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3. DUALITY FOR LONGEST < -SEQUENCE PROBLEMS 

Let < and < * be conjugate partial orders on P. Then the 
length of a longest < -sequence in P equals the size of a minimum couer of w 
by < *-sequences. 

Proof. According to Dilworth's theorem [D50], the length of a longest 
antichain in 4 * equals the size of a minimum cover of w by < *-chains. 
As < and < * are conjugate, each antichain in < * is a chain in < 
and, vice versa, each chain in < is an antichain in <*. Therefore the 
length of a longest < -sequence in P equals the size of a minimum cover 
of w by <*-sequences. 0 

LEMMA 1. 

Consider a binary relation on P defined by 

Pl t P2 * Pl < P 2  or Pl < *P2. 

LEMMA 2. 

Proof. We prove that p1 c p2 and p2 c p3 implies p1 c p3. If p1 c p2 

t is a linear order on P. 

and p 2  c p3 then one of the following conditions holds: 

(9 P1 * P2 and P2 < P3, 

(ii) p1 4 p2 and p 2  + * p 3 ,  
(iii) p1 < *p2 and p 2  < p3, 
(iv) p1 <*p2 and p 2  <*p3. 

In case (i) p1 < p ,  and p2 * p3 implies p1 < p3 and therefore p1 t p3. 
In case (ii) p1 < p2 and p2 4 *p3 implies neither p 3  < p 1  nor p3 + *pl. 
(In the first case p3 <pl  and p1 < p 2  implies p:, *p2, contradicting 
p2 <*p3. In the second case p2 +*p3 and p3 <*pl  implies p2 <*pl ,  
contradicting p1 + pJ. Therefore p1 < p3 or p1 < *p3, implies p1 c p3. 
Note that cases (iii) and (iv) are symmetric to (ii) and (i), respectively, so 
we have shown that relation t is transitive. The lemma follows from the 
observation that for each pair pl, p2 either p1 t p2 or p2 t p,. 0 

Let 9 = p1p2 . . . p I  be an arbitrary sequence of the members of P, and 
Sq =p1p2. .  . pi. Let 4 = IC,,C2, . . . ,Cjl be a cover of gi by <*- 
sequences and let pi"", p?", . . . , pi"" be the < *-maximum elements in 
C, ,  C,, . . . , Cj correspondingly. Consider an algorithm for constructing a 
cover < + 1  from 4. The algorithm is illustrated in Fig. 2, ' I  
ALGORITHM 1. Let k be the minimum index (1 s k 5 j )  fulfilling the 

condition (Fig. 2) 

P?" 4 *Pi+ 1, 

and if the condition (4) fails for all k set k = j + 1. 
(4) 

SEQUENCE ALIGNMEm AND DUALlTY 

Assume 8, consists only of the set C,  = (pl) and ref(pl) = 0. Apply- 
ing this algorithm \PI - 1 times, we will construct a cover 4 of P and a 
set of references ref(p) for each p E P. The size of the cover 4 depends 
on the choice of the ordering of P. The size of the cover d1 is an upper 
bound for the length of longest 4 -sequence. The following lemma shows 
that if 9 is the ordering of P in c , then Algorithm 1 gives a primal-dual 
algorithm for simultaneous solutions of (i) the longest < -sequence prob- 
lem and (ii) the minimum 4 *-cover problem (we suppose for simplicity 
that w = 1). 

PROPOSITION 1. If 9= plp2..  . p I  is the ordering of P in c , then 
Algorithm 1 constructs a minimum couer 4l = {C,, C2,. . . , C,) of P by 
< *-seauences. A traceback of references ref(p) defines a longest 

- 

sequence of length t for each p E C,. 
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