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Abstract We consider the return times dynamics to Bowen balls for continuous maps on
metric spaces which have invariant probability measures with certain mixing properties.
These mixing properties are satisfied for instance by systems that allow Young tower con-
structions. We show that the higher order return times to Bowen balls are in the limit Poisson
distributed. We also provide a general result for the asymptotic behavior of the recurrence
time for Bowen balls for ergodic systems and those with specification.
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1 Introduction

Recently there has been a great interest in the statistics of return times to small sets and
their limiting distributions as the target sets shrink to a point and the observation time is
scaled accordingly as suggested by Kac’s theorem. Lacroix and Kupsa [19,20] have shown
that the shrinking of the target sets has to be done in a dynamical or geometric regular way
as their examples show that otherwise any limiting distribution could be achieved. The first
dynamical result is due to Doeblin [11] who showed that for the Gauss map higher order
returns to cylinder-like neighbourhood of the origin are Poissonian distributed in the limit.
In main stream dynamics, Pitskel [22] was the first one to consider the limiting distribution
for Axiom A systems and showed in 1990 that for cylinders the return times are Poissonian
in the limit and, by an approximation argument, also for metric balls for hyperbolic maps
on two dimensional torii. In the successive years, a sequence of results then established that
returns to cylinder sets in the limit become Poissonian under increasingly general conditions
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(seee.g.[2,4,9,10,12-14,17,18,26]. Similar results have recently been proven for geometric
balls (see e.g. [8,15,21]). For dynamical balls, which are the metric equivalent of cylinder sets
and which are used in the construction of equlibrium states and the formulation of entropy for
continuous maps on metric spaces, much less is known. According to a result of Varandas [24]
the exponential growth rate of the recurrence time equals the entropy. Previously, Brin and
Katok [7] have proven a Shannon-McMillan-Breiman type theorem for Bowen balls. This
paper builds on [16] where limiting distributions of entry and return times were determined
together and rates of convergence were given. The principal assumption is that the given
invariant probability measure is ¢-mixing or «-mixing. Although this seems restrictive, all
systems that allow a Young tower construction [27,28] do satisfy the o-mixing property.

In the next section we give the main results. In Sect. 2.5 we prove Theorem 3 which
states that for ergodic, positive entropy systems the minimal recurrence time grows at least
linearly. In Sect. 4 we prove a general result on the higher order return distributions for
a-mixing systems, where the return sets can be unions of cylinders over a countably infinite
alphabet. For that purpose we use the Chen-Stein method of which we give a short sketch at
the beginning of the section. This result is then used in Sect. 5 to prove the first two main
theorems which in fact follow from the more general Theorem 5.

2 Main Results

Let X be a compact metric space and 7 : X — X a continuous mapping. We equip X with
the Borel sigma-algebra and assume that there is a 7 -invariant probability measure p which
we assume to be ergodic. We denote by 7 = h(u) its measure theoretic entropy which is
assumed to be positive.

For A C X wethendenoteby W4, (x) the number of visits of the orbit {T(x), T%(x), ...,
T™(x)} (for some m € N) to the set A, i.e.

Wam(x) = D xa(T/(x))

j=1

where x4 is the characteristic function of the set A, i.e. x4(x) = lifx € Aand x4(x) =0
otherwise. The purpose of this paper is to get results on the distributions of Wy ,, in the case
when the return set A is a Bowen ball and the cutoff values m for the length of the orbits
are scaled by the measures of the return set, that is m = [t/ (A)] for a positive parameter
t.

The function t4(x) = min{j > 1 : T/x € A} is the entry time if x € X and called the
return time if x € A. Clearly Wy ,,(x) = 0 if the entry/return time 74 (x) is larger than m.

2.1 Bowen Balls

Let X be a metric space and T’ : X — X a continuous map. For ¢ > 0 and n € N one
defines the (e, n)-Bowen ball (or dynamical balls) by:

Ben(x) =7y : sup d(Tkx, Tky) <e€f.
0<k<n

Bowen balls have the property that they capture the local dynamics in metric spaces and
are used to define entropy, pressure and prove the existence of equilibrium states for given
potential functions (see e.g. [25]). In many ways Bowen balls play on metric spaces the role
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that cylinder sets play in symbolic systems. For instance, according to Brin and Katok [7]
one has the metric analogue of the theorem of Shannon-McMillan—Breimann:

|

lim lim —[log /(Ben(x))| = h(1)
e—>0n—oon

for p-almost every x provided p is ergodic and the entropy i(w) is positive. Similarly,

Varandas [24] provided us with the metric equivalent of Ornstein—Weiss’ formula for the

recurrence time R¢ ,(x) = min{j > 1: T/x € B¢ ,(x)}, according to which

lim lim 1 log Re . (x) = h(p)

e—>0n—oon
wn almost everywhere for ergodic ¢ and A(u) > 0. In a previous paper [16] we adressed the
distribution of the first entry and return times and showed that P(tg_, (x) > t/u(Be n(x))) —
e ! asn — oo and then € — 0 for almost every x. We also provided rates of convergence.
Here we consider higher order returns, that is we are interested in the distribution of the
random variable Wy ,, form = [t/ (A)], t > 0 a parameter, and in particular if ©£(A) — 0
along a sequence of suitable sets.

2.2 Mixing Properties

Let A be a finite measurable partition of X and denote by A" = \/;';(l) T~/ A the nth
join. Its elements are referred to as n-cylinders. We assume that A is generating, i.e. that
A% = \/7’;0 T~/ A consists of singletons. For a set ¥ C X we shall use the notation
A,(Y) = Uacan, ANY £ A as the smallest uni01.1 of n-cylinders‘that approximates Y from
the outside. In particular A, (x) denotes the n-cylinder that contains x.

We shall require that the measure p have some mixing property with respect to this
partition .A. We consider two situations:

(1) We say that p is ¢-mixing if
IWANT " B) — u(Ap(B)| < ¢ (k)uu(B)

forall A € o(A"),B € O'(U;il AJ), where ¢ (k) is a decreasing function that converges
to 0.
(i) We say that p is a-mixing if

IWANT " B) — u(Apu(B)| < a(k)
VAeo(A"),B e U(U?i 1 AJ), for some decreasing function « (k) that converges to 0.

2.3 Regularity of the Measure

In order to carry through an approximation scheme that involves cylider sets, we have to
assume that the invariant measure has some regularity. Denote by B(x, €) the metric ball in
X with centre x and radius €. Then for x € X, 0 < § < € define the function

e 8. x) = MBO € +8) — pu(Bx. e ~ )
w(B(x, €))

as in [16]. In other words, ¥ measures the proportion of the measure of the annulus B(x, € +
8) \ B(x, € — §) to the ball B(x, €).
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Example 1f X is the unit interval and 7 a map on X, then if p is an absolutely continuous
measure, one has ¥ (€, 8, x) < c¢ 1% for some constant ¢; and all x € X. More generally, let
X be a compact Riemann manifold and 7 an expanding map. Then if the invariant measure
[ s equivalent to the Riemann measure one again has ¥ (¢, §, x) = O( g) forall x € X. This
follows from the fact that w(B(x, €)) ~ €4, where d is the dimension of the manifold.

Remark Also let us note that sometimes the following annulus condition is used (see
e.g. [21]):
B, e +8\Blx,e —8) _ &

1u(B(x. €)) = O

for some g, i and a constant co. In this case ¥ = co88¢ . In Theorem 1 the requirement
would be that & is positive and g can be arbitrary. In Theorem 2 7 = £ and again g can be
arbitrary.

2.4 Main Results on the Distribution

We can now formulate our main results on the limiting distribution of Wy , when A are
Bowen balls and m follows the traditional Kac scaling. For a partition .4 we denote by
diam(A) = sup 4. 4 diam(A) the diameter of .4, where diam(A) = SUP, yeA d(x,y).

Theorem 1 Assume that the invariant measure [ is ¢-mixing where ¢ (n) = (’)(#) and

diam(A") = O(y”g)for somey < 1, & < 1and k > 0. Moreover assume that . satisfies
the following regularity condition

€

C
0 8,X) < ——
V(€. 8, x) Tog 8¢

for some ¢ > 1/&, C¢ > O independent of x. Lett > 0 and put m = m.

Then there exists €y > 0 so that for every € < €y we have
k
—t L

nli{gOP(WBQ,,(X),m = k) =e k’

almost surely.

If the measure has better regularity then we can relax the condition on the diameter of
cylinders and obtain the following statement:

Theorem 2 Assume that there exist constants o, k, & > 0 satisfying a& > 1, such that
diam(A") = O(n~9%), ¢(n) = O~ and
(e, 8, x) < Ceo

for some constant C independent of § and x.
Then there exists €y > 0 so that for every € < €g andt > 0 we have

k
. )
ngnOIOP(WBe,n(x%m - k) =e E

_ 3
almost surely, where m = IANEE

The proof of these two theorems is in Sect. 5. In the proof of these theorems we need
some estimate on the minimum return time of points in B¢ ,(x), which is in the next section.
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2.5 Recurrence Time for Dynamical Balls
For a set A C X we have the first hitting time of a point x given by 74(x) = min{k > 0 :
T*(x) € A}. The period of the set A is then given by

7(A) = min{k > 0: TF(A) N A £ 0}

which evidently equals T(A) = minyec4 74 (x). We can now formulate our second main result
which is well known for cylinder sets [23].

Theorem 3 Assume that u is ergodic with entropy h(u) > 0.

(i) Then for almost every x € X

B
lim lim inf 2 5en 0D o
e—0 n—>oo n
(ii) If, moroever, the map T has specification, then
B
lim sup 71( en () <1
n—00 n
for all € small enough.

Let us recall that a map T : X — X has specification if for every € > 0 there exists
a separation time K (¢) so that any two (in fact arbitrarily many) orbit segments 7/ x, j =

0,1,...,ny and ij, j=0,1,...,ny can be e-shadowed by an actual orbit, that is there
exist a point z € X and m < K such that d(T/z,T/x) < e for j = 0,1,...,n, and
d(TmHHmtiz Tiyy <eforj=0,1,...,ny.

3 Proof of Theorem 3

In order to prove the lower bound (i) we need the following lemma.

Lemma 1 [7] Let A be a finite generating partition with w(d.A) = 0. Then for all § > 0
there exist N > 0 and a set Dy with w(Dy) > 1 — §, such that

HA€ A" : ANBe,(x) 0} < VYxeDy
for all € small enough andn > N.

Proof Forall € > 0, define Uc(A) = |J Uc(A) where
AeA

Us(A) =ANB(X\A,¢)

(where we write B(Y,€) = |J,cy B(x,€)). Since (.ooUe(A) = 9A, we have
lime_.0 (£t (Ue(A)) = 0, and thus for every 8 > 0, there exists € small enough so that

w(Uc(A) < B/2, forall € < €.
By the Birkhoff ergodic theorem,

n—1

lim =" xu,)(T*x) < B/2, forae xeX.
n—-oo n k:O
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By Egorov’s theorem there exists Nj so that the set Dy defined by

ln—l
Dy = [x eX:= > xuT ) <p Vn= N]
nk:O

satisfies
u(Dy)>1—=6, forall N > Nj.

Every n-cylinder A, (x) is identified by the n-word xoxi - - - x,—1 where x; € A. We
call this word the (A, n)-name of A, (x). Forall y € B¢ ,(x) and 0 < k < n — 1, either
T*(y) € A|(T*(x)), or T¥(x) € Uc(A). Now let us note that for all x in Dy, the frequency
of the latter possibility (i.e. Tk(x) € U.(A)) is less than B. In other words, df (x,y) < B
forall y € Bc,(x), x € Dy and n > N, where d,{"] is the Hamming distance given by
df (x,y) = % Zz;é(l — 8y, y,) with & denoting the Kronecker symbol.

If we denote Cg ,(x) = {y € X : df (x, y) < B} the cluster of n-cylinders centred at x
then

Be,n(x) C An(Be,n(x)) - Cﬁ,n(x)a Vx € Dy,n > N.

Since d,fl (x, y) = 0if the points x, y lie in the same element of A", Cg ,(x) is a union of at
most A, elements in A", where A, can be estimated by

[np]
n
= S IA (m) M
m=0

Using Stirling’s formula, it is easy to show that

. log Ap,
lim sup
n—o00

< Blog|Al — plogp — (1 — p)log1 — B).

The right-hand-side converges to 0 as B approaches 0. For any given § > 0 we can take
small enough such that A,, < €% for all n > N for some large enough N. In particular

A € A", AN Beu(x) # B)] < ™.

[m}

Proof of Theorem 3. Let § > 0 and Dy, N as in Lemma 1. Then for all x € Dy we have
Bep(x) CCppux)={yeX: d,f’ (x,y) < B} with 8 > 0 being chosen below. Hence

T(Ben(x)) = T(Cp,n(x)).

For arbitrary n < 1, fix ¢ < l%h (h = h(w) the entropy of n) small and let Ey =
(x € X 1 e HOn < (A" (x)) < e~ "=D" foralln > N}. By the Theorem of Shannon-
McMillan-Breiman, we can take N large such that u(Ey) > 1 —46.Set Gy = Dy N Ey,
we have £ (Gy) > 1 —24. For a large enough constant ¢ (depending on N) we achieve that
cl_le_(h+{)” < w(A"(x)) < cre="=9" hold for all n > 0.

Define

B, ={x € Gy : T(B¢ n(x)) < nn}
and

En ={x e Gy :1(Csu(x)) < nn}.
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Clearly B, C B, foralln < N.

If we put R"(k) = {x € Gy : ©(Cpn(x)) = k} (k < [nn]) then B, = U]", R" (k)
(disjoint union). To be precise, if a point x lies in R" (k) then T/Cg ,(x) N Cg ,(x) = @ for
j =1,...,k — 1 and there exists some y € Cg ,(x) such that Tk(y) € Cg,n(x). Hence we
have df (y, T*y) < d (y, x) + dH (x, T*y) < 28. Set

R'(k)={y e Gy :d(y,T"y) <28)
and we obtain
R"(k) C {x € X : there exist y € R" (k) such that d/ (x, y) < B}. )
First we estimate u(R" (k)). For every y € R"(k), let
An(Y) = (V1 YkYk1 - Y2k - - - Ymk+1 - - - Yn)
with y; € A, m = [}], then
An(T*Y) = (V1 -+ Y2UV2UAT - V3« o Yont Dkt - - - Yntk)-

Let g = Z(/.':ii)il(l — (Syj,yﬂk) fori = 1,2,...,m, where §,5 is the standard Kro-
necker symbol. That is g; is the number of coordinates on which y;ry1...yi4+1)x and
YG+1)k+1 - - - Yi+2)k differ. Obviously g; < k and also > /L, g <2Bnasy € R" (k).

For given (g1, g2, - . ., gn) and given k-word y1y; - - - y, the total number of n-cylinders
Ap(y) that lie in the given Ax(y) = (y1y2 - - - yx) and for which y € R" (k) is bounded from

above by
k k k
an,yl ..... Vi 815y 8gm S(gl) |-A|g1 (gz) |A|g2 e (hm) |.A|gm

n 28n
S(2ﬂn)|A| '

To simplify notation, we abbreviate the LHS to a,,. By Stirling’s formula

logay,

, <2Blog|A| — (1 —2B)log(l —2B8) —2B1log2B — 0

as B — 07. We can take 8 > 0 small such that a, < ¢’ where § > 0 is as above.
Denote by b, ; the total number of such possible (g1, ..., gm) € {1,2, ..., k}". Then

[2Bn] ,. n
j+m—1 [28n] +m [28n] + 7
=2 ()= () - ()

j=0 3

which, again by Stirling’s formula, can be bound as follows:

%§f(2ﬂ+%)—f(l)_f(2’3)’

k
where we put f(x) = xlogx. Since f(x) — Oasx — 0and f(x) is uniformly continuous
on (0, 2], we have limg_, % = 0 and in particular
bn,k = eBn

if we only take 8 > O small enough.
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We are now able to estimate the measure of the set R" (k) as follows, where the sum over
g1, ..., 8m 18 as above,

PR ) < D (A1)

yeRn (k)

< Z Z ancle—(h—§)11

Ap(y),yERM (k) 81+ 8m

< Z by cre”h=E=om
Ar(y),yeR" (k)

< z cre—h=t=29m

Ac(y),yeR" (k)

Fory € R"(k) C Gy, we have cj 'e= "0k < 11(Ax(y)), hence 1 < cre® 9% u(Ap(y)).
Therefore
R ) < D cfen POk (A (y))

Ak(y),yeR" (k)
Sc%e—(l1—§—26)n+(h+{)k.

Since cl_le_(h“)” < w(An(x)) < ere~"=9n for every n-cylinder in G, R" (k) can be cov-
ered by at most ¢}e~ (#=¢=2)n (A +Ok+ (O many _cylinders. Since according to (2) R™ (k)
is contained in the B-neighbourhood of R" (k) (under the Hamming metric d,fl ), and every
B-neighbourhood of an n-cylinder contains at most A, < €% many n-cylinders according
to (1), the total number of n-cylinders that intersects R" (k) is bounded from above by

)\nc%ef(hfg728)n+(h+;‘)k+(h+§)n < C?€(2§+3B)n+(h+§)k.

Therefore,

w(R™ (k) < c%e(2§+38)n+(h+§)kcle*(hfi)ﬂ < C?e(*h+3§+33)n+(h+£)k'

Summing over k, we obtain with those estimates the following bound:

nn

w(By) <D (R (k)

k=1

nn
< Z cé]te(fh+3§+38)n+(h+£)k
k=1

Ecze(—h+3£+35)n+(h+i)nﬂ

<cye(~(1=mh+4c+38)n

Since B,, C En forall n > N, we have

ZM(Bn) <N+ Z w(By) < N + Z e —(A=Mh+4T+30)n.
n n>N n>N

We can choose § < 1%7 and ¢ < 1fT'7h, hence
I—n
—(1=mh+4¢ +38 < ———h <0.
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Therefore Zflozl w(By) < oo. By the Borel-Contelli lemma, for almost every x € Gy we
have limninf M > n. Since n < 1 is arbitrary, the lower bound (i) of the theorem
follows.

In order to get the upper bound (ii) for a map with specification let K (¢) be the separation
time. Then there exists a point z € Be ,(x) and an m < K so that 7"t € B, (x). Hence

T(Be,n(x)) < n+ K and consequently lim,_, %t(Be,,l(x)) < 1. ]

4 a-Mixing Systems have Poisson Distributed Return Times for Unions of
Cylinders

This section is on the return times to sets that are unions of cylinders, where the underlying
partition A is allowed to be countably infinite. Recall that W4 ,,(x) is the number of visits
of the orbit {T'(x), T?(x), ..., T™(x)} to the set 4, i.e.

m

Wam (@) = D xalT/(x)).

j=l1

We then have the following result.

Theorem 4 Let 1 be a-mixing w.r.t. a finite or countably infinite partition A and let A €
o (A"). As before, let T(A) be the period of A. For anyt > 0, let m = ﬁ and denote by
vy the Poisson measure on Ny with parameter t. Then there exists a constant C1 so that for
every set E C Ny

P(WA,m € E) — v (E)

<C r(Ar)girAlm (% + Ap(A) +Pp(tp < A)) (t +logm).

For similar result see [2,4,5] where the Poisson distribution for ¢-mixing measures was
shown for single cylinders centred at a generic point. Let us note that for unions of cylinders
it was shown in [3] that the hitting and first return times are exponentially distributed for
o-mixing measures and in [14] that higher order returns are Poissonian in the limit for ¢-
mixing systems. To prove this theorem we use the Chen-Stein method similar to [14] where
it was laid out in more detail than we do here although we shall proceed to give a summary
of the procedure.

Let v be a probability measure on Ny (equipped with the power o-algebra Ay,). If we
denote by F the set of all real-valued functions on Ny, then the Stein operator S : 7 — F
is defined by

Sfk)=tf(k+1)—kf(k), VkeNo. 3)

. o . . —14k
Denote by v, the Poisson-distribution measure with mean 7, i.e. Py, ({k}) = ¢ k’f Vk € No
then the Stein equation

Sf:h—/lmw @
No
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has a solution f for each v;-integrable & € F (see [6]). The solution f is unique except
for f(0), which can be chosen arbitrarily.l In particular, if 2 : No — R is bounded then so
is the associated Stein solution f. A probability measure v on (Ny, %Ay,) is Poisson (with
parameter ¢) if and only if [6] fNo S fdv = 0 for all bounded functions f : Ng — R. The
total variation distance of a probability measure v from the Poisson distribution v; can then
be estimated as follows:
/ Sfdv
No

where E C Np and f is the Stein solution that corresponds to the indicator function xg.
The following lemma on the function f associated to characteristic functions was proven
in [14].

[V(E) — v (E)| =

/N Wf k4 1) — kfF (k) dv s)
0

Lemma 2 For the Poisson distribution v; with parameter t, the Stein solution of the Stein
equation (4) that corresponds to the indicator function h = xg, with E C Ny, satisfies

1 if k<t
|fxg(k)}5[2k+l if k>t. (6)
In particular
o m if m<t
k 7
I;‘f”( )‘S[t—+-(2—i-t)log';1 if m>t. M

4.1 Return Times Distribution

Proof of Theorem 4. The Poisson parameter ¢ is the expected value of Wy ,, which implies
t =" w(xaT") = mu(A), where (T ' A) = p(A) by invariance. If 1 = xg with
E C Ny an arbitrary subset of the positive integers, then we obtain from (5) and (3)

WS = () = vi(h)] = [P(Wam € E) — v (E)|
= |E(tf Waum + 1) = Wam f (Wam))| .

Hence we can proceed as follows:

|P(Wam € E) — v (E)| =

tEf(Wam+1)— E(Z Iif(WA,m>)‘

i=1

D PESWam+ 1D =D piE(f(Wam)lli =1)

i=1 i=1

m
EZPi

f@+ DPWam=a)— D f@P(Wa,u=alli=1)

i=1 a=0 a=0
m m
<D pi Y fla+ Deag, ®)
i=1 a=0
1 f can be computed recursively from the Stein equation:

k—1 i 00 i

(k—1)! . t! (k—1)! . 1!

f == ZO (h(0) = po(n) 57 === %(k(z) —no) =, VkeN.

1= 1=
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where we put I; (x) = 4T (x) for the characteristic function of the set 7 A and
€ai = [PWam =a) —=P(Wam =a+1]l; =1)]. ©

The function f above is the solution of the Stein equation (4) that corresponds to the indicator
function 7 = xg in the Stein method and has been bounded in Lemma 2.
In order to estimate the error term €, ; put

Wzi4,m =Wam—Xxa0 T = Z XA oT/
I<j<m
J#

(punctured sum). Then

P({W), =a}nTa)

€a,i = P(WA,m =a)— w(A)

‘IP’(WAm_a) P(W, , = a)‘ (A)

where £, = max; ‘]P)({Wfi1 m=ain T A) — P(W,ix,m = a)/L(A)‘ is zero if all I; are inde-
pendent of each other. The first term is estimated by

[PWam =) =PV}, = )| < PU; = 1) = u(d).

For the second term, which contains &,, we proceed as follows.
Let A << m be a positive integer (the halfwidth of the gap) and put for every i € (0, m]

) i—(A+1) ) m
Win= X oaeTh Wih= 3 et
j j=itA+1
i—1 i+A
Up~= D xaoT’, Uit =D xaoT’,
Jj=i—A Jj=i+1

with the obvious modifications if i < A or i > m— A. With these partial sums we distinguish
between the hits that occur near the i’ 1terat10n namely U,,~ and U,’,ﬁ, and the hits that
occur away from the i iteration, namely W~ A m and wit A m-Letusput WA = WA m Ui =

W mt WA +m for the total sum minus the 2A +1 terms in the gap surrounding the coordinate ;.

The gap allows us to use the mixing property in the terms Wi{ﬂfn and its size will be determined
later when we optimise the error term.
Note that for a € Ny

P({Wam=a+1}NnT"A) =P({W} ,, =a}NT"A)

- X i)

a:(a—7a0.—’a0,+’a+)
s.t [a]=a

NULE =a"F}n T A).
We split the following sum into three terms

S if@+ Dl ’P({Wi;,m —a} N7 a) =P (Wi, =a) u(4)| = Ry + Ro+ Ry
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and will estimate the three terms

Ri =31 f@+ 1B (Wi, =a} 077 4) — B (W}, =a) N7 4))|
Ro= If@+Dl- P ({Wh, =a}n7a) —» (W), =a) P = D)
Ry=> If@+Dl|[P(Wi, =a)=P(Wi, =a)|u)

separately.
Estimate of R;: Observe that

Wi, =ayn17ac ({W,, =a)nT7a)u({v), = 0} 77 4)

(Wi, =a}n77ac ({Wi,, =a}nT=a)U({U >0} nT74).
Since Ul = U™ 4 Uj;™ > 0 implies that either U; ™ > 0 or U}~ > 0 we get
[P{W) ,, =a}nTA)—P({W} ,, =a} nT'A)| <P({U), > 0} NT"A) < b; +b/
where

by =P({Uy~ >0}NT'A) and b =P({U," >0}NT"A).
For b;" we obtain the estimate
bt =P({U;T > 0}NTA) =PWU,T > 0l; = D(A) = Pa(ta < A)u(A)

and since in [14] it was shown that b;” = b;’ we obtain

R < caPa(ta < Mp(A) DI f(a+ DI < c3Pa(ra < A)p(A)(t +logm)

for some ¢3 where we used Lemma 2 to estimate the sum over a.
Estimate of R3: In order to show that short returns are negligible note that

(Wi, =a) C {Wi,, =a}U{U} >0}
Wi =a} c{Wi,, =a}U{U, >0}
which yields
A

=?(Uy>0) = 2P(U{1i+k = 1}) < 2Au(4),

k=1

‘p(vv;;,m —a)—? (Wi, =)
and therefore

Ry <2Au(A)* D [ fa+ D) < caAp(A)*(t + logm).

Estimate of Ry: This is the principal term and the speed of mixing now becomes relevant.
Recall that W), | (x) = W;":n (x) + Wxtn (x) and we want to estimate

Ry

IA

Sifa+ l)I‘IP (Wi, =a}nT7a) —p (W}, =a) M(A)‘

IA

> 1r@ +at+ 0l (P (Wi =a®) N T A) =P (Wit =a®) () & o+

a=,at
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where €, ,+ = sgn (IP’ ({W{’;’m =aln T’iA) -P (W/i;,m = a) M(A)). If we put

whaH= |J {(Wit=d'}, w@H= |J {W,T=d"}

+. — +. —
a .sa_,a+—+1 atie,;— = 1

both disjoint unions, then

Ry <> lp(a)l

P ({W;',;— =a }nWh@)n T"'A)
—P (Wi~ =a”) u (W) M(A)‘
+> o)

_P (W;;;* - a+) (W (@) M(A)‘

P ({ Vit =atynw @hHn T’iA)

where ¢(a) = sup,., | f(a’)| satisfies by Lemma 2 ¢(a) < min(1, é). ‘We have to estimate
the two mixing terms, the first of which is fora™ > 0:

’IP’ (Wi =a"ynwra@HnT=a) = p (Wi~ =a”) (W @) M(A)‘

<R+ R+ Ry

Ry = ’IP’ ((Wim=a"ynwHa@Hn = a)-p ({Wi~=a )N T~ 4) p (W (@) ’
Ry = ‘11» (Wi, =a}nr7'a) =P (W), =a) u(A)‘u Wt@)
Rys = ‘1}» (Wj;;n = a_) pw(Wt@)) —p ({W,’;;— —a}n W*(a‘)) ‘M(A)-

We now bound the three terms separately: Due to the mixing property we get for the first
term the estimate

Ry < a(d).
Similarly for the second term
Rop <a(M)p(Wha)),
while the third term is estimated by
Ro3 < aA)u(A).

Combining these estimates and considering that the second term in the above estimate of R»
is estimated in the same manner we obtain

Ry < cqa(A) Z<p(a) < cea(A)(t 4+ logm)
a
for some constant c4.

@ Springer



N. Haydn, F. Yang

Finally, putting together the error terms Ry, R> and R3 yields
[P(Wam € E) = v (E)|

m m A
<>.pi (Z |f(@+ DIn(A) +¢7 (% +2Au(A) + Py (ta =< A)) (t+ 10gm))

i=1 a=0

a(A)
<cg (M(A) + —— + Ap(A) +Pa(tp < A)}) (t +logm)
n(A)

for some cg independent of A. O

5 Poisson Distributed Return Times for Bowen Balls

In this section we will prove Theorem 1. Recall that
B(x,e+68)\ B(x,e =6
1p(e’&x)zu( (x,e+3)\ Bx )
w(B(x, €))
is the proportion of the measure of the annulus B(x, € 4+ ) \ B(x, € — §) to the ball B(x, €).
Put rﬁ (x)=T140 Tfft_l for the kth return of x to the set A:

k() = minfk > A7 () - TH(x) € A)

where t/i = T4.

We will prove the following more general theorem and then deduce Theorems 1 and 2.

Theorem 5 Let u be a ¢p-mixing T-invariant ergodic measure with positive entropy. Let
Vo = diam(A"). Assume that there exist €g > 0 and an increasing sequence {N (n)}gil

satisfying n < N(n) < %;L(Bé,”()c))_1 and sequences ¥,(€) — 0asn — oo (V € < €p)

such that
V(€ YNk T0) < Oa(e) - w (10)
foralle <€y, x € X,0<k <n.
Then for all t > 0 one has
£k
Jim P (W, o.m = k) = e_tﬁ,

— t
where m = WB )

The idea of the proof is to use cluster of cylinders sets to approximate Bowen balls. For
this purpose, for some integer N (n) >> n, define

Ben(x) = U A
A€AN® AC B, ,(x)
the union of all N (n)-cylinders contained in B¢ , (x). If we put
0Bey(x) = U A
Ae AN® AND B, (x)#H
as the union of all cylinders which intersect the boundary of B¢ ,(x), then

Ben(x) \ Bey(x) C 3Ben(x).
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The next lemma (c.f. [16]) allows us to estimate the difference between Ee,,,(x) and
Be,n(x)-

Lemma 3 Under the hypothesis of Theorem 5 we have
WOBen(x)) < D (€)i(Ben(x))
and in particular, ;L(Be,n(x))/,u(ge,n(x)) =0().
Proof Since T is continuous, 0B ,(x) C Uz;é T~*39B(T*x, ¢). Hence if Anmy N

9Bc ,(x) # ¥ for some N (n)-cylinder Ay, then AN(H)_k(Tky) NIB(T*x, €) # ¢ for
some) <k<n-—1landye€ AN®™  Since diam(AN(n)_k(Tky)) < YN()—k We obtain

n—1

0Ben(x) C | THBOB(T x, €), ynw-n)
k=0

c JT BT x, € + vy \ BT x, € + yna 1),
k

and consequently we can bound the measure of this set as follows:

w@Ben(x) <n- sup p(B(T*x, €+ yym-1) \ BT x, € + yyo-k))

0<k<n—1
=n- sup (Y€ Nk ') - w(B(T x, )
0<k<n—1
<n- sup {Y(e YNk T 1)}
0<k<n—1
< Un(€)pu(Be,n(x))
where we used the assumption to bound the measure of the annuli. In particular
u(dBen(x))/(Ben(x)) = U — 0 and therefore pu(Be,n (x))/ 1 (Be,n(x)) = O(1). o

Next we show that the limititlg distribution for the hitting times of B¢ ,(x) can be approx-
imated by the distribution of B¢ ,(x). To simplify notation we write B = B ,(x) and

B = B ,,(x). Fort > 0 we putm = ﬁ and m = ;T(’Bf) and write for simplicity’s sake

Op k) = IP’(WB,m = k): Of,:k) =P (W5 5 =k)

and others similarly. The following approximation lemma does note depend on the mixing
property.

Lemma 4 Forallt > 0 we have

Opm(k) — OF i (k)| <21 - Vy(e) > 0

asn — oo.
Proof By the triangle inequality

Op.mk) — Of ;)| < |Opmk) — OF (k)| +|OF,,(k) — OF ; (k)|
=14+11.

In order to estimate the first term note that B C B which implies Wg ,, > W5, . Conse-
quently

I <PWg j,, >0) <Pty ; <m) <mu(B\B).
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For the second term we proceed as follows:

1 =P{Wg,, =k} n{W; 5 >k} < u(B)Git —m) = mpu(B \ B).

N
Combining the estimates for / and /7 yields by Lemma 3
|©8,m (k) — OF (k)| < 2m - u(B\ B)
< 2m - u(9Ben (%))
<2m - 9, (e)n(B)
= 2t9,(e) — 0.

[}

Before we prove Theorem 5 let us consider the case of o-mixing measures. As noted
in [16] generalised SRB measures for systems that allow a Young tower construction as
in [27,28] are a¢-mixing and thus are prime examples to which the following proposition can
be applied. (Generalised Sinai—Ruelle-Bowen measures are on the unstable leaves absolutely
continuous with respect to a given reference measure which in the traditional setting is taken
to be the Lebesgue measure.) We though have to make an assumption on the short retun
times.

Proposition 1 Let u be an a-mixing measure where o (k) decreases exponentially fast to
0. Let A, = a |logu(Ben(x))| where a > 0 is so that mAn — Oasn — oo. If
PBE_n(x)(TBw,(x) < ApA,;, — 0then

k
. 1
Jim P (Wa,,com =k) = ™'
Proof By Lemma 4 it is sufficient to prove that
tk
lim O (k) =e¢ ' —

n—oo B k!

The result then follows from Theorem 4 with m = 1/ (B¢ ,(x)). m]

Let us now prove Theorem 5 where the ¢-mixing property is used to control the short
return times up to A.
Proof of Theorem 5. Again, by Lemma 4 it is enough to show that O - (k) — e_t%k! as
n — oo. We apply Theorem 1 of [14] to the set Ee,n (x) € o (AN™)Y and obtain (for some
1)

k

1 ~
‘%ﬁ(k)—e " |log 11(B)].

$(A)
1 f Au(B
<cit(tvl) 1n w(B) + ] EI(B) 7

where 83(j) = minj<p<janem{(Au(B) + ¢(j — @)} and, as before, A,(B) =
UAeAw,mgﬁ A. Letn € (ﬁ, 1) so that the gaps A = /L(f?)_”’ are larger than N (n).
Then

A
<atv ) [w®B)' 7+ D 85()+urB) T log w(B).
j=t(B)

k
t
‘@M(k)—e o
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Since 1(B) = O(11(Be(x))) we conclude by [7] | log u(B)| = O(n) and it thus remains
to show that > B850 = o(d).

j=t ~ —~
Since B C B we get A,(B) C A, (B) and therefore A, (B) C B¢, (x) UdB¢,(x) for
all o > N(n). As in Lemma 1 let us put

1 n—1
Dy, = [x eX:— ZXUE(A)(Tk(x)) <pB Vn= NO] .
=0

Then A, (Be,n(x)) C Ap(Ben(x)) C Cpp(x) forall x € Dy, and w > n > Ny.
By Theorem 3, we can take Ny large enough such that the set

{x 2 T(Ben(x)) > % Vn > No}
has measure arbitrarily close to 1. Since Ee, 2 (x) C Be n(x) we conclude that
En, = {x : r(Eé,,,(x)) > % Vn > No}

also has measure arbitrarily close to 1 for Ny large enough. For x € Gy, = Dy, N Ey,, and
all n > 4Ny we then split the following sum into three parts:

- A
> =2 min (u(Au(B)) + (] — o)
j=t(B) j=t(B) =J
A
< j;z lfwlsnjl?m){“(A‘”(B)) 6 —w)
2n—1 o
= D min (1(Ay(B)+8( — @)+ 3 min (1(4,(B) +6(j - o)
L j=2n T ~

A
+ 2L min {k(Ae(B) + ¢ — )
J=N@)+1
=I1+I1I+1II

Since pu is ¢-mixing there exists a w < 1 so that u(A,(x)) < 7" for all x and m large
enough [1]. We now assume that § > 0 is small enough so that the size A, of the (8, m)-
clusters Cg ,, (x) satisfies A, < =2 forall x € Dy, (see (1)). Thus

RChm(x)) < Ay <77 (1)

for all m large enough and x € Dy,. We now estimate the three parts on the right hand side
above using the mixing property as follows: .
(I) For the term 1, we also take w = 4. Since Be ,(x) C B, z(x) and i =
have
A Ben@) € Ay (Bey(0) € Ay (Bos ) € Cpg (o).
The bound (11) then yields

2n—1

1= 5 u(am) vod) <am(enaeo) + e =o(L).

n
j=n/2
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(IT) For the second term we take w = % and obtain

N (n) ] N(n) c
1
<y (M(Aj/z(B)) +¢(5)) = > u(Cy,0) + 1z
j=2n j=2n
since % >n > Nyo. By (11) we conclude that I/ = o(%).
(IIT) For the third term /11 we take w = % Lemma 3 shows that £(An ) 2(B)) =
O(1)u(B). We obtain

A

B )

J=N@m)+1

2

A
> oMuB) + N

J=Nm+1

=O()AR(B) +

IA

Cc2
N(n)]+l(

=o(-).
n
The three estimates combined prove Theorem 5. O
To prove Theorems 1 and 2 we need to verify that (10) is satisfied.

Proof of Theorem 1. Under the hypothesis of Theorem 1 we take n € (é, 1)andput N(n) =
W(Be n(x))~". This yields
n -y (e, ynm—k, TFx) _ nCe
1(Be.n(x)) = Nn)5¢[log y |* (Be n (%))
= Clnpu(Ben ()™ -0

since n§¢ > 1. Consequently 9, (¢) — 0 as n — oo for every small enough € > 0 and the
statement of Theorem 1 now follows from Theorem 5 O

Proof of Theorem 2. Similarly the choice of n € (é, 1) and N(n) = (B¢, (x))~" yield

. k —af
nve ek 0 nCNW T _ oy (g oyt S0

U(Be,n(x)) T w(Ben(x))
since naé > 1. Again v, (¢) — 0 as n — oo for every small enough € > 0 and the theorem
follows from Theorem 5. O
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