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I n  1 1 1 1 1  
liiii - ! .- = Pn c,  
,“.. I1  

where 

Fur n = 1OOOand k = 3, f,(IUOr = 10”” 

Ill. 11Y NA MIC PKOGR AML I INC A I-I( ;NMIJN?’ 01: TWO SEQUENCES 

Needlrnian and Wunsch” wttitc i( pqwr tilled “A general iiietb~nl applicalilc 10 IIK rearch 
lor similariiies in tlie amino .acid s e ~ ~ i t c t i c ~  of two prolein%” It wa> surely unknown to thc 
authors that their nuthod fit into I Iiiai~id class of ulgoritiints intr~#luced by Kicliard Bellinan 
under the name dynamic prograiiiining. Ihcir paper has had a grerl deal of influence in 
biological sequence alignnicnt. 11s grc:il advantage is tlwt aii erplicit criterion for optinwlity 
a l  alignment is stated, as well a, ail cllic.ient nutlioJ of ~ i l t i t t c i i i  given. Itiscnitwis. deletiins, 
rr~isin~tchcs (negative ritiiilarityl. i d  tnatrlic~ (positive r i r i i i l d y )  were allowed itr ilic 
aligniiicnl>. 

During early 1970,. Stan \Ilaiii iliid sotiie d i e r  nwilrmaticians k c m ~ r  itttercsied is  
defining I distance D(a.1~) on wpci i ies .  Ihe iiiiiiiniuni distance alignnicni was dcfiwd 10 

k an aligiiirient with the sniallesl weiglitrd sun) of iiiismalches. inrertims. and deletions. 
The advantage of a distancr. was tlie ~ ~ ~ n ~ t r u c i i o n  of a nretric space on [lie space of sequences: 

I .  D(a.b) = 0 i f  and only i C  a - 11. 
2 .  D(a,b) = D(b.a) (symnietryl 
3 .  D(a.b) S D(a,c) + 1Xc.h) IQIr :iny c (triangle inequality) 

‘ I l ie emphasis iin scqlrcricc nwtric> IWI)C from Ilic fact that a i iutr ir  u l  sequence distances 
was orten used to construct aii e v ~ i l i t t ~ ~ ~ i ~ a r y  tree P.11. Sellers” gave a dyn:inlic prcigrainniing 
;Ilgorithm. vcry siniilar IU tliat of Nccdlciiian aiul Wuiisch. hi calciila~c the distance. 

The historical order is reversed here. Distance nKlhtnls arc drscribcd in Section I1I.A. 
with similarity iriethods iii Scctirin If1 H .  As irrnrit)ned i n  the iatrimluciion. we fitid similarity 
to bs the niiist satislaccory. All ( r r d h i i s  kiiiiwri to Ir scilval~le will, discatre rnetl~~xls can 
he rnlvcd witti similarity t i i ~ l l i i ~ l ~  I Iiiwcver. in Sectiirn 111.f). a siiiiiI:irity viluriun is gives 
11ii11 has no dista iu  ci~unteIp:ifl. Still. the iiietric spxc esrwiated with a clislarse inikes i t  
wiirthwhilr. 11) prcseni di\taiice t i i c t h ~ l ~ .  Srctim II1.C slriws scverat ririqile riNdificrtbls 
III  ui lve related prubleiin wr.11 ah I K L I  lit 111 I slii111 w~pci ice  inrn a l~itig IHW. Secliiii 111.1> 
mdier  the iniportanl priililcin iil Iin;iliiig regiiriilr o l  IWII seqiiciiccs whicli are t r ~ ~ r ~ t c d l y  
>iinilar, alilicwgh the lull reqiiciire% iiiight not Ii;ivc Y g t ~ r l  aligiuiiciil. New results are givcn 
lrre for ihis problem. Sec-tiiin 111 I: III)SCS with a rccetu wdif icai ion of tlie dynaiiiie p r ~ .  
graiiiniing algurilhnis iIi;it ;illow\ ;ill ; ~ l i g a i n e n ~ ~  ncilr the opiiiiiiil III IIC prtwluccd. 

A.  I)istnnre Aligntiirril 
‘I’he ~ c ~ ~ u i ~ i i ~ ’ e s  u i ;I+ .t,, .iiitI 11 A l~,li: 11,. i l tc  WIIIIPII ovcr the a l ~ i l ~ ~ l r t  

{A.C.G.T\. Any finite alplubet wil l  orctwlrse w i d  llerc. In p n r u b r  IIK 20.IeWr. ~linino 
wid. alplrokt of prutcins. w thc puriiulpyrimidinc rlphrkl fur DNA can be uscd. k t  

d(a.b) bc a distance on Ihc alphabet and kt g(a) be the positive cost id Y gap i i f  the lclier 
Y . The distance d(a.b) represents tlu cost uf Y mutation of a into h If d1a.h) I S  crtcnded 

10 that d(r .4 )  = d ( 4 . d  = g(a). then Jcfinc 

,. 9 .  

wlure thc niinimum is extended over all alignments of a with b. Seller’s result” can he 
sumtnarizcd in the n e x t  Theorem. 

Theorem I - If 8 = r,a,  . . . a. and b = b,b, . b,.. dcllnc D , ,  = 
D(a,a, . . . r,.h,h, . . . b,). Alw X I  

lhcn 

If &.,.)is L ririric on the alphabet. then IX . . . I  i s  a nr t r ic  on thc st c i l  hnw xqucnccs 

equation lor I(n.in) in Section II .  Thc aligncncnt of a, 
of lhrce ways 

Proof - We vcrify Equation I with reasoning similar to th.1 fw vcrilying IIK rccuIslun 
b, can end in one . . a, a d  b, , 

. . a .  ... a. - 4  
, . 4  ... b, . .b ,  

If tlic optimal alignment ends in ;. the cost must be 0,. 

I f  the optimal alignment ends in 

t d(a,.+) stnce thc initial 

pan of tlu alignment must itself be optinial and align I, . . . a, , with b, b, 

thc cost must bc 
9 

D, . t d(a., b,) since a, ,.. a,. and b, ... bl-i must be optintally altgncd 

n i e  ease : is identical in reaming with the case :. 
The oprin~al rlignincnt has least cost of these three possibilities and ~ U P I I O I I  I I, proven 
AnMhcr statenmt o l  Equrt i in I i s  

-- niinID,. t g,l% ,., , t Na,,bJ. D,., I + 91 

whcn g is a ctmstan! gap cost. g = d(+.r) = J(u.+).  Tbcu ulgairitliiiir havc c o ~ i i p u t ~ t i ~ ~ n  
cost pripwticmal t o  nm. (Ynm). 

To illustrate the algiwithni. wc align twti Eschcrtchio w / i  IHNA requcirces, thrccininc 
IKNA (sequciw a; C;cnl#ank nuntc IiC0WTACll) a d  valinc tHNA (xquciwc b; (knl lank 
nanw WU’IKVI). The algcwithm lur J(a.b)= 2, i f  acb. a d  g =  2 .5  Entries in the niillnr 
in Table 2 are iiiultiplied by 10 lct allow UK of inlcgcr aritbnWic luble 2 shows 1IK matrir 
lor the 5’ ( l e f t )  ends nf the sequences. Thcrc are 72 oplimal alignments. one of which IS 

shown ncrt. I’iinions of thc alignnrnt ~CMIIIIIIIII t o  all 72 alignmentr arc Imiaed 
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' l l ic  wcund iiiinitiiutti is t o  i n t l i ~ ~ a ~ e  0i.11 X,  . . .  XH kave Ireit chown ftir the interior ncwles 
in such a way IS lo niini,r,uiii.iiutiiber id iiiulatiurib along the t r w .  A gencraliution of Filch's 
parsimony rnc~had" i s  used here and takes N skps. The coii ipuution requircs O(2"n"N) 
steps. R = 3 i s  nrarly thc largest prauical R a d  Sanliolf has devised an iterarive rncihtw). 
uhich wurks u i r h  groups of three sequences. lo huild up a soluiitar for larger prohlenis. 
hltschul and Lipman'" have exicndccl Canillo and Lipiiian" 111 align mubiplc sequences 
with a given trcc. 

V .  CONSENSUS AI.I(iNhlEN'l 01: M ~ l ~ ~ l l ~ ' 1 . 1 ~  SIiQUHNCES 

As Section IV illusrratcs. dynamic prttgraiiiiniiig i ix lh ik lh  have pcaerilly ntM lxrn found 
practical fur niure than IWU rcqutbcrl. 11 is naturnl to i l ~ k  whcrhcr irietliulo for finding 
cumensus pwerns can be applied t i t  firid atignnictiis; which are i n  il real SCIISF consensus 
piiricrns thrnisclves. Usually. i t  wilt I tc  rcasoiiaOle 11) Iimii  the ~III~IUIII of shifting one 
vquencc can have. rclaiive to rlie t d i m  11ia1 is. the aligtiiiienr 

~ ~ l ~ ~ l " l c c  I ... a, 

scqllcncc 2 . b, 

sequence R ...... r,.,r,.* ... r,, W 

window width = W 

A ncighhurOlx*l of. say. krr than. UT equal lo. 2 miwches IS specified for matching 
wwJr. and P score SJV) is given to a word v in the ncighbomuxf of w. w k r e  0 Z t.(v) 
S 1. Ikfinc tlu niar inwni %Wing word in thc window of sequcncc i b bc v, su that v, best 
nia~elws w . Ibcn the score of w in the reqwncc YI is 

L 

S(W) = c q*b.W) = c G(V,) 
a- L 4.1 

A consensus word w' i s  one satisfying 

S(W') = maX,S(W) 

where w ranges over a11 k-luter words. 

winduw is  displayed. 
An il lustntiun of lhc lcrrrion uf such a consensus word i s  given n e x t .  whcrc only the 

I'uoition 
i 

rcyuence I ..... V (  ....... 
sequence 2 .............. 
vqumce 3 v,.. .......... 
... .............. 
myucnce R ........ .vI ... 

W 

'llr words v, are in 11tc ncighhurbxrl of' w. IIerc. ~ q u e ~ c  2 fails tu have a word v, in h e  
nei~litnirl ioud of w 

lktirw a pmiial cwdcr un consensus wwds by their location in the xqucnccs as follows: 
w"' C w"' if IIIC uccurrcncc of w") in sequence i is to rhc kh of (and ncfl overlapping) IIK 
~xCunc1~'c of wO' in xquews i. fur rli i * I .  2 . . R. If v;"< v,"' nrark Ihc indiv,dud 
rcqiiciice Iiarrcrtis. rcrpwtively, in scqwncc i. tlwn  he c d e r  appcais as 
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2 : 2.4 

3 : <b 

4 : (J 

. . .  : lb 

8 : 3  
9 : s  

... : 0 
I2 : I 

: lb 

Another approach is to kccp a IN tl i  positions of the first wcurrcnces o f  0. I ,  . . . .4'- 
In place of the x, at those locations. are pointers to the next crcurrences of the asuriatcd 
integer. In either case, storage i s  O(n) and ilie hashing can he pcrfonlwd in time an). 

Next. two mcthds. both due to Wilbur and I-ipnlaii. wliich allow use of this information 
in rcquencc comparison 

A. A Reglow Method 
The algorithm described hcrc appears in Wilbur and I.ipnwn. Dcfinc a region r by (v;i,j) 

where u is  a word of length k which begins at pusition i in u and position j in b. 
Define r, = (ul;il.j,) < rl = (v2:i,,j,) i f  i, + L - I i i, uiid j, + L - I c j,. Set r, 

= (0;O.O) as i( least clement and r' = (IJI;n.ni) as a greaiest ele~iicnt. I' = (r,r,. . . . r,) 
i s  a path i f  p < q iniplies r, C r". Ilie score of path I '  i s  giveii hy 

1 .  t 

scorc(r) = s(r.) - 2 g(i,., -1w.1 - i, - 1 .  j , , !  - I ~ J  - j, - 1 )  
. - I  . - I  

11 

h v c  incvlilicd their earlier work 10 DNA wpcnccs. Each of ilic 4' wwd> a'. 1Jf lengtli L. 
can be lcratcd in each sequence. a d  thc prit iunr of thc word w In Y c m  hc conndcred 10 
match the b positions of w. Each such match. u y  positiun i in I and plniiion j in b. ha, 
an associaled offsct F - j .  The offsets or diagonals with a large nuinllcr of ~iiacches u c  
candidates for g d  makhing rcgwns lhir technique is  not so rigomus as ihc dynamic 
prograniniing IIKWS but it i s  a great deal faster. In f a ,  searches of thc cntire DNA data 
base can be accomplished on an IUM IT a d  several groups have prclgraninud this algorithm 

VII. THE STATISTICAL DISTRIBUTION OF ALIGNMENT SCORES 

Much has been written about the statistical distribution of distance and similarity scores. 
In chis section. we focus attention on the s1atistic.l distribution of thc scores of maximum 
similarity segments (KC Section 1II.D). when the scores arc computed for random scqucnces 
Thc idea is that when Ihc sequcnccs satisfy sonu model of nndomncss. such as uniform 
and inkpendent bucs. there is a resulting distribution of maximum similarity segment 
scores. The scientist can UY this disuibution to .rcmin whether thc scores from real. 
biological sequences uc. i n  Ihc statistical sense. signi6cwly larger ban those from random 
sequences. Of MNIIJC. tlm is l ictk agreement about chc appropriate modcl of randomness. 
Fonunatcly. as wc discuss in Section V1I.B. the d i s b b u t b  of muimum similarity rcgmcni 
scores for red. unrelated biological sequences coincides with that of indcpcndcnt. identically 
dislributcd sequences of the same composition. 

Although simulations uc ofwn recommended to determine statistical signihcancc. there 
M several drawbacks 10 this appmrh. First of all. i t  is expensive in terms of computer 
linr. Also. i t  often q u i r e s  morc lime from the scientist lo set up and process the simulations. 
Frequently. Che simulations fail to give che &r id  resuhs. If statistical significance of a real 
sequence matching i s  lo bc eslimatd and that signirtcme is a, chen Ila simulations musl. 
on the avenge. be tun bcfm seeing a result as cx~rcme u in ~ h c  real sequences. When o 
= 0.M)Ol. a n a  unrearorublc case. wc mua do on Ihc order of 1O.OOO runs. While 
simulations are often unavoidable. chey ut not ideal. 

Rccently. however. some new results in probability lhcory give very prccisc answers 10 
ceruin problcms hat uise in practice. These uc discussed in h e  subsections on the "log(n) 
law". Whut is less well-understud. i s  that the log@) law and mother equally special result 
give guidance on whac to expect fur thc dislfibution d MY maximum similarity algorithm 
There LIC only two behaviors of cxpeclcJ similarity score with sequence length: either 
proportional to sequcncc knglh or to loguithm of sequence kngth. This result, along with 
J table of means and variances. is given in Section VI1.C on crpcctcd behavior. 

A. The Lo((n) L a w  

independent coin tosses with FTHeads) = p grows like logl,,(n): 
fidos and Renyi" proved in 1970 chat the k n g h  R, of  thc longcst run of heads in 

p ( I i m A  c-- log,,(n) = I )  = I 

If  our sequences on pcdectly aligned 

1, I, ... 4 
b, b, ... b, 

this siallicinaticul r e d  pruvider UK answer to questions rbwt  lunges1 match Simply wnle 
H i f  a, = b,. I i f  a, 4 b, and calculate 

c 
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1 .  check deletion branch ' 1  
lor l k - I :  k<i; * * k l  
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I 
br.4k: 
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