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The construction of a restriction map of a DNA molecule from fragment length 
data is known to be NP hard. However, it  is also known that under a simple model 
of randomness the number of solutions to the mapping problem increases expo- 
nentially with the length of the DNA molecule. In this paper we detine a hierarchy 
of equivalence relations on ihe sei of all solutions to the mapping problem and 
study the combinatorics and characterization of the equivalence classes. 8 1 ~ 9 1  
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1. INTRODUCTION 

Restriction maps are one of the most fundamental data structures in 
molecular biology. These maps show the order and location of sites (small, 
specific sequences) at which restriction enzymes cut double stranded 
molecules of DNA. For example, the restriction enzyme Hhal cuts at the 
sequence GCGC. Almost all of the several hundred known restriction 
enzymes cut at sequences of length 4, 6, or 8. These enzymes were only 
discovered in 1970, and they have given biologists a powerful tool with 
which to organize, manipulate, and analyze DNA. 

As soon as a DNA sequence (a finite word over a four letter alphabet 
( A ,  C, G, TI) is known, restriction maps easily can be produced by in- 
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spection. Even so, before computers were so widely used, biologists oc- 
casionally overlooked an enzyme site with unfortunate consequences 
to subsequent experiments. There are of course many programs to convert 
a DNA sequence into a restriction map. However, restriction maps are 
often constructed before a DNA sequence is determined. These maps are 
sometimes preparatory in determining the sequence of the DNA, but their 
construction also might be the first step in other experiments. See [6] for a 
review. 

Many biologists are presently involved in genomic analysis. A genome 
refers to all the DNA of an organism. Until recently small segments of 
length 100 to 10,000 letters were most often analyzed. To organize 
genomic DNA, one approach is to make resjriction maps of manageably 
small pieces and t o  utilizc these maps to detdrmine overlaps of pieces and 
thus construct a map that encompasses large parts of the genome. Kohara 
el a/. (41 have successfully used this strategy to map the entire genome of 
E. Cofi. Lander and Waterman 151 present a mathematical analysis of this 
process, and one of their conclusions is that maps should be as detailed 
and of as long a region as possible. 

Interesting and difficult mathematical questions arise in connection with 
the construction of restriction maps. There are several experimental 
approaches to restriction mapping, each with its own advantages and 
disadvantages. Here we will concern ourselves the problem of mapping 
positions of the sites of two restriction enzymes. One way such a map is 
constructed in practice is by measuring the fragment lengths (not order) 
from a digestion of the DNA by each of the two enzymes singly, and then 
by two the enzymes applied together. The problem of determining the 
positions of the cuts from fragment length data is known as the double 
digest problem (DDP). In Fitch et al. [ll the map construction problem is 
approached via the set partition problem: how to choose subsets of the 
double digest fragments whose lengths consistently add up to the single 
digest fragment lengths. In Goldstein and Waterman [3] the problem is 
approached by a heuristic for the traveling salesman problem, stochastic 
annealing. 

How hard is DDP restriction mapping? One answer is given by 
Goldstein and Waterman 131 who prove that i t  is NP hard. Therefore a 
heuristic must be used. While approximate solutions might seem easily 
obtainable, as in many variants of the traveling salesman problem, the 
situation here is more problematic. A molecular biologist wishes to find 
h e  correct map, the map consistent with the unknown DNA sequence. 
Therefore a map that is “close” to optimal as measured by some arbitrary 
objective function might be very far from acceptable to a biologist. Map- 
ping algorithms should produce the smallest possible set of maps that 
reliably include the biologically correct map. 
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