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ABSTRACT 

assumed  t o  o c c u r  a c c o r d i n g  t o  a P o i s s o n  d i s t r i b u t i o n  w i t h  mean 
e q u a l  t o  t h e  r e c i p r o c a l  of  t h e  p r o b a b i l i t y  o f  t h e  g i v e n  s i t e  
o r  p a t t e r n .  F o r  s i t u a t i o n s  w h e r e  n o n - o v e r l a p p i n g  o c c u r r e n c e s  
o f  p a t t e r n s ,  s u c h  as r e s t r i c t i o n  s i t e s ,  a r e  t h e  o b j e c t s  of 
i n t e r e s t ,  this n o t e  shows  t h a t  t h e  P o i s s o n  a s s u m p t i o n  is 
f r e q u e n t l y  m i s l e a d i n g .  B o t h  t h e  case of  b a s e  c o m p o s i t i o n  
( i n d e p e n d e n t  b a s e s )  a n d  of  d i n u c l e o t i d e  f r e q u e n c i e s  (Markov 
c h a i n s )  a r e  t r e a t e d .  M o r e o v e r ,  a new t e c h n i q u e  is p r e s e n t e d  
w h i c h  a l l o w s  t r e a t m e n t  o f  c o l l e c t i o n s  of  p a t t e r n s ,  w h e r e  t h e  
d e p a r t u r e  f r o m  t h e  P o i s s o n  a s s u m p t i o n  is e v e n  more s t r i k i n g .  
T h i s  l a t e r  case i n c l u d e s  d o u b l e  d i g e s t s ,  a n d  a n  e x a m p l e  o f  a 
f i v e  enzyme d i g e s t  is i n c l u d e d .  

R e s t r i c t i o n  s i t e s  o r  o t h e r  s e q u e n c e  p a t t e r n s  a r e  u s u a l l y  

INTRODUCTION 

The  a n a l y s i s  is b a s e d  on c o u n t i n g  n o n - o v e r l a p p i n g  

p a t t e r n s  o c c u r r e n c e .  T h a t  is, i f  t h e  p a t t e r n  I s  G C G C  ( H h a I )  

a n d  a p o r t i o n  of  t h e  s e q u e n c e  is ... T G C G C G C T . . ,  e x a c t l y  o n e  

o c c u r r e n c e  of GCGC w o u l d  b e  c o u n t e d .  The p r o b a b i l i t y  t h e o r y  

f o r  s u c h  s i t u a t i o n s ,  known a s  d i s c r e t e  r e n e w a l  t h e o r y ,  w a s  

worked  o u t  by W. F e l l e r  ( 1 9 6 8 )  more t h a n  t h i r t y  y e a r s  a g o  b u t  

h a s  n o t  b e e n  a p p l i e d  t o  g e n e t i c  s e q u e n c e s  u n t i l  now. Over -  

l a p p i n g  r e p e a t s ,  w h e r e  two o c c u r r e n c e s  o f  G C G C  w o u l d  b e  

c o u n t e d  i n  t h e  a b o v e  s e q u e n c e ,  a r e  n o t  c o v e r e d  i n  t h e  p r e s e n t  

a n a l y s i s ,  b u t  t h e y  do p r e s e n t  s p e c i a l  a n d  u n e x p e c t e d  

d i f f i c u l t i e s  w h i c h  h a v e  b e e n  p r e v i o u s l y  o v e r l o o k e d .  We h a v e  

d e v e l o p e d  q u i t e  d i f f e r e n t  t e c h n i q u e s  t o  h a n d l e  o v e r l a p p i n g  

r e p e a t s  a n d  w i l l  p r e s e n t  t h e m  e l s e w h e r e .  

SINGLE PATTERN: BASE COUPOSITIOU 

F o r  s i m p l i c i t y ,  a DNA s e q u e n c e  w i t h  e q u a l l y  l i k e l y  
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n u c l e o t i d e s  i s  f i r s t  a n a l y z e d .  (Any b a s e  c o m p o s i t i o n  c a n  b e  

u s e d . )  A s p e c i f i c  p a t t e r n  i s  d e f i n e d ,  TAGCTA, f o r  e x a m p l e ,  

a n d  t h e  f i r s t  r e n e w a l  i s  s a i d  t o  o c c u r  f i r s t  i n s t a n c e  o f  t h e  

p a t t e r n ,  mov ing  5 '  t o  3 ' .  Then  t h e  s e a r c h  b e g i n s  a n e w ,  as  i f  

t h e  s e q u e n c e  were s t a r t i n g  o v e r  a t  t h e  f i r s t  b a s e  5 '  f r o m  t h e  

p a t t e r n  o c c u r r e n c e .  It i s  t h i s  d e v i c e ,  r e n e w a l ,  on w h i c h  t h e  

a n a l y s i s  i s  b a s e d .  
I f  un i s  t h e  p r o b a b i l i t y  of  a r e n e w a l  a t  t h e  n t h  

p o s i t i o n ,  t h e n  a n  o c c u r r e n c e  of TAGCTA c o n s t i t u t e s  a r e n e w a l  

u n l e s s  o n e  o c c u r e d  a p o s i t i o n  n-4:  

TAGCTA 

n 

_ - _ -  

The r e f  o re  
1 4  P(TAGCTA) = ( 1 / 4 ) 6  = u n  + u ~ - ~  (4) , 

w h e r e  (i)4 = P(GCTA) 

p a t t e r n .  F e l l e r  p r o v e s  u n  + l / p ,  w h e r e  u i s  t h e  mean r e p e a t  

t i m e  f o r  t h e  p a t t e r n .  T h i s  y i e l d s  t h e  e q u a t i o n  

n e e d e d  t o  f i l l  i n  t h e  r e m a i n d e r  o f  t h e  

a n d  

( 1 / 4 1 6  = l / u  + 1 / u  ( 1 1 4 )  4 

11 4096  + 16 9 4112 .  

I n  o t h e r  w o r d s ,  TAGCTA w i l l ,  on  t h e  a v e r a g e ,  o c c u r  e v e r y  4112  

b a s e s  i n  r andom s e q u e n c e s  o f  e q u a l  n u c l e o t i d e  f r e q u e n c y .  

F o r  s e q u e n c e s  o f  l e n g t h  6 ,  t h e  mean r e p e a t  t i m e  is as  
h i g h  as 5460  f o r  s e q u e n c e s  o f  t h e  same b a s e ,  TTTTTT f o r  

e x a m p l e .  The  a s s o c i a t e d  r e n e w a l  e q u a t i o n  i s  

The l o w e s t  mean r e p e a t  t i m e  i s  4096  f o r  s e q u e n c e s  s u c h  as  

TATCAC w h i c h  h a v e  t h e  r e n e w a l  e q u a t i o n  

( 1 / 4 1 6  = un . 
F o r  a p u r i n e / p y r i m i d i n e  (R/Y) a l p h a b e t ,  w e  a n a l y z e  t h e  

p a t t e r n  RY w i t h  P(R) = p a n d  P(Y) = q. Here 

a n d  
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T h e r e f o r e  i f  p = q = 1 / 2 ,  

RR 
pRY - 4. However  i f  t h e  p a t t e r n  is 

2 
P = un+  Un-lP 

a n d  
n 

VRR = ( l + P > / P L  

s o ,  f o r  p = 1 / 2 ,  pRR = 6. 

s m a l l e s t  t o  l a r g e s t  r e p e a t  t i m e  i s  a p p r o x i m a t e l y  4 / 3 .  T h i s  

i m p l i e s  t h a t  a l l  f o r m u l a e  w h i c h  a r e  n o t  p a t t e r n  s p e c i f i c  a r e  

n o t  e x a c t l y  c o r r e c t .  T h i s  i s  d e p e n d e n t  on o u r  d e f i n i t i o n  o f  

r e p e a t ,  " o v e r l a p p i n g  r e p e a t s "  do n o t  h a v e  t h e  same p r o p e r t y .  

I n  g e n e r a l ,  f o r  f i x e d  l e n g t h  p a t t e r n s ,  t h e  r a t i o  of 

I n  t h e  case of  p u r i n e - p y r i m i d i n e  p a t t e r n s ,  t h e  " a l p h a b e t "  
*' h a s  two l e t t e r s ,  a n d  t h e  r a t i o  of  l a r g e s t  t o  smal les t  r e p e a t  

t imes  i s  a p p r o x i m a t e l y  2. T h i s  i s  c o n t r a s t e d  w i t h  t h e  a m i n o  

a c i d  case w h e r e  t h e  r a t i o  is a p p r o x i m a t e l y  2 0 / 1 9 .  I n  o t h e r  

w o r d s ,  t h e  e f f e c t  of t h e  s p e c i f i c  p a t t e r n  is g r e a t e r  f o r  

smal le r  a l p h a b e t s .  

MULTIPLE PATTBPUS: BASE COMPOSITION 
The s i t u a t i o n  is more c o m p l e x  f o r  a c o l l e c t i o n  of  s e v e r a l  

p a t t e r n s  a n d ,  w h i l e  w e  s o l v e  t h e  p r o b l e m ,  t h e  t e c h n i q u e  d o e s  

n o t  a p p e a r  i n  F e l l e r  a n d  seems t o  h a v e  b e e n  o v e r l o o k e d .  The 

i d e a  i s  s i m i l a r :  a p a t t e r n  a t  p o s i t i o n  n c o n s t i t u t e s  a re- 
n e w a l  u n l e s s  i t  o r  a n o t h e r  p a t t e r n  i n  t h e  c o l l e c t i o n  h a s  a n  

e a r l i e r  r e n e w a l  i n t e r s e c t i n g  t h e  p a t t e r n  i n  q u e s t i o n .  

To b e  s p e c i f i c ,  w e  a r e  i n t e r e s t e d  in two p a t t e r n s  RY a n d  

YR w i t h  P ( Y )  = P(R) = 1/2. L e t  u be a s s o c i a t e d  w i t h  RY a n d  v 

w i t h  YR. An o c c u r r e n c e  of RY a t  p o s i t i o n  n is a "u) '  r e n e w a l  

a t  n u n l e s s  t h e r e  w a s  a '*v" r e n e w a l  a t  p o s i t i o n  n-1. T h i s  

g i v e s  t h e  e q u a t i o n  

w h i l e  a n  o c c u r r e n c e  of  YR a t  p o s i t i o n  n g i v e s  t h e  e q u a t i o n  
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The l i m i t i n g  e q u a t i o n s  a r e  

( 1 / 2 1 2  = U P u  + 1 / P v  1 / 2  

( 1 / 2 1 2  = l / U V  + 1 / N u  1 / 2  

%R a 'v w h i c h  s o l v e  t o  y i e l d  uU 9 vRY = 6 = 

The  mean r e p e a t  t i m e  f o r  RY w i t h o u t  YR was shown a b o v e  t o  

e q u a l  4. The  a d d i t i o n  of YR e l i m i n a t e s  some of  t h o s e  

r e n e w a l s .  

The  q u e s t i o n  of  i n t e r e s t  is t h e  mean r e p e a t  t i m e  !J* of  
t h e  c o l l e c t i o n  w h i c h  s a t i s f i e s  

u n + v  + - ,  1 
!J* 

and  w e  h a v e  shown u + 1 / 6  a n d  vn + 1 / 6 .  

1 T h e r e f o r e  !J* = 7 1 6 + 7 6  = 3. 

F o r  a n o t h e r  e x a m p l e  c o n s i d e r  t h e  c o l l e c t i o n  o f  f i v e  
r e s t r i c t i o n  s i t e s  i n  T a b l e  I. ( E q u a l l y  l i k e l y  n u c l e o t i d e s  

a r e  a g a i n  a s s u m e d . )  The  r e n e w a l  s y s t e m  i s ,  w i t h  p = . 2 5 ,  

P 4  = un + Xn-2P 2 + Yn-2P2 + Xn-3P 3 + Wn-3P 3 + Yn,3P 3 

+ w n - 3 ~ ~  + x n - 3 ~ ~  + ~ n - 3 ~  P4 = Vn + Wn-lP + Vn-2P 5 2 

P 4  = wn + Vn-lP + Wn-2P 2 + Un-3P3 + Vn-3P 3 

P 4  = xn + Un-2P 

P 6  = Y, + Un-4P + Un-5P + Vn-5P 

3 2 

4 5 5 

+ Vn-3P + Un-3P 

The r e s u l t i n g  s y s t e m  c a n  b e  w r i t t e n  i n  m a t r i x  form. 

4 
P 

4 

4 

4 

P 

P 

P 

6 
P 

2 3  
1 0 P P +P P 

3 

3 3 2 

3 

3 

0 l+p2  P+P P P 

l + p 2  0 P 
3 3 

P P+P 

2 3  3 
P +P P 0 1 P 

5 5 l + p 4  3 4 
P P P P+P 
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TABLE I 
COLLECTION OF RESTRICTION SITES 

Restriction Site Associated Symbol 

Hpa I1 

Fnu D I1 

Hha I 

Hae 111 

B a m  H I 

C C G G  

C G C G  

G C G C  

G G C C  

GGATCC 

1 , -) = ( . 0 0 3 5 6 ,  . 0 0 2 9 0 ,  . 0 0 2 9 0 ,  1 1 1 ( < ’ + < ’ <  lJy 
. 0 0 3 5 8 ,  . 0 0 0 2 2 )  

S i n c e  t h e  mean r e p e a t  t ime f o r  t h e  c o l l e c t i o n ,  p * ,  s a t i s f i e s  

1 
+ - , 

p* 
(Un + v n  + w n  + xn + y,) 

s o  t h a t  

T h i s  a n s w e r  s h o u l d  be  c o m p a r e d  t o  t h e  n a i v e  c a l c u l a t i o n  of  

( 4 p 4 + p 6 ) - ’  63.02 ... w h i c h  is 83% o f  t h e  c o r r e c t  v a l u e .  
The a b o v e  p r o c e d u r e  f o r  c o l l e c t i o n s  o f  r e s t r i c t i o n  s i t e s  

c a n  e a s i l y  b e  programmed on a c o m p u t e r  a n d ,  w i t h  a n  

a p p l i c a t i o n  o f  a n  e q u a t i o n  s o l v e r ,  p* r e s u l t s .  

When a n  a n a l y s i s  of  mean r e p e a t  t i m e  is d e s i r e d  f o r  

r e s t r i c t i o n  s i t e s  i n  d o u b l e  s t r a n d e d  DNA, i t  is a s i m p l e  

. m a t t e r  t o  i n c r e a s e  t h e  l i s t  of  r e s t r i c t i o n  s i t e s  ( p a t t e r n s ) .  

In o u r  e x a m p l e ,  no new p a t t e r n s  r e s u l t  as  o u r  s i t e s  a re  a l l  

p a l i n d r o m e s  of e v e n  l e n g t h .  F o r  p a l i n d r o m e s  o f  odd  l e n g t h ,  a 

- s i n g l e  b a s e  c h a n g e  is n e c e s s a r y :  Ara I1 (GGTCC) a d d s  G G A C C .  

F o r  n o n - p a l i n d r o m e s ,  s i m p l y  a d d  t h e  r e v e r s e  c o m p l e m e n t :  

M n O  I (GAGG) a d d s  C C T C .  

DINUCLEOTIDE FREQUENCES 
DNA is n o t  a s e q u e n c e  of  i n d e p e n d e n t  b a s e s  b u t  c a n  be  
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b e t t e r  d e s c r i b e d  by h i g h e r  o r d e r  d e p e n d e n c i e s  s u c h  a s  

d i n u c l e o t i d e  f r e q u e n c i e s  ( 2 ) .  F o r t u n a t e l y ,  t h e  work  o f  F e l l e r  

( 1 )  w i l l  a c c o m o d a t e  s u c h  r e l e v a n t  d a t a .  

f r e q u e n c y  o f  I t o  J t r a n s i t i o n s  ( 5 '  t o  3 ' )  r e l e v a n t  t o  o u r  

p a r t i c u l a r  DNA a n d  PI is t h e  f r e q u e n c y  o f  n u c l e o t i d e  I i n  t h e  

s e q u e n c e .  

L e t  p I J  d e n o t e  t h e  

To i l l u s t r a t e  l e t  u s  r e d o  t h e  TAGCTA e x a m p l e  c o n s i d e r e d  

a b o v e  

P(TAGCTA) a PTPTAPAGPGCPCTPTA un+un-4-  (PAGPGCPCTPTA) 
a n d  

+ PAGPGCPCTPTA 

PTPTAPAGPGCPCTPTA 
v = -  

T h i s  a p p r o a c h  w i l l  y i e l d  b e t t e r  a n s w e r s  a n d  is recommended.  

H i g h e r  o r d e r  d e p e n d e n c i e s  c a n  be  u s e d  i f  t h e y  a r e  known a n d  

t h o u g h t  t o  be  r e l e v a n t .  

CONCLUSION 
It is p o s s i b l e  t o  a p p l y  g e n e r a t i n g  f u n c t i o n s  t o  t h e s e  

s e q u e n c e s  a n d  o b t a i n  h i g h e r  o r d e r  moments ( l ) ,  e v e n  f o r  

c o l l e c t i o n s  o f  p a t t e r n s .  The c a l c u l a t i o n s  a r e  more i n v o l v e d  

t h a n  t h o s e  p e r f o r m e d  a b o v e .  T h i s  w i l l  a l l o w  n o r m a l  

a p p r o x i m a t i o n s  f o r  t h e  s e q u e n c e  l e n g t h  r e q u i r e d  f o r  a g i v e n  

number of  p a t t e r n  o c c u r r e n c e s  as w e l l  as  t h e  number o f  

o c c u r r e n c e s  i n  a g i v e n  l e n g t h  o f  s e q u e n c e .  

ACKNOWLEDGENBNT 

T h i s  work was p a r t i a l l y  s u p p o r t e d  by a g r a n t  f r o m  S y s t e m  

Deve lopmen t  F o u n d a t i o n .  

EEFEPEBCES 

1. F e l l e r ,  W . ,  An I n t r o d u c t i o n  t o  P r o b a b i l i t y  T h e o r y  a n d  i t s  

2 .  S m i t h ,  T.F., J . R .  S a d l e r ,  a n d  M . S .  Waterman ( 1 9 8 3 )  Nut. 
A p p l i c a t i o n s  3 r d  e d .  ( W i l e y ,  N e w  Y o r k ,  1 9 6 8 ) .  

A c i d s  R e s .  1 1 ,  2205 .  --- 

8956 


