ÿ

ℓ“0

ℓµ̂pZL
Γρ

“ ℓ ` 1q ´

ż

Ω

¨

˝

8
ÿ

ℓ“ℓ0pϵq

ℓλωℓ`1pL, ρq

˛

‚µω
pZω,L

Γρ
ą 0qdνpωq

“ pL ` 1qµ̂pΓρq ´

˜

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓpL, ρq

¸

µ̂pZL
Γρ

ą 0q

´

ż

Ω

¨

˝

8
ÿ

ℓ“ℓ0pϵq`1

pℓ ´ 1qλωℓ pL, ρq

˛

‚µω
pZω,L

Γρ
ą 0qdνpωq

where p‹q applied a typical Venn diagram argument using overcounting and correction.
Then we consider the following two estimates.
First, we have that:

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓpL, ρq
(v)

ď

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓ ` 4ϵ ď

8
ÿ

ℓ“1

pℓ ´ 1qλℓ ` 5ϵ and



24 LUCAS AMORIM, NICOLAI HAYDN, AND SANDRO VAIENTI

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓpL, ρq
(v)

ě

ℓ0pϵq
ÿ

ℓ“1

pℓ ´ 1qλℓ ´ 4ϵ “

8
ÿ

ℓ“1

pℓ ´ 1qλℓ ´

8
ÿ

ℓ“ℓ0pϵq`1

pℓ ´ 1qλℓ ´ 4ϵ

(i.a)

ě

8
ÿ

ℓ“1

pℓ ´ 1qλℓ ´ 5ϵ.

Second, with υωΓρ
pxq “ inftj ě 0 : T j

ω P Γρpθjωqu, we have that:

0 ď

ż

Ω

¨

˝

8
ÿ

ℓ“ℓ0pϵq`1

pℓ ´ 1qλωℓ pL, ρq

˛

‚µω
pZω,L

Γρ
ą 0qdνpωq ď

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓµ̂pZL
Γρ

“ ℓq

“

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓ
L
ÿ

j“0

µ̂pZL
Γρ

“ ℓ, υΓρ “ jq ď

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓ
L
ÿ

j“0

µ̂pZL´j
Γρ

˝ Sj
“ ℓ, pSj

q
´1Γρq

“

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓ
L
ÿ

j“0

αℓpL ´ j, ρqµ̂pΓρq “

¨

˝

L
ÿ

j“0

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓαℓpL ´ j, ρq

˛

‚µ̂pΓρq

ď

»

–

L
ÿ

j“0

¨

˝

L`1
ÿ

ℓ“ℓ0pϵq`1

α̂ℓpL ´ j, ρq

˛

‚` ℓ0pϵqα̂ℓ0pϵqpL ´ j, ρq ´ pL ` 1qα̂L`2pL ´ j, ρq

fi

fl µ̂pΓρq

ď

»

–

L
ÿ

j“0

L`1
ÿ

ℓ“ℓ0pϵq`1

ℓα̂ℓpL ´ j, ρq

fi

fl µ̂pΓρq
(ii)

ď 2ϵpL ` 1qµ̂pΓρq

Combining what we got so far, it follows that:

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq
ď

pL ` 1qµ̂pΓρq ´
`
ř8

ℓ“1pℓ ´ 1qλℓ ´ 5ϵ
˘

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq

“ 1 ´

˜

8
ÿ

ℓ“1

ℓλℓ ´ 1 ´ 5ϵ

¸

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq

ñ
µ̂pZL

Γρ
ě 1q

pL ` 1qµ̂pΓρq
ď

1
ř8

ℓ“1 ℓλℓ ´ 5ϵ

and

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq
ě

pL ` 1qµ̂pΓρq ´
`
ř8

ℓ“1pℓ ´ 1qλℓ ` 5ϵ
˘

µ̂pZL
Γρ

ě 1q ´ 2ϵpL ` 1qµ̂pΓρq

pL ` 1qµ̂pΓρq

“ 1 ´

˜

8
ÿ

ℓ“1

ℓλℓ ´ 1 ` 5ϵ

¸

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq
´ 2ϵ

ñ
µ̂pZL

Γρ
ě 1q

pL ` 1qµ̂pΓρq
ě

1 ´ 2ϵ
ř8

ℓ“1 ℓλℓ ` 5ϵ
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Considering the final two inequalities and passing limϵÑ0 limLÑ8 limρÑ0 we observe that

lim
LÑ8

lim
ρÑ0

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq
“ p

ř8

k“1 kλkq
´1

“ α1

Alternating between lim sup’s and lim inf’s lets us reach the first desired conclusion.
Finally, to take care of the second desired conclusion, it suffices to note that

µ̂pZL
Γρ

“ nq

pL ` 1qµ̂pΓρq
“

µ̂pZL
Γρ

ě 1q

pL ` 1qµ̂pΓρq

µ̂pZL
Γρ

“ nq

µ̂pZL
Γρ

ą 0q
,

then take the appropriate limits and apply the first conclusion we’ve just proved (to obtain
α1), together with the definition of λn. ■

Lemma 3. Let pθ, ν, Tω, µ
ω,Γq be a system satisfying hypotheses (H2.3), (H3.2), (H4.2),

(H4.3), (H5.1) and (H5.2) with the parametric constraint (H8.1).
Then: @t ą 0, @n ě 1, @L ě 17, DρvarpLq ą 0, @ρ ď ρvarpLq small enough so that

Nρ :“ t t
µ̂pΓρq

u ě 3 and N 1
ρ,L :“ Nρ`1

L
P Ně3

8, one has:

varνpWL,n
ρ q ď Ct,L ¨ ρq, @q P

`

0, qpd0, d1, η, β, pq
˘

,

where

WL,n
ρ pωq :“

N 1
ρ,L´1
ÿ

j“0

µω
pZω,ρ,L

j “ nq, Zω,ρ,L
j :“ 9

pj`1qL´1
ÿ

l“jL

Iω,ρl , Iω,ρl :“ 1Γρpθlωq ˝ T l
ω

and qpd0, d1, η, β, pq is a positive quantity to be presented in the proof (which can be written
explicitly).

Proof. Let t, n and L be as in the statement. Fix α P p0, 1q. Set ρvarpLq ď ρseppLq ^ ρdim
small enough so that Nρ

α
ă N 1

ρ,L. Consider ρ ď ρvarpLq as in the statement and ω P Ω.

7See footnote 5.
8See footnote 4.
9The notation Zω,ρ,L

j is in parallel to that of ZL
j in theorem 3. They, on purpose, resemble that Zω,L

Γρ

introduced in equation (1). However notice the slight difference: the latter sums L ` 1 terms while the
other sums have L terms.
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For a given j P r0, N 1
ρ,L ´ 1s, write ω1 “ θjLω and notice that

EνpWL,n
ρ q “

N 1
ρ,L´1
ÿ

j“0

Eν

´

µω
pZω,ρ,L

j “ nq

¯

“

N 1
ρ,L´1
ÿ

j“0

Eν

´

µω
p
řpj`1qL´1

l“jL 1Γρpθlωq ˝ T l
ω “ nq

¯

“

N 1
ρ,L´1
ÿ

j“0

Eν

´

µω
p
řL´1

i“0 1Γρpθiω1q ˝ T i
ω1 ˝ T jL

ω “ nq

¯

“

N 1
ρ,L´1
ÿ

j“0

Eν

´

µω1

p
řL´1

i“0 1Γρpθiω1q ˝ T i
ω1 “ nq

¯

“

N 1
ρ,L´1
ÿ

j“0

Eν

´

µω
p
řL´1

i“0 1Γρpθiωq ˝ T i
ω “ nq

¯

“

N 1
ρ,L´1
ÿ

j“0

Eνpµω
pZω,ρ,L

0 “ nqq

“

N 1
ρ,L´1
ÿ

j“0

µ̂pZρ,L
0 “ nq “ N 1

ρ,Lµ̂pZρ,L
0 “ nq.

Now fix ∆ :“ Nρ
α

ă N 1
ρ,L. Then:

EνppWL,n
ρ q

2
q “

N 1
ρ,L´1
ÿ

i,j“0

ż

Ω

µω
pZω,ρ,L

i “ nqµω
pZω,ρ,L

j “ nqdνpωq

“ 2

N 1
ρ,L´1
ÿ

i“0

pi`∆q^pN 1
ρ,L´1q

ÿ

j“i

ż

Ω

µω
pZω,ρ,L

i “ nqµω
pZω,ρ,L

j “ nqdνpωq

` 2

N 1
ρ,L´1
ÿ

i“0

N 1
ρ,L´1
ÿ

j“pi`∆q^pN 1
ρ,L´1q`1

ż

Ω

µω
pZω,ρ,L

i “ nqµω
pZω,ρ,L

j “ nqdνpωq

“: pIq ` pIIq.

Immediately we get that

µω
pZω,ρ,L

j “ nq ď µω
pZω,ρ,L

j ě 1q ď

pj`1qL´1
ÿ

l“jL

µθlω
pΓρpθlωqq

(H4.2)

À Lρd0

ñ pIq À Lρd0∆EνpWL,k
ρ q “ ∆ρd0Nρµ̂pZρ,L

0 “ nq.

Most of the remaining work is to control component pIIq.
Fix ω P Ω and, for a given i P r0, N 1

ρ,L ´ 1s, write ω1 “ θiLω. Moreover, consider
r P p0, ρ{2q, v P r0, L ´ 1s and denote by

Uv,ω1 “ Γρpθvω1
q,

´

U v,r,ω1“ BpUv,ω1
c, rqc,

`

U v,r,ω1“ BpUv,ω1 , rq, (24)

respectively, the ρ-sized target with seed ω1 v-steps ahead; its diminishment by radius r;

and its enlargment by radius r. They relate as
´

U v,r,ω1Ă Uv,ω1 Ă
`

U v,r,ω1 .
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Moreover, dynamical counterparts of those in equation (24) are denote by

tZω1,ρ,L
0 “ nu “ Uω1 “

ğ

0ďv1ă...ăvnďL´1

¨

˚

˚

˝

n
č

l“1

pT vl
ω1 q

´1Uvl,ω1 X
č

vPr0,L´1s

ztvl:l“1,...,nu

pT v
ω1q

´1Uv,ω1
c

˛

‹

‹

‚

,

´

U r,ω1 “
ğ

0ďv1ă...ăvnďL´1

¨

˚

˚

˝

n
č

l“1

pT vl
ω1 q

´1
´

U vl,ω1 X
č

vPr0,L´1s

ztvl:l“1,...,nu

pT v
ω1q

´1
`

U v,ω1

c

˛

‹

‹

‚

,

`

U r,ω1 “
ğ

0ďv1ă...ăvnďL´1

¨

˚

˚

˝

n
č

l“1

pT vl
ω1 q

´1
`

U vl,ω1 X
č

vPr0,L´1s

ztvl:l“1,...,nu

pT v
ω1q

´1
´

U v,ω1

c

˛

‹

‹

‚

,

describing

- the locus of points which hit the ρ-sized target exactly k times during the time
interval r0, L ´ 1s when given the random seed ω1;

- the diminishment of the first by radius r, in the sense that hits are considered in
a r-stringent way (at least r-inside the ρ-sized target) and non-hits are considered
in a r-stringent way (at least r-away from the ρ-sized target);

- the enlargment of the first by radius r, in the sense that hits are considered in
a r-permissive way (at most r-away from the ρ-sized target) and non-hits are
considered in a r-permissive way (at most r-inside the ρ-sized target).

They relate as
´

U r,ω1Ă Uω1 Ă
`

U r,ω1 .
Finally, define

´

ϕ ω1

r pxq “

$

’

&

’

%

1, x P
´

U r,ω1

0, x P Uω1
c

linear interp., otherwise

and
`

ϕ ω1

r pxq “

$

’

&

’

%

1, x P Uω1

0, x P
`

U r,ω1
c

linear interp., otherwise

.

They relate as
´

ϕ ω1

r ď 1Uω1 ď
`

ϕ ω1

r .

The Lipschitz constant of
`

ϕω1

r is bounded by the inverse of d
`

Uω1 ,
`

U r,ω1
c
˘

. On the other

hand, for a point x P Uω1 to be minimally-displaced in such a way as to reach
`

U r,ω1
c,

either: a) some of the hits in its finite-orbit is consequently-displaced to an extent which
now makes it at least r-away from associated ρ-sized target, or b) some of the non-hits
in its finite-orbit is consequently-displaced to an extent which now makes it at least r-
inside the associated ρ-sized target. In either cases, the associated image point of x has
to be consequently-displaced by distance at least r. When the said image point being
consequently-displaced happens to be the last one in the orbit of x, i.e., its L´ 1 iterate,
by the expanding feature of the system (H2.3), this is when x has to be displaced the
least: no more than r{aL´1 (see hypothesis (H3.2) to recall the definition of aL). Therefore
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r{aL´1 ď d
`

Uω1 ,
`

U r,ω1
c
˘

, so

LipdM
p

`

ϕ ω1

r q ď paL´1q{r ď DeL´1{r

}
`

ϕ ω1

r }LipdM
“ }

`

ϕ ω1

r }8 _ LipdM
p

`

ϕ ω1

r q “ 1 _ LipdM
p

`

ϕ ω1

r q “ LipdM
p

`

ϕ ω1

r q ď pDeL´1q{r,

where the last equality follows from ρ sufficiently small.
Now we start looking at pIIq directly:

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
pZω,ρ,L

j “ nqµω
pZω,ρ,L

i “ nqdνpωq ´

ż

Ω

µω
pZω,ρ,L

j “ nqµω1

p
`

ϕ ω1

r qdνpωq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
pZω,ρ,L

j “ nqµω1

p1Uω1 qdνpωq ´

ż

Ω

µω
pZω,ρ,L

j “ nqµω1

p
`

ϕ ω1

r qdνpωq

ˇ

ˇ

ˇ

ˇ

À

ż

Ω

µθjω
pZθjω,ρ,L

0 “ nqL
rη

ρβ
dνpωq “ L

rη

ρβ
µ̂pZρ,L

0 “ nq,

where the last inequality is because

µω1

p
`

ϕ ω1

r q ď µω1

p
`

U r,ω1 z
´

U r,ω1q ď

L´1
ÿ

v“0

µθvω
p

`

U v,r,ω1 z
`

U v,r,ω1q
(H4.3)

À L
rη

ρβ
.

The approximating term that appeared above is transformed as follows:
ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
pZω,ρ,L

j “ nqµω1

p
`

ϕ ω1

r qdνpωq ´

ż

Ω

µω1

p1
tZω1,ρ,L

j´i “nu

`

ϕ ω1

r qdνpωq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

Ω

µω1

pZω1,ρ,L
j´i “ nqµω1

p
`

ϕ ω1

r qdνpωq ´

ż

Ω

µω1

p1
tZθpj´iqLω1,ρ,L

0 ˝T
pj´iqL

ω1 “nu

`

ϕ ω1

r qdνpωq

ˇ

ˇ

ˇ

ˇ

“

ż

Ω

ˇ

ˇ

ˇ

ˇ

µθpj´iqLω1

pZθpj´iqLω1,ρ,L
0 “ nqµω1

p
`

ϕ ω1

r qdνpωq ´ µω1

p1
tZθpj´iqLω1,ρ,L

0 “nu
˝ T

pj´iqL
ω1

`

ϕ ω1

r q

ˇ

ˇ

ˇ

ˇ

dνpωq

pH5.1q

À

ż

Ω

ppj ´ iqLq
´p

}
`

ϕ ω1

r }LipdM
1dνpωq ď ppj ´ iqLq

´pDeL´1
{r.

Whereas the new approximating term which appeared above is transformed as follows:
ż

Ω

µω1

p1
tZω1,ρ,L

j´i “nu

`

ϕ ω1

r qdνpωq “

ż

Ω

µω
p1

tZω,ρ,L
j´i “nu

`

ϕ ω
r qdνpωq

“

ż

ΩˆM

1
tZρ,L

j´i“nu

`

ϕ rdµ̂ “

ż

ΩˆM

1
tZρ,L

0 “nu
˝ Spj´iqL

`

ϕ rdµ̂ (25)

and
ˇ

ˇ

ˇ

ˇ

ż

ΩˆM

1
tZρ,L

0 “nu
˝ Spj´iqL

`

ϕ rdµ̂ ´

ż

ΩˆM

1
tZρ,L

0 “nu
dµ̂ ¨

ż

ΩˆM

`

ϕ rdµ̂

ˇ

ˇ

ˇ

ˇ

pH5.2q

À ppj ´ iqLq
´p

}
`

ϕ r}LipdΩbM
ď ppj ´ iqLq

´pDeL´1
{r.

Finally, we notice that
ˇ

ˇ

ˇ

ˇ

µ̂pZρ,L
0 “ nqµ̂p

`

ϕ rq ´ µ̂pZρ,L
0 “ nq

2

ˇ

ˇ

ˇ

ˇ

ď µ̂pZρ,L
0 “ nq

ż

Ω

µω
p

`

ϕ ω
r ´1Uωqdνpωq

(H4.3)

À L
rη

ρβ
µ̂pZρ,L

0 “ nq.
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Combining the previous four steps, we arrive at
ˇ

ˇ

ˇ

ˇ

ż

Ω

µω
pZω,ρ,L

j “ nqµω
pZω,ρ,L

i “ nqdνpωq ´ µ̂pZρ,L
0 “ nq

2

ˇ

ˇ

ˇ

ˇ

À L
rη

ρβ
µ̂pZρ,L

0 “ nq`ppj´iqLq
´p e

L´1

r
,

which implies

pIIq À

N 1
ρ,L´1
ÿ

i“0

N 1
ρ,L´1
ÿ

j“pi`∆q^pN 1
ρ,L´1q`1

ˆ

µ̂pZρ,L
0 “ nq

2
` L

rη

ρβ
µ̂pZρ,L

0 “ nq ` ppj ´ iqLq
´p e

L´1

r

˙

À N 1
ρ,LpN 1

ρ,L ´ ∆q

ˆ

µ̂pZρ,L
0 “ nq

2
` L

rη

ρβ
µ̂pZρ,L

0 “ nq

˙

` N 1
ρ,L

eL´1

r
p∆Lq

´p`1.

Then we can conclude the following about the variance:

varνpWL,n
ρ q “ EνppWL,n

ρ q
2
q ´ pEνpWL,n

ρ qq
2

À ∆ρd0Nρµ̂pZρ,L
0 “ nq

` N 1
ρ,LpN 1

ρ,L ´ ∆q

ˆ

µ̂pZρ,L
0 “ nq

2
` L

rη

ρβ
µ̂pZρ,L

0 “ nq

˙

` N 1
ρ,L

eL´1

r
p∆Lq

´p`1

´ N 1
ρ,L

2
µ̂pZρ,L

0 “ nq
2.

À ∆ρd0Nρµ̂pZρ,L
0 “ nq ` N 1

ρ,L
2
L
rη

ρβ
µ̂pZρ,L

0 “ nq ` N 1
ρ,L

eL´1

r
p∆Lq

´p`1

p‹q

À Nρ
αLρd0 ` Nρ

rη

ρβ
` eL´1L´pNρNρ

αp´p`1q

r
p‹‹q

À
tα

µ̂pΓρqα
Lρd0 `

t

µ̂pΓρq
ρwη´β

` eL´1L´p t

µ̂pΓρq

tαp´p`1q

µ̂pΓρqαp´p`1q
ρ´w

(H4.2)

À Lρd0´αd1 ` ρwη´β´d1 ` eL´1L´pραd0pp´1q´w´d1

p‹‹‹q

À ρd0´αd1 ` ρwη´β´d1 ` ραd0pp´1q´w´d1 ,

where p‹q uses N 1
ρ,Lµ̂pZρ,L

0 “ nq ď pNρ ` 1qL´1µ̂pZρ,L
0 ě 1q ď 2NρL

´1Lµ̂pΓρq À t and t is
incorporated into the À sign; p‹‹q uses the choice r :“ ρw for a given w ą 1; and p‹ ‹ ‹q

incorporates L dependent quantities on À. Notice that t and L dependent constants being
incorporated inside À is associated to the use of a constant Ct,L in the statement.

Finally, we need to choose pα,wq P p0, 1q ˆ p1,8q so that
$

’

&

’

%

d0 ą αd1

wη ą β ` d1
αd0pp ´ 1q ą w ` d1

i.e.

$

’

&

’

%

α ă d0
d1

^ 1 “ d0
d1

w ą
β`d1
η

_ 1

w ă αd0pp ´ 1q ´ d1

,

which admits a solution if, and only if,

β ` d1
η

_ 1 “
d0
d1
d0pp ´ 1q ´ d1 ô d0pp ´ 1q ą

β`d1
η

_ 1 ` d1

d0{d1
.
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This is guaranteed by the parametric constraint (H8.1), so there exists some solution
pα˚, w˚q to the system. Actually, the space of solutions forms a triangle and one can select
pα˚, w˚q as its incenter, a function of d0, d1, η, β and p, whereas the strictly positive margin
this choice opens in the inequalities of the original system is denoted by qpd0, d1, η, β, pq.
With such a choice, we obtain that

varνpWL,n
ρ q ď Ct,L ¨ ρqpd0,d1,η,β,pq

ď Ct,L ¨ ρq , @q P p0, qpd0, d1, η, β, pqq .

■

Lemma 4. Let pθ, ν, Tω, ν
ω,Γq be a system satisfying the hypotheses (H2.3), (H3.2),

(H4.2), (H4.3), (H5.1), (H5.2) and (H7’) with the parametric constraint (H8.1).
Then: @t ą 0, @n ě 1, @pρmqmě1 Œ 0 with

ř

mě1 ρm
q ă 8 (for some 0 ă q ă

qpd0, d1, η, β, pq), denoting Nρ :“ t t
µ̂pΓρq

u and N 1
ρ,L “

Nρ`1

L
10, one has:

1)

lim
LÑ8

lim
mÑ8

N 1
ρm,L´1
ÿ

j“0

µω
pZω,ρm,L

j “ nq “ tα1λn, ν-a.s.

2)

lim
LÑ8

lim
mÑ8

N 1
ρm,L´1
ÿ

j“0

µω
pZω,ρm,L

j ě 1q “ tα1, ν-a.s.

3)11

lim
mÑ8

Nρm´1
ÿ

j“0

µθjω
pΓρpθjωqq “ t, ν-a.s.,

Proof. Let t, n and pρmqmě1 be as in the statement. Consider L ě 1 andm large enough so

that ρm ď ρvarpLq, Nρm ě 3 and N 1
ρm,L ě 3. Denote also WL,n

ρ pωq “
řN 1

ρ,L´1

j“0 µωpZω,ρ,L
j “

nq.
Using Chebycheff’s inequality combined with lemma 3, we get that

ν
`
ˇ

ˇWL,n
ρ ´ EνpWL,n

ρ q
ˇ

ˇ ą a
˘

ď
varνpWL,n

ρ q

a2
ď
Ct,L

a2
ρq,

and therefore, since
ř

mě1 ρm
q ă 8, Borel-Cantelli lemma let us conclude that

lim
mÑ8

ˇ

ˇWL,n
ρm ´ EνpWL,n

ρm q
ˇ

ˇ “ 0, ν-a.s.

On the other hand,

EνpWL,n
ρm q “

1

L

ˆ

t

µ̂pΓρmq
` 1

˙

µ̂pZρm,L
0 “ nq “ t

µ̂pZL´1
Γρm

ě 1q

Lµ̂pΓρmq

µ̂pZL´1
Γρm

“ nq

µ̂pZL´1
Γρm

ě 1q
`
µ̂pZL´1

Γρm
“ nq

L
,

10See footnote 4.
11See footnote 5.
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so, by lemma 2, the definition of λn and noting that (H4.2) implies
µ̂pZL´1

Γρm
“nq

L
ď LC0ρm

d0 ,
we have that

lim
LÑ8

lim
mÑ8

EνpWL,n
ρm q “ tα1λn

and therefore, combining the previous two centered limits, conclusion (1) follows:

lim
LÑ8

lim
mÑ8

WL,n
ρm “ tα1λn, ν-a.s.

For (2), it suffices to repeat the argument noticing that the new expectation will be

driven by t
µ̂pZL´1

Γρm
ě1q

Lµ̂pΓρm q
, whose double limit is tα1.

For (3), it suffices to fix L “ 1 and n “ 1 in the above argument, and after the
Borel-Cantelli step, notice

EνpW1,1
ρmq “ t

µ̂pΓρmq

µ̂pΓρmq
` µ̂pΓρq

mÑ8
Ñ t.

■

6. Proof of theorem 2

6.1. Applying the abstract approximation theorem. Let t ą 0, n ě 1 (n “ 0 is the
leftover) and ω P Ω be any. Actually, at finitely many instances of the argument, we will
restrict ω to be taken in a set of full measure. To be seen in due time.

Fix, once and for all, pρmqmě1 Œ 0 fast enough so that
ř

mě1pρmqq ă 8, for some

0 ă q ă qpd0, d1, η, β, pq. For example, ρm “ m´2{q is adapted to q (but not q{2) while
ρm “ e´m is adapted to any positive q.

Fix L ě 1. We won’t choose it as a function of other variables, i.e., it will consist of a
new free variable.

Define Nm :“
X

t
µ̂pΓρm q

\

. Let v P p0, d0q and set ∆m :“ ρm
´v. We’ll consider m large

enough (depending on L) so that Nm ě 3, ∆m ě 2, ρm ď ρvarpLq, L ď tNm`1
3

u and

∆m ă N 1
m,L. Lastly, define N

1
m,L :“ Nm`1

L
P Ně3

12.
We want to study

µω
pZω,Nm

Γρm
“ nq “ µω

p
řNm

i“0 I
ω,m
i “ nq “ µω

˜

N 1
m,L´1
ř

j“0

pj`1qL´1
ř

i“jL

Iω,mi `
Nm
ř

i“N 1
m,LL

Iω,mi “ n

¸

,

where Iω,mi “ 1Γρm pθiωq ˝ T i
ω.

To harmonize with the notation of theorem 3, we write

Iω,mi “: Xω,m
i : pM,BM , µ

ω
q Ñ t0, 1u pi P r0, Nms X Ně0q and

řpj`1qL´1
i“jL Iω,mi “

řpj`1qL´1
i“jL Xω,m

i “: Zω,m,L
j : pM,BM , µ

ωq Ñ Ně0 pj P r0, N 1
m,L´1sXNě0q.

Then one can plug in the variables here to those of the theorem 3, namely

N :“Nm,pX ,X ,Qq:“pM,BM , µ
ω

q,Xi:“X
ω,m
i , L:“L,∆:“∆m, N

1
L:“N

1
m,L, Z

L
j :“Z

ω,m,L
j ,

12See footnote 4.
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to obtain that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω
´

Zω,Nm

Γρm
“ n

¯

´ µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 4
`

R1
ω,mpNm, L,∆mq ` R2

ω,mpNm, L,∆mq ` R3
ω,mpNm, Lq

˘

,

where objects being invoked are presented in theorem 3 and, since Nm and ∆m are (or will
be) functions of m, we’ll actually write R1

ω,mpNm, L,∆mq “ R1pω,m,Lq, and, similarly,

R2pω,m,Lq and R3pω,m,Lq.

6.2. Estimating the error R1. Recall that

R1
ω,mpNm, L,∆mq “

N 1
m,L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝Zω,m,L
j “u,

N 1
m,L´1
ÿ

k“j`∆m

Zω,m,L
k “q´u

˛

‚´µω
´

Zω,m,L
j “u

¯

µω

¨

˝

N 1
m,L´1
ÿ

k“j`∆m

Zω,m,L
k “q´u

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Recycling the construction and notation used in the proof of lemma 3 to control the
term pIIq: for a given j P r0, N 1

m,L ´ 1s, writing ω1 “ θjLω and considering r P p0, ρm{2q,

v P r0, L´ 1s, we once again have the objects: Uv,ω1 ,
´

U v,r,ω1 ,
`

U v,r,ω1 ,Uω1 ,
´

U r,ω1 ,
`

U r,ω1 ,
´

ϕ ω1

r and
`

ϕ ω1

r . Then:
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝Zω,m,L
j “u,

N 1
m,L´1
ÿ

k“j`∆m

Zω,m,L
k “q´u

˛

‚´µω
´

Zω,m,L
j “u

¯

µω

¨

˝

N 1
m,L´1
ÿ

k“j`∆m

Zω,m,L
k “q´u

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝

pj`1qL´1
ÿ

i“jL

Iω,mi “ u,
Nm
ÿ

i“pj`∆mqL

Iω,mi “ q ´ u

˛

‚

´µω

˜

pj`1qL´1
ÿ

i“jL

Iω,mi “ u

¸

µω

¨

˝

Nm
ÿ

i“pj`∆mqL

Iω,mi “ q ´ u

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

µω1

˜

L´1
ÿ

i“0

Iω
1,m

i “ u,
Nm´jL
ÿ

i“∆mL

Iω
1,m

i “ q ´ u

¸

´µω1

˜

L´1
ÿ

i“0

Iω
1,m

i “ u

¸

µθ∆mLω1

˜

Nm´pj`∆mqL
ÿ

i“0

Iθ
∆mLω1,m

i “ q ´ u

¸
ˇ

ˇ

ˇ

ˇ

ˇ

.

“

ˇ

ˇ

ˇ
µω1

´

1Uω11tV ω,m,L,∆m
j “q´uu

˝ T∆mL
ω1

¯

´ µω1 `

1Uω1

˘

µθ∆mLω1
´

1
tV ω,m,L,∆m

j “q´uu

¯
ˇ

ˇ

ˇ

where we used that V ω,m,L,∆m

j :“
řNm´pj`∆mqL

i“0 Iθ
∆mLω1,m

i , and thus
řNm´jL

i“∆mL I
ω1,m
i “

V ω,m,L,∆m

j ˝ T∆mL
ω1 ,

ď

ˇ

ˇ

ˇ

ˇ

µω1

ˆ

˘

ϕ ω1

r 1tV ω,m,L,∆m
j “q´uu

˝ T∆mL
ω1

˙

´ µω1 `

1Uω1

˘

µθ∆mLω1
´

1
tV ω,m,L,∆m

j “q´uu

¯

ˇ

ˇ

ˇ

ˇ

,
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where
˘

ϕ ω1

r means that either
`

ϕ ω1

r or
´

ϕ ω1

r will make the inequality true,

ď

ˇ

ˇ

ˇ

ˇ

µω1
´ ˘

ϕ ω1

r 1tV ω,m,L,∆m
j “q´uu

˝ T∆mL
ω1

¯

´ µω1
´˘

ϕ ω1

r

¯

µθ∆mLω1
´

1
tV ω,m,L,∆m

j “q´uu

¯

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

„

µω1
´˘

ϕ ω1

r

¯

´ µω1
`

1Uω1

˘

ȷ

µθ∆mLω1
´

1
tV ω,m,L,∆m

j “q´uu

¯

ˇ

ˇ

ˇ

ˇ

“: pAq ` pBq.

Now notice that

pAq
(H5.1)

À p∆mLq
´p
›

›

˘

ϕ ω1

r

›

›

LipdM
1
(H2.3)

À
(H3.2)

p∆mLq
´peL´1

{r

and

pBq ď µθ∆mLω1
´

V ω,m,L,∆m

j “ q ´ u
¯

µω1

p
`

U r,ω1 z
´

U r,ω1q
(H4.3)

À µθ∆mLω1
´

V ω,m,L,∆m

j “ q ´ u
¯

L
rη

ρmβ
.

Therefore

R1
ω,mpNm, L,∆mq À

N 1
m,L´1
ÿ

j“0

max
qPr2,Ls

q´1
ÿ

u“1

„

p∆mLq
´peL´1

{r ` µθ∆mLω1
´

V ω,m,L,∆m

j “ q ´ u
¯

L
rη

ρmβ

ȷ

ď

N 1
m,L´1
ÿ

j“0

L´1
ÿ

u“1

p∆mLq
´peL´1

{r ` L
rη

ρmβ

N 1
m,L´1
ÿ

j“0

max
qPr2,Nms

µθ∆mLω1
´

V ω,m,L,∆m

j P r0, qs
¯

À Nmp∆mLq
´peL´1

{r ` Nm
rη

ρmβ
,

because V ω,m,L,∆m

j takes values between 0 and Nm´pj`∆mqL`1 ď Nm´∆mL`1 ď Nm.

6.3. Estimating the error R2. To start

R2
ω,mpNm, L,∆mq “

N 1
m,L´1
ÿ

j“0

µω
pZω,m,L

j ě 1,
j`∆m´1
ÿ

k“j`1

Zω,m,L
k ě 1q

ď

N 1
m,L´1
ÿ

j“0

j`∆m´1
ÿ

k“j`1

µω
pZω,m,L

j ě 1, Zω,m,L
k ě 1q

where we reverse the double sum and single out the k “ j ` 1 terms

“

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

µω
pZω,m,L

j ě 1, Zω,m,L
k ě 1q `

N 1
m,L
ÿ

k“1

µω
pZω,m,L

k´1 ě 1, Zω,m,L
k ě 1q

“: pIq ` pIIq

To estimate pIq we notice that:

pIq ď

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pj`1qL´1
ÿ

i“jL

pk`1qL´1
ÿ

l“kL

µω
`

pT i
ωq

´1Γρmpθiωq X pT l
ωq

´1Γρmpθlωq
˘

pl ą iq
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ď

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pj`1qL´1
ÿ

i“jL

pk`1qL´1
ÿ

l“kL

µω1
´

Γρmpω1
q X pT l´i

ω1 q
´1Γρmpθl´iω1

q X Gω1

l´i

¯

`

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pj`1qL´1
ÿ

i“jL

pk`1qL´1
ÿ

l“kL

µω1
´

Γρmpω1
q X pT l´i

ω1 q
´1Γρmpθl´iω1

q X Ḡω1

l´i

¯

“: pIgoodq ` pIbadq

where ω1 :“ θiω.
To estimate pIgoodq we begin evaluating the following:

µω1
´

Gω1

l´i X Γρmpω1
q X pT l´i

ω1 q
´1Γρmpθl´iω1

q

¯

ď
ÿ

ξ“φpdompφqqP
`

C ω1

l´i

φPIBpT l´i
ω1 q:

ξXΓρm pω1q‰H

µω1

|ξ
`

ξ X pT l´i
ω1 q´1Γρmpθl´iω1q

˘

µω1
|ξpξq

µω1

pξq,

where, from (H2.2), φ P IBpT l´i
ω1 q implies µω1

|φpdompφqq “ Jφ
´1

”

φ˚pµθl´iω1

|dompφqq

ı

, and so

ď
ÿ

ξ as above

”

Jφ
´1
“

φ˚pµθl´iω1

|dompφqq
‰

ı

`

φpdompφqq X pT l´i
ω1 q

´1Γρmpθl´iω1
q
˘

”

Jφ
´1
“

φ˚pµθl´iω1

|dompφqq
‰

ı

pφpdompφqqq

µω1

pξq

ď
ÿ

ξ as above

supxPξ Jφ
´1

pxq

infxPξ Jφ
´1

pxq

µθl´iω1

|dompφq

`

dompφq X φ´1
pT l´i

ω1 q
´1Γρmpθl´iω1

q
˘

µθl´iω1

|dompφqpdompφqq
µω1

pξq

(H2.2)

À
(H1.2)

pl´iqdι´1µθlω
pΓρmpθlωqq

ÿ

ξ as above

µω1

pξq
(H1.2)

ď pl´iqdι´1µθlω
pΓρmpθlωqqNµω1

˜

ď

ξ as above

ξ

¸

(H2.3)

ď pl ´ iqdι´1µθlω
pΓρmpθlωqqNµω1 `

BpΓρmpω1
q, Dpl ´ iq´κ

q
˘

(H4.2)

ď pl´iqdι´1µθlω
pΓρmpθlωqqNC0pρm`Dpl´iq´κ

q
d0 À µθlω

pΓρmpθlωqqpl´iqd
“

ρm
d0`pl´iq´κd0

‰

.

Then

pIgoodqď

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pj`1qL´1
ÿ

i“jL

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqqpl ´ iqd

“

ρm
d0`pl´iq´κd0

‰

“

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pk`1qL´1
ÿ

l“kL

˜

µθlω
pΓρmpθlωqq

pj`1qL´1
ÿ

i“jL

pl ´ iqd
“

ρm
d0`pl´iq´κd0

‰

¸

,

where, for each l fixed, as i runs, we have l ´ i P rkL ´ jL ´ L ` 1, kL ´ jL ` L ´ 1s, so

ď

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

pk`1qL´1
ÿ

l“kL

˜

µθlω
pΓρmpθlωqq

kL´jL`L´1
ÿ

s“kL´jL´L`1

sd
“

ρm
d0`s´κd0

‰

¸
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“

N 1
m,L`∆m´2

ÿ

k“1

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

«˜

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqq

¸˜

kL´jL`L´1
ÿ

s“kL´jL´L`1

sd
“

ρm
d0`s´κd0

‰

¸ff

ď

N 1
m,L`∆m´2

ÿ

k“1

˜

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqq

¸

¨

˝

pk´2q^pN 1
m,L´1q

ÿ

j“pk´∆m`1q_0

kL´jL`L´1
ÿ

s“kL´jL´L`1

sd
“

ρm
d0`s´κd0

‰

˛

‚

where s P rL ` 1, 3∆mLs13, so

À

N 1
m,L`∆m´2

ÿ

k“1

˜

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqq

¸˜

3∆mL
ÿ

u“L`1

ud
“

u´κd0`ρm
d0
‰

¸

À

N 1
m,L`∆m´2

ÿ

k“1

˜

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqq

¸

`

Ld´κd0`1
` p∆mLq

d`1ρm
d0
˘

,

where for the first term in the square bracket we’ve used that, for α ą 1,
ř8

n“m n
´α À

m´α`1 together with d´κd0 ă ´1, which is guaranteed by (H8.5), whereas for the second
we’ve used that ud is increasing and the summation interval is bounded above by 3∆mL.

We’ll leave pIbadq to the end.
For pIIq, we consider L1 ă L and proceed as follows

N 1
m,L
ÿ

k“1

µω
pZω,m,L

k´1 ě 1, Zω,m,L
k ě 1q

“

N 1
m,L
ÿ

k“1

µω

¨

˝

kL´1
ÿ

i“pk´1qL

Iω,m,L
i ě 1,

kL`L1´1
ÿ

l“kL

Iω,m,L
l `

pk`1qL´1
ÿ

l“kL`L1

Iω,m,L
l ě 1

˛

‚

ď

N 1
m,L
ÿ

k“1

µω

¨

˝

kL´1
ÿ

i“pk´1qL

Iω,m,L
i ě 1,

kL`L1´1
ÿ

l“kL

Iω,m,L
l ě 1

˛

‚`µω

¨

˝

kL´1
ÿ

i“pk´1qL

Iω,m,L
i ě 1,

pk`1qL´1
ÿ

l“kL`L1

Iω,m,L
l ě 1

˛

‚

and, denoting ω1 “ θiω,

ď

N 1
m,L
ÿ

k“1

kL`L1´1
ÿ

l“kL

µθlω
`

Γρmpθlωq
˘

`

N 1
m,L`∆m´2

ÿ

k“1

kL´1
ÿ

i“pk´1qL

pk`1qL´1
ÿ

l“kL`L1

µω1
´

Γρmpω1
q X pT l´i

ω1 q
´1Γρmpθl´iω1

q X Gω1

l´i

¯

`

N 1
m,L
ÿ

k“1

kL´1
ÿ

i“pk´1qL

pk`1qL´1
ÿ

l“kL`L1

µω1
´

Γρmpω1
q X pT l´i

ω1 q
´1Γρmpθl´iω1

q X Ḡω1

l´i

¯

“:pIIrestq ` pIIgoodq ` pIIbadq.

13The interval where s ranges basically has length 2L and it is translated by L when j moves one
unit, therefore the original and the new interval overlap by half, so eventual repetitions are more than
compensated by a factor of two.
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The term pIIrestq won’t be improved, whereas the term pIIgoodq is approached just like
pIgoodq, as follows:

pIIgoodq À

N 1
m,L
ÿ

k“1

pk`1qL´1
ÿ

l“kL`L1

¨

˝µθlω
pΓρmpθlωqq

kL´1
ÿ

i“pk´1qL

pl ´ iqd
“

ρm
d0 ` pl ´ iq´κd0

‰

˛

‚

where, for each l fixed, as i runs, we have l ´ i P rL1 ` 1, 2L ´ 1s, so

ď

N 1
m,L
ÿ

k“1

˜

pk`1qL´1
ÿ

l“kL`L1

µθlω
pΓρmpθlωqq

¸˜

2L´1
ÿ

u“L1`1

ud
“

ρm
d0 ` u´κd0

‰

¸

À

N 1
m,L
ÿ

k“1

˜

pk`1qL´1
ÿ

l“kL

µθlω
pΓρmpθlωqq

¸

´

L1d´κd0`1
Ld`1ρm

d0
¯

.

Now we combine pIbadq and pIIbadq and their domain of summation14 to see that

pIbadq ` pIIbadqÀ

Nm
ÿ

i“0

i`∆mL
ÿ

l“i`L`L1

µθiω
pḠθiω

l´i X Γρmpθiωqq “

Nm
ÿ

i“0

∆mL
ÿ

s“L`L1

µθiω
pḠθiω

s X Γρmpθiωqq

ď

∆mL
ÿ

s“L1

Nm
ÿ

i“0

µθiω
pḠθiω

s X Γρmpθiωqq.

Combining the bounds of pIgoodq and pIIgoodq, we conclude that

R2
ω,mpNm, L,∆mqÀ

5Nm
ÿ

l“0

µθlω
pΓρmpθlωqq

´

L1d´κd0`1
` p∆mLq

d`1ρm
d0
¯

`

N 1
m,L
ÿ

k“1

kL`L1´1
ÿ

l“kL

µθlω
`

Γρmpθlωq
˘

`

∆mL
ÿ

s“L1

Nm
ÿ

i“0

µθiω
pḠθiω

s X Γρmpθiωqq.

6.4. Estimating the error R3. Here we use (H4.2) to see that

R3
ω,mpNm, L,∆mq “

Nm
ÿ

i“0

i
ÿ

ℓ“0_pi´∆mLq

µθiω
pΓρmpθiωqqµθℓω

pΓρmpθℓωqqq

À ∆mL ρm
d0

Nm
ÿ

i“0

µθiω
pΓρmpθiωqq,

which, noticing that ∆mL ď p∆mLqd`1, reveals to be bounded above byR2
ω,mpNm, L,∆mq.

14Notice that the initial L1-strip of the first component of the original summation has already been singled
out inside pIIrestq.
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6.5. Controlling the total error. Put r “ ρm
w (w ą 1) and L1 “ Lα (0 ă α ă 1).

Then
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω
´

Zω,Nm

Γρm
“ n

¯

´ µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÀeL´1ρm
pv´w´d1 ` ρm

wη´β´d1

`

5Nm
ÿ

l“0

µθlω
pΓρmpθlωqq

´

L1d´κd0`1
` Ld`1ρm

d0´vpd`1q
¯

`

N 1
m,L
ÿ

k“1

kL`L1´1
ÿ

l“kL

µθlω
`

Γρmpθlωq
˘

`

∆mL
ÿ

s“L1

Nm
ÿ

i“0

µθiω
pḠθiω

s X Γρmpθiωqq.

Until this point, parameters v (accompanying ∆m, see section 6), w (accompanying r),
and α (accompanying L1), which are local to the proof, were not fine-tuned.

In the last equation, we need the exponents accompanying ρ to be strictly positive. In
particular, we need

w ą
β ` d1
η

_ 1, pv ´ w ´ d1 ą 0 and d0 ´ vpd ` 1q ą 0.

The space of solutions pw, vq P p1,8q ˆ p0, d0q to those inequalities is non-empty if p ą

p
β`d1

η
_1q`d1

d0
, which is guaranteed by (H8.2).

We’ll take double limits of the type limLÑ8 limmÑ8 on the RHS. Initially, taking the
limmÑ8, we use that, by lemma 4,

lim
mÑ8

5Nm
ÿ

l“0

µθlω
pΓρmpθlωqq “ 5t, ν-a.s.

and, by similar arguments15,

lim
mÑ8

N 1
m,L
ÿ

k“1

kL`L1´1
ÿ

l“kL

µθlω
`

Γρmpθlωq
˘

“ tLα´1, ν-a.s..

Finally, using hypothesis (H3.1) and noticing that d´κd0`1 ă 0 (by (H8.5)) and α´1 ă

0 (by design), we conclude that the RHS under the double limit limLÑ8 limmÑ8 goes to
0. The same thing occurs if we adopt the double limits limLÑ8 limmÑ8, limLÑ8 limmÑ8

and limLÑ8 limmÑ8. Therefore

lim
LÑ8

lim
mÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω
´

Zω,Nm

Γρm
“ n

¯

´ µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0, ν-a.s..

15Adapting the argument of lemma 4 item (III) to the new term, we see that the new ν-expectation
is tLα´1, but the variance lemma used therein, lemma 3, would need to be adapted as well, what we
omitted.
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6.6. Convergence of the leading term to the compound Poisson distribution.

It remains to show that µω
´

řN 1
m,L´1

j“0 Z̃ω,m,L
j “ n

¯

to CPDtα1,pλℓqℓptnuq.

Due to the independence and distributional properties of the Z̃ω,m,L
j ’s (see theorem 3):

µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

“

n
ÿ

l“1

ÿ

0ďj1ă...ăjlďN 1
m,L´1

¨

˚

˚

˚

˝

ź

jPr0,N 1
m,L´1s

ztji:i“1,...,lu

µω
pZω,m,L

j “ 0q ¨
ÿ

pn1,...,nlqPNl
ě1

n1`...`nl“n

l
ź

i“1

µω
pZω,m,L

j “ niq

˛

‹

‹

‹

‚

p‹q
“p1 ` op1qq

N 1
m,L´1
ź

j“0

µω
pZω,m,L

j “ 0q

n
ÿ

l“1

1

l!

ÿ

jiPr0,N 1
m,L´1s

i“1,...,l

ÿ

pn1,...,nlqPNl
ě1

n1`...`nl“n

l
ź

i“1

µω
pZω,m,L

ji
“ niq

p‹‹q
“ p1 ` op1qq

N 1
m,L´1
ź

j“0

µω
pZω,m,L

j “ 0q

n
ÿ

l“1

1

l!

ÿ

pn1,...,nlqPNl
ě1

n1`...`nl“n

l
ź

i“1

¨

˝

N 1
m,L´1
ÿ

j“0

µω
pZω,m,L

j “ niq

˛

‚,

where i) op1q refers to a function gpω,m,Lq so that limLÑ8 limmÑ8 |gpω,m,Lq| “ 0, ν-
a.s.; ii) equality p‹q included 1{l! to account for ji’s not being anymore increasing and used
that the error terms that come from different ji’s being equal are small, as one can see in
the case when two ji agree; and iii) equality p‹‹q uses that a product of sums distributes
as a sum of products.

We then notice that, by lemma 4,

lim
LÑ8

lim
mÑ8

N 1
ρm,L´1
ÿ

j“0

µω
pZω,ρm,L

j “ niq “ tα1λni
, ν-a.s.

and

lim
LÑ8

lim
mÑ8

N 1
m,L´1
ź

j“0

µω
pZω,m,L

j “ 0q “ lim
LÑ8

lim
mÑ8

exp

¨

˝

N 1
m,L´1
ÿ

j“0

ln
´

1 ´ µω
pZω,m,L

j ě 1q

¯

˛

‚

“ lim
LÑ8

lim
mÑ8

exp

¨

˝

N 1
m,L´1
ÿ

j“0

´µω
pZω,m,L

j ě 1q ` op1q

˛

‚“ e´tα1 , ν-a.s..

Therefore

lim
LÑ8

lim
mÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚´ e´tα1

n
ÿ

l“1

ptα1q
l

l!

ÿ

pn1,...,nlqPNl
ě1

n1`...`nl“n

l
ź

i“1

λni

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0, ν-a.s.
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ô lim
LÑ8

lim
mÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0, ν-a.s.,

where the equivalence is because the former term is precisely the density of such a com-
pound Poisson distribution (see equation (H10)).

As a consequence,

ˇ

ˇ

ˇ
µω

pZω,Nm

Γρm
“ nq ´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ

@Lě1
ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω
pZω,Nm

Γρm
“ nq ´ µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ñ lim
mÑ8

ˇ

ˇ

ˇ
µω

pZω,Nm

Γρm
“ nq ´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ

ď lim
LÑ8

lim
mÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω
pZω,Nm

Γρm
“ nq ´ µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

` lim
LÑ8

lim
mÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µω

¨

˝

N 1
m,L´1
ÿ

j“0

Z̃ω,m,L
j “ n

˛

‚´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0, ν-a.s.

We then conclude that lim
mÑ8

ˇ

ˇ

ˇ
µωpZω,Nm

Γρm
“ nq ´ CPDtα1,pλℓqℓptnuq

ˇ

ˇ

ˇ
“ 0, ν-a.s., as desired.

7. Examples

Consider a system pθ, ν, Tω, µ
ω,Γq as described in section 2.1.

Define

pm P Ně1q PermpΓq :“ tω P Ω | Tm
ω ΓpωqXΓpθmωq ‰ H, Em1

ă m : Tm1

ω ΓpωqXΓpθm
1

ωq ‰ Hu,
(26)

the set of random seeds which bring the target to itself in m iterates (and not earlier).
Define

PerpΓq :“
ğ

mě1

PermpΓq, (27)

the set of random seeds which bring the target to itself at some point in time.
Define

PerpΓq :“
ğ

pmkq8
k“0ĂNě1

8
č

k“0

θ´Mk´1 Permk
pΓq, where Mk´1 “

k´1
ÿ

i“0

mi, (28)

the set of random seeds which bring the target to itself infinitely many times. The periods
taken for such returns to occur are prescribed in pmkqk.
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Define
APerpΓq :“ ΩzPerpΓq, (29)

the set of random seeds which never accomplish even a single return.
Define

pK P Ně1q EvKAPerpΓq :“
ğ

pmkq
K´1
k“0 ĂNě1

˜

K´1
č

k“0

θ´Mk´1 Permk
pΓq

č

θ´MkAPerpΓq

¸

, (30)

the set of random seeds which produce K returns (with periods pmkq
K´1
k“0 ), but no returns

thereafter.
Convention: we stretch K to also take values K P t0,8u, by letting

Ev8APerpΓq :“ PerpΓq and Ev0APerpΓq :“ APerpΓq.

Notice that
Ω “

ğ

KPt0,8uYNě1

EvKAPerpΓq.

Associated to a random seed ω, there are some quantities of interest, entailed by the
previous construction, that we’ll want to keep track of. For ω P Ω, let

Kpωq :“ K, when ω P EvKAPerpΓq (K P t0,8u Y Ně1) (31)

be the amount of returns ω produces, and

pmkpωqq
Kpωq

k“0 :“

$

’

&

’

%

pm0pωq :“ 8q , if Kpωq “ 0,

pm0pωq,m1pωq, . . . ,mKpωq´1pωq,mKpωqpωq :“ 8q, if Kpωq P Ně1,

pm0pωq,m1pωq, . . .q , if Kpωq “ 8.

(32)
be the associated vector of periods, with 8 appended at the end (if it ends), where, of

course, pmkpωqq
Kpωq´1
k“0 is obtained from the sequence ofmk’s appearing in the union within

equations (30) or (28), respectively, in such a way as to determine where ω belongs to.
Note that we put 8 at the end of a tuple (if it ends) to mean that the orbit went to a no-

return trip. Also, observe that the quantities Kpωq and pmkpωqq
Kpωq

k“0 are also dependent
of Γ, but we omit this from our notation.

Agreeing that supH “ 0, let

MΓpωq :“ suptmkpωq : k P r0, Kpωqqu P Ně1 Y t8u, (33)

MΓ :“ suptMΓpωq : ω P Ωu “ suptm ě 1 : PermpΓq ‰ Hu P Ně1 Y t8u, (34)

KΓ :“ 16

$

&

%

Kpωq ě 0 : ω P
ğ

KPt0uYNě1

EvKAPerpΓq

,

.

-

P Ně0 Y t8u. (35)

The previous definitions were introduced in very general terms. From now on, we adopt
additional conditions which let us conclude that αℓ’s exist and can be represented with

16The quantity KΓ can turn out to be unimportant in relevant cases. For example, with a full shift
random driving and maps Tω “ Tπ0pωq, one has KΓ P t0,8u, because if there is some concatenation of
maps producing a return, they can be concatenated over and over. But we include this definition for
completeness.
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explicit formulas. The intent is not yet to put conditions which imply (H1)-(H5),(H7),
but only (H7).

C1. Consider finitely many maps of the unit interval (or circle), Tv : M Ñ M , for
v P t0, . . . , u ´ 1u. For ease of exposition, say that u “ 2.

C2. Consider that the maps carry a family of open intervals Av “ pOv,iq
Iv
i“1 (Iv ď 8)

so that Mz
ŤIv

i“1Ov,i is at most countable and Tv|Ov,i
is invertible onto its image and

differentiable with inftTv
1
pxq ą 1 : x P Ov,iu ě 1.

C3. Let Ω “ Ně0
Z and consider that Ně0 “ N0 \N1, with N0 and N1 being the set of even

and odd numbers, respectively. Set Tω :“ Tπ̃0pωq, where π̃jpωq “

#

0, if ωj P N0

1, if ωj P N1
(j P Z).

As usual, consider θ : Ω Ñ Ω to be the shift map.

Note: The usual case where Ω “ t0, . . . , u ´ 1uZ and Tω “ Tω0 is basically a simpler
version of the present one, so it can be treated with the exact same arguments and lead
to the exact same results.

For the moment, we assume nothing else about the measure ν, which is only considered
to be θ invariant. Important examples are Bernoulli and Markov measures, but also
what we call restricted Bernoulli measures, given by ν “ pwp0qη0 ` wp1q ` η1qZ, where
wp0q ` wp1q “ 1, η0 P PpN0q, η1 P PpN1q and η0p2nq “ ηpnq “ η1p2n ` 1q (@n ě 0), for
some η P PpNě0q.

For n ě 1, let Aω
n “

Žn´1
j“0 pT j

ωq´1Aπ̃jpωq. For n “ 0, we adopt the convention Aω
0 “

tp0, 1qu (@ω P Ω). Write Oω
n “

Ť

OPAω
n
O (co-countable) and, for x P Oω

n , denote by Aω
npxq

the element of Aω
n containing x. In particular, x P Oω

npxq implies that x is a point of
differentiability for T n

ω . As said before, now we aren’t interested in showing (H1), but to
avoid confusion we notice that taking Bpyω,nk , Rq ” Bp0.5, 0, 5q “ p0, 1q makes Aω

n “ Cω
n

(@n ě 1).

C4. Consider that there exists K,Q ą 1 and β P p0, 1s so that µω “ hω Leb satisfies:
i) pω, xq ÞÑ hωpxq is measurable, ii) K´1 ď hω ď K (@ω P Ω), and iii) hω P HolβpMq with

Hβphωq :“ supx,yPM
x‰y

|hωpxq ´ hωpyq|

dMpx, yq
β ď Q (@ω P Ω).

C5. Consider x : Ω Ñ M a random point so that

ν

˜#

ω P Ω : xpθiωq P

8
č

l“1

8
č

n“0

Oθnω
l , @i ě 0

+¸

“ 1, (36)

where the intersection appearing above is, for every ω P Ω, a co-countable set.

Important examples are what we’ll call projective random points x, given by xpωq “

xmpπ0pωqq, where πjpωq “ ωj (j P Z), pxnqNn“0 (N ď 8) is a sequence of points in M and
m : Ně0 Ñ t0, . . . , Nu is a function. If N “ 8, one could choose m “ id.

C6. With Γpωq “ txpωqu (ω P Ω), consider that MΓ ă 8.

To illustrate, for deterministic targets xpωq ” x, two noticeable cases occur:



42 LUCAS AMORIM, NICOLAI HAYDN, AND SANDRO VAIENTI

i) Pure periodic points x, i.e., when there is some m˚ “ m˚pxq ě 1 so that x is (mini-
mally) fixed by any concatenations ofm˚ maps in pTvq

u´1
v“0 . In this case, Perm˚

pΓq “ Ω,
MΓ “ m˚ and KΓ “ 0. These examples can be constructed explicitly.

ii) Pure aperiodic points x, i.e., when x isn’t fixed by any finite concatenation of maps
in pTvq

u´1
v“0 . In this case, Ω “ APerpΓq, MΓ “ 0 and KΓ “ 0. These examples are not

necessarily easy to be constructed explicitly, but, once the maps are fixed, the set of
pure aperiodic x’s is generic, because it is given by

Mz
ď

pě1

ď

pv0,...,vp´1qPt0,...,u´1up

FixpTvp´1 ˝ . . . ˝ Tv0q,

which is co-countable.

A) Calculation of pαℓqℓPNě1

Now we calculate αℓ’s for systems pθ, ν, Tω, µ
ω,Γq as described in section 2.1 satisfying

conditions (C1)-(C6).
Consider ℓ ě 1 and ω P Ω. Actually, at finitely many instances of the argument, we

will restrict ω to be taken in a set of full measure. To be seen in due time.
Consider

L ě

pℓ´1q^pKpωq´1q
ÿ

k“0

mkpωq “ Mℓ^Kpωqpωq. (37)

and ρ0pω, Lq “ ρ0pπ̃0pωq, . . . , π̃Lpωqq so that ρ ď ρ0pω, Lq implies

@i P r1, LsztMkpωq : k P r1, Kpωqsu one has T i
ωBpxpωq, ρq X Bpxpθiωq, ρq “ H, (38)

which can be guaranteed noticing that

a) returns occur precisely in the instants tMkpωq : k P r1, Kpωqsu and not in between (by
minimality),

b) T i
ω is continuous on xpωq (@i ě 1), a.s., because, by (C2) and (C5), one has xpωq P Oω

i .

Because of the previous constraint, one could actually have started with L’s of the form
L “ MqL^Kpωqpωq, qL ě ℓ (so still satisfying equation (37)), in the sense that other choices

of L are superfluous from the viewpoint of the quantity we’ll study, Zω,L
˚Γρ

. Then one

could consider ρ1pω, Lq “ ρ1pπ̃0pωq, . . . , π̃Lpωqq ă ρ0pω, Lq so that ρ ď ρ1pω, Lq implies:
@k1 ď k, k1, k P r0, qL ^ Kpωqs one has

T

M
k´k1pθ

M
k1 pωq

ωq
hkkkkkikkkkkj

Mkpωq´Mk1 pωq

θMk1 pωqω
BpxpθMk1 pωqωq, ρq Ă AθMkpωqω

MqL^Kpωqpωq´Mkpωq

`

xpθMkpωqωq
˘

, (39)

which can be guaranteed noticing that

a) T
Mk´k1pθMk1 pωqωq

θMk1 pωqω
xpθMk1 pωqωq “ xpθMk´k1pθMk1 pωqωqθMkpωqωq “ xpθMkpωqωq P Oω

MqL^Kpωqpωq´Mkpωq
,

a.s., where the first equality is due to the return times within Mkpωq’s, the second one
is due to the equality in the overbrace above and the inclusion follows from (C2) and
(C5),
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b) T
Mk´k1pθMk1 pωqωq

θMk1 pωqω
is continuous at xpθMk1 pωqωq, a.s., because, again by (C2) and (C5),

one has xpθMk1 pωqωq P OθMk1 pωqω

Mk´k1pθMk1 pωqωq
.

The point with condition (39) is to say that for whatever intermediate starting point
in time, Mk1pωq, the ball that lives there is small enough so that its image into any
other further intermediate point in time, Mkpωq, fits inside the injectivity domain of the
map which evolves the system for the remaining time, from Mkpωq to MqK^Kpωqpωq. In
particular, under iteration, the ball at time zero grows inside the interval but never enough
to wrap around or break injectivity. Therefore, if a initial condition in the ball at time
zero iterates as to miss the target at some intermediate point in time, it won’t revisit it
in the remaining time considered (until MqL^Kpωqpωq), because, due to expanding feature
of the maps, only a break in injectivity would allow for such a revisit to happen. In
other words, given an initial condition, if we are to code the sequence of hits within times
M1pωq, . . . ,MqL^Kpωqpωq, they will be formed by 1’s in a row (possibly none) followed by
0’s in a row (possibly none).

Then, for ω, L and ρ as above, one has:

α̂ω
ℓ pL, ρqµω

pΓρpωqq “ µω
pZω,L

˚Γρ
ě ℓ ´ 1, Iω0 “ 1q

(38)
“ µω

¨

˝

ÿ

jPtMkpωq:kPr1,qL^Kpωqsu

Iωj ě ℓ ´ 1, Iω0 “ 1

˛

‚

(39)
“

#

µω
´

IωM1pωq
“ 1, . . . , IωMℓ´1pωq

“ 1
¯

, if ℓ ´ 1 ď Kpωq

0 , otherwise

(39)
“

#

µω
´

IωMℓ´1pωq
“ 1

¯

, if ℓ ´ 1 ď Kpωq

0 , otherwise
,

so that

αω
ℓ pL, ρq

µωpΓρpωqq

µ̂pΓρq

(6)
“

$

’

’

’

’

’

&

’

’

’

’

’

%

µω
`

pTMℓ´1pωq
ω q

´1ΓρpθMℓ´1pωqωq
˘

µ̂pΓρq
´
µω

`

pTMℓpωq
ω q

´1ΓρpθMℓpωqωq
˘

µ̂pΓρq
, if ℓ ď Kpωq,

µω
`

pTMℓ´1pωq
ω q

´1ΓρpθMℓ´1pωqωq
˘

µ̂pΓρq
, if ℓ “ Kpωq ` 1,

0 , if ℓ ě Kpωq ` 2.

Moreover (for ω and L chosen as above), for all ϵ ą 0, exists ρ2pω, L, ϵq “ ρ2pπ̃0pωq, . . . , π̃Lpωq, ϵq
so that for all ρ ď ρ2pω, L, ϵq

Leb
`

pTMℓ´1pωq
ω q

´1ΓρpθMℓ´1pωqωq
˘

LebpΓρpωqq
“
“

JTMℓ´1pωq
ω pxpωqq

‰´1
` Opϵq,

and there exists ρ3pω, ϵq “ pϵ{Hβphωqq
1{β so that for all ρ ď ρ3pω, ϵq

hωpzq “ hωpxpωqq ` Opϵq, @z P Bpxpωq, ρq.
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We can use (C1), (C4) and (C6) to pass to controls that are uniform on ω and then
integrate: for any ϵ ą 0, L ě L˚ :“ ℓMΓ “ supωPΩMℓ^Kpωqpωq and

ρ ď ρ˚pL, ϵq :“ min
pv0,...,vLqP t0,1uL`1

ρ1pv0, . . . , vLq^ min
pv0,...,vLqP t0,1uL`1

ρ2pv0, . . . , vL, ϵq^

ˆ

ϵ

Q

˙1{β

,

one has

αℓpL, ρq “

ż

Ω

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

hωpxpωqq ` Opϵq
ż

Ω

hωpxpωqq ` Opϵqdνpωq

„

´

JT
Mℓ´1pωq
ω pxpωqq

¯´1

` Opϵq ´

´

JT
Mℓpωq
ω pxpωqq

¯´1

´ Opϵq

ȷ

, if ℓ ď Kpωq

hωpxpωqq ` Opϵq
ż

Ω

hωpxpωqq ` Opϵqdνpωq

„

´

JT
Mℓ´1pωq
ω pxpωqq

¯´1

` Opϵq

ȷ

, if ℓ “ Kpωq ` 1

0 , if ℓ ě Kpωq ` 2

dνpωq,

then taking iterated limits of the type limϵ limL limρ one finds that

αℓ “

ż

Ω

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

hωpxpωqq
ż

Ω

hωpxpωqqdνpωq

„

´

JT
Mℓ´1pωq
ω pxpωqq

¯´1

´

´

JT
Mℓpωq
ω pxpωqq

¯´1
ȷ

, if ℓ ď Kpωq

hωpxpωqq
ż

Ω

hωpxpωqqdνpωq

„

´

JT
Mℓ´1pωq
ω pxpωqq

¯´1
ȷ

, if ℓ “ Kpωq ` 1

0 , if ℓ ě Kpωq ` 2

dνpωq.

(40)
The following diagram helps one to visualize how the integrand in equation (40), with

the prefactor hωpxpωqq
ş

Ω hωpxpωqqdνpωq
suppressed, changes

a) when ω is found in each of the portions making up Ω “
Ů

KPt0,8uYNě1
EvKAPerpΓq

(read the different lines),
b) as ℓ grows (read the different columns).

ℓ “ 1 ℓ “ 2 ℓ “ 3

ω P PerpΓq:

˜

1 ´ 1{JT
m0pωq
ω pxq,

1 ´ 1{JT
m1pωq

θm0pωqω
pxq

JTm0pωq
ω pxq

,
1 ´ 1{JT

m2pωq

θm0pωq`m1pωqω
pxq

JTm0pωq
ω pxqJT

m1pωq

θm0pωqω
pxq

, . . .

¸

ω P APerpΓq : p 1 , 0 , 0 , 0̄. . .q

ω P Ev1APerpΓq:

˜

1 ´ 1{JT
m0pωq
ω pxq, 1

JTm0pωq
ω pxq

, 0 , 0̄. . .

¸

ω P Ev2APerpΓq:

˜

1 ´ 1{JT
m0pωq
ω pxq,

1 ´ 1{JT
m1pωq

θm0pωqω
pxq

JTm0pωq
ω pxq

, 1
JTm0pωq

ω pxqJT
m1pωq

θm0pωqω
pxq

, 0̄. . .

¸

.

(41)
Now we want to consider what else can be said about equation (40) when more structure

is assumed. Let us adopt the following additional hypothesis.

C7. Consider that νpAPerpΓqq “ 1.
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The takeaway is that adding condition (C7) to (C1)-(C6) makes one conclude that pαℓqℓ
is pure Poisson.

That is because, in this case, considering the second line of equation (41) (with hωpxpωqq
ş

Ω hωpxpωqqdνpωq

re-factored in), one has simply

αℓ “

#

1, if ℓ “ 1

0, if ℓ ě 2
. (42)

In the opposite case, we substitute condition (C7) with the following one.

C8. Consider that ν is Bernoulli, νpPerpΓqq “ 1 and that x : Ω Ñ M is a projective

random point. Moreover, assume that hωpxpωqq K

´

JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

¯

j
, which hap-

pens, for example, when hω ” 1 (@ω P Ω). This can always be the case in the Bernoulli
context because it’s highly expected that the µω’s are dependent on the past only (Markov
measures), and that past and future are independent (Markov system).

The takeaway is that adding condition (C8) to (C1)-(C6) makes one conclude that pαℓqℓ
is Polya-Aeppli.

Notice that νpPerpΓqq “ 1 and the independence of hωpxpωqq from the rest implies

αℓ “

ż

Ω

ℓ´2
ź

j“0

”

JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

ı´1

dνpωq ´

ż

Ω

ℓ´1
ź

j“0

”

JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

ı´1

dνpωq,

then, after we make the point in I) that
´

ω ÞÑ JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

¯

j
is independent

under ν, we will find that

αℓ “

ℓ´2
ź

j“0

ż

Ω

”

JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

ı´1

dνpωq ´

ℓ´1
ź

j“0

ż

Ω

”

JT
mjpωq

θMjpωqω
pxpθMjpωqωqq

ı´1

dνpωq,

which, we’ll argue in II), equals

αℓ “

ℓ´2
ź

j“0

ż

Ω

“

JTm0pωq
ω xpωq

‰´1
dνpωq ´

ℓ´1
ź

j“0

ż

Ω

“

JTm0pωq
ω xpωq

‰´1
dνpωq “ pD ´ 1qD´ℓ,

where D´1 :“
ş

Ω
rJT

m0pωq
ω xpωqs´1dνpωq, as desired.

Let us make the points that are missing.
I) Notice first that

νpm0pωq “ i0,m1pωq “ i1q “ νpm0pωq “ i0,m0pθ
i0ωq “ i1q “ νp1Peri0 pΓq1θ´i0 Peri1 pΓqq

“ νp1Peri0 pΓqqνp1θ´i0 Peri1 pΓqq “ νpm0pωq “ i0qνpm0pωq “ i1q,

where the first equality in the second line is because pπ̃jq’s are independent under ν and
the indicator functions can be expressed in terms of disjoint blocks of pπ̃jq’s, namely
π̃0, . . . , π̃i0´1 and π̃i0 , . . . , π̃i0`i1´1. On the other hand

νpm1pωq “ i1q “
ÿ

i0

νpm0pωq “ i0,m1pωq “ i1q
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“
ÿ

i0

νpm0pωq “ i0qνpm0pωq “ i1q “ νpm0pωq “ i1q.

So combining the two previous chains of equality, we find thatm0 andm1 are independent,
i.e., m0 K m1.

Once again, since pπjqj is an independency under ν, whenever two random variables
X and Y can be expressed as X “ ϕ ˝ pπ0, . . . , πi0´1q and Y “ ψ ˝ pπi0 , . . . , πi0`i1´1q,
then X K Y . Similarly for π̃ instead of π. This is the case for pJT i0

¨ pxp¨qq,1m0p¨q“i0q K

pJT i1
θi0 ¨

px ˝ θi0p¨qq,1m1p¨q“i1q.
Therefore

ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ a,

“

JT
m1pωq

θm0pωqω
pxpθm0pωqωqq

‰´1
“ b

)¯

“
ÿ

i0

ÿ

i1

ν
´!

ω :
“

JT i0
ω pxpωqq

‰´1
“ a,

“

JT i1
θi0ω

pxpθi0ωqq
‰´1

“ b,m0pωq “ i0,m0pθ
i0ωq “ i1

)¯

“
ÿ

i0

ÿ

i1

”

ν
´!

ω :
“

JT i0
ω pxpωqq

‰´1
“ a,m0pωq “ i0

)¯

ν
´!

ω :
“

JT i1
θi0ω

pxpθi0ωqq
‰´1

“ b,m0pθ
i0ωq “ i1

)¯ı

“

«

ÿ

i0

ν
´!

ω :
“

JT i0
ω pxpωqq

‰´1
“ a,m0pωq “ i0

)¯

ff«

ÿ

i1

ν
´!

ω :
“

JT i1
ω pxpωqq

‰´1
“ b,m0pωq “ i1

)¯

ff

“ ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ a

)¯

ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ b

)¯

.

On the other hand

ν
´!

ω :
“

JT
m1pωq

θm0pωqω
pxpθm0pωqωqq

‰´1
“ b

)¯

“
ÿ

a

ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ a,

“

JT
m1pωq

θm0pωqω
pxpθm0pωqωqq

‰´1
“ b

)¯

“
ÿ

a

ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ a

)¯

ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ b

)¯

“ ν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ b

)¯

.

So combining the two previous chains of equality, we find that

JTm0p¨q
¨ pxp¨qq K JT

m1p¨q

θm0p¨q¨
pxpθm0p¨q

¨qq,

as desired.
II) Notice that

ż

Ω

“

JT
m1pωq

θm0pωqω
xpθm0pωqωq

‰´1
dνpωq “

ÿ

b

bν
´!

ω : JT
m1pωq

θm0pωqω
xpθm0pωqωq

‰´1
“ b

)¯

“
ÿ

b

bν
´!

ω :
“

JTm0pωq
ω pxpωqq

‰´1
“ b

)¯

“

ż

Ω

“

JTm0pωq
ω xpωq

‰´1
dνpωq,

where we have used the last equality in I).

B) Check if α1 ą 0 and
ř8

ℓ“1 ℓ
2αℓ ă 8

For the moment, this section considers the uniformly expanding case with inftTv
1
pxq ą

1 : x P Ov,iu ě dmin ą 1.
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It holds that α1 ą 0 because the quantity found in the first column of diagram (41) is
bounded below by 1 ´ 1{dmin ą 0.
Moreover, considering the integrand of equation (40), we see that αℓ is at most p1{dminqℓ´1,

therefore
8
ÿ

ℓ“1

ℓ2α̂ℓ ď

8
ÿ

ℓ“1

ℓ2p1{dmin
1q

ℓ´1
ă 8,

since dmin ą 1.
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