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Greatest common divisor algorithms are used to provide a natural motivation
for considering a class of Jacobi-Perron algorithms which includes the original
Jacobi algorithm. This work proves convergence and establishes metric proper-
ties for one of these algorithms. The proofs generalize to the larger class of
algorithms. Full connections with the calculation of greatest common divisors
will be treated elsewhere.

1. INTRODUCTION

In 1868 in a posthumous paper, Jacobi [3] generalized continued fractions to
two dimensions. One of Jacobi’s motivations was to characterize real algebraic
irrationalities of degree higher than two, a problem that is still unsolved in the
framework of Jacobi’s algorithm. Of course Minkowski, proceeding along
different lines, solved the characterization problem in 1899 [1, p. 7].

Perron [6] in 1907 extended Jacobi’s algorithm to n-dimensions (n > I)
and proved many important results including convergence. It is useful for
this discussion to present a version of the Jacobi—Perron algorithm. Let
xe{(ty, 15, 8,):0 <t <1 for i =1,2,...,n}. Then define, for », 0,

oy - (2 - [2] 2o (2] - [1))

al(x)=([ [ ][ ])

and

a(x) = al(T(x)) = (ay") 4", @)

* This work was partially supported by the National Science Foundation under Grant
DCR 75-07070 and also performed under the auspices of the USERDA.
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Next define
00 01
10 00
0
40 = 01 -0 0}’
00 - 10
o0 - 01
1 0 M 0 al"
A=10 1 - 0 a’},
0 0 - 1 a,’
and

Q, = A4 - 47 = (w}y),
where 7 and j belong to {0, 1,..., n}. These matrices imply
Wl = o + alwh + o + @l
The convergence result of Perron states
(/) = -

Much of the modern work on the Jacobi-Perron algorithm can be found in
the books of Bernstein [1], who considers periodicity and algebraic number
fields, and Schweiger [7], who considers metric theory. Bernstein’s work contains
many generalized Jacobi—Perron algorithms.

The Jacobi algorithm (actually a class of algorithms) presented in this paper
is not motivated by periodicity or algebraic fields but by greatest common
divisors (g.c.d.’s). It is clear by an examinaton of two of Jacobi’s papers [2, 3] that
he was aware of the connection between his algorithm and greatest common
divisors and in fact the Jacobi—Perron algorithm can be naturally motivated by
making this connection clear.

To begin, consider Euclid’s algorithm for greatest common divisors. Given a
pair of integers (m, 1), with m < /, the algorithm is to perform

O(m, 1) = (I mod m, m)
until /mod m = 0. Since
g.c.d.(m, l) = g.c.d. Q(m, 1),

the final value of the second coordinate is the greatest common divisors of m
and . The connection between Euclid’s algorithm and continued fractions is well
known and can be stated in the following fashion. Let the relation

(m, ) ~ m|l
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associate each pair of integers 0 <{ m < I with a point in [0, 1). Then

Q(m, 1) = (I — [lfm] m, m) ~ (ijm) — [{/m] = T(m/l),
where
T(x) = (1/%) — [1/4]
is the shift on the digits of a continued fraction. That is, if x = [4, , 4, ,...], then
T(x) = [ag, ag ,...].
To generalize this consideration, let an # 4 1 tuple of integers be given
m = (m, , my,..., my,,) Where m; < m,,, for all i. Then define

O(m) = (m, mod m, ..., m,,, mod m; , m,).

Of course the greatest common divisor of m is equal to the greatest common
divisor of Q(m). Now define

m ~ (ml/mn+1 ’ mz/mn+1 yeee mn/mn+1)y

which associates each m with a point in ([0, 1))*. Also

ot~ (22— 2] - 2]

m m m
. T ( my my My )
- b ey b
Muyty Mupy Myia

where T is the transformation associated with the Jacobi—Perron algorithm above.

If Q is examined from the point of view of computing greatest common
divisors, however, it is clear that m, should be the smallest of all the m, . In
fact Knuth [4, p. 300] states this algorithm in his book “Seminumerical Algo-
rithms.” In this way the algorithm should converge faster. Therefore let m
be a vector such that 0 < m;, < m, < -+ < m,,, . The relation ~ associates m
with a vector in I* = {(¢, ,..., £,): 0 < t, <1, < - < 1, < 1L.If O(sy ..., 8) =
(s,;1 > Siy e s,-.) e I'*, then it is natural to define, for t e I*,

S(t) = O(T(t)).

The object of this paper is to state explicitly the Jacobi algorithm associated
with the transformation .S and to prove convergence and metric properties of the
algorithm, The work closely follows Schweiger’s treatment [7] of the Jacobi-
Perron algorithm and previous work on multidimensional F-expansions [9].
It turns out that any permutation will also define a Jacobi algorithm as well as O
and this point will be returned to in the last section. It should be noted that Paley
and Ursell [5] consider a similar class of continued fractions which they treat




GREATEST COMMON DIVISORS 291
in a quite different fashion. The explicit motivation of greatest common divisors

does not appear there and the result of this paper that seems to have an analog in
[5] is Lemma 3.1(b).

2. DeFINITION AND CONVERGENCE OF THE ALGORITHM

In this section the Jacobi algorithm associated with S is defined and con-
vergence of the algorithm is shown. LetJ* = {xe (0, )" 0 < x, <, < - <
%, < 1}. For x € I'* define

F(x) = (_1- a: S ﬁﬂ) ,

X, Tx, T,

a0 =([2]  [2] [,

and

= (3 (2] 2 2] L)

xy Xy xy 1" % X
Ifte (0, 1) let O(t) = (t;, , t; ,..er ;) € I*. Then, S is defined by
S(x) = O(T(x)). 2.1
Next let o(x) be a permutation such that
o(x) S(x) = T(x).

That is, we require Soy =ty Sg =1y Finally, define &® to be the identity
permutation and

al(x) = a(x), o'(x) = o(x),
al(x) = a(S*(x)), o¥(x) = o(S*(x)) fori>1.
Let N = {x € I'*: (S¥(x)), = O for some k& > 0}. The set N is contained in the
intersection of I* with a countable union of hyperplanes, and consequently N

has n-dimensional Lebesgue measure equal to 0. This assertion about N can be
shown as in [7, Lemma 1.1]. Consequently the set of interest will be

I=I*~N.
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The first observation is that, for v > 1,
x — F(a(x) + T(x))
= F(a! + o.S(x))
=F(a! + o'F(a? + ¢%5%(x))) 2.2)

=F(a! + o'F(a? + o?F(-+ + o 'F(a’ + &"S"(x) *)))).

Next, martices analogous to those of Perron are defined. This step is the key
to the results for the algorithm. Let

00 01
10 00
4,=10 1 0o0],
00 10
00 01
10 0 &t
Ai: 0 1 0 a2i Y i}l
00 1 a;f

These matrices are exactly those defined by Perron and correspond to a(x).
Next the matrices for o(x) are defined. Let E be the (n + 1) X (n 4 1) identity
matrix. Define

2,=2,=E,
and
Z, = (o), ,j=0,1,.,mn,
where, for i < n,
% =1, if j=dia—1,
=0 otherwise;
and
op =1, if j=mn,
=0 otherwise.
Finally, define
Q=AY ij=01,.,n
by
2,=E




GREATEST COMMON DIVISORS 293

and
Q1 = 21 M2 Ay -+ 2,34,
= QVZV—IAV ’ v 2 0.
Now 2,_,4, is a row permutation of the matrix A, with the nth row left

unchanged. The ith row (i <n) of Z, 4, is zero except foral inthej = on—2
column and a3-3_, in the nth column. Therefore

A%V = 49, where I=d51—2,
4GS = A,
and

Ag:l) a"v AfV)” + Z a°j+1_1 A(v)

j=0

Notice the relationship between the multiplication of matrices in the definition
of 2, and Eq. (2.2). Matrices corresponding to the permutations have been
inserted between the A;.

The next theorem represents the components of x and will be used to show

convergence.

TueoREM 2.1. If 1 <i < n, 0 <v, and S'(x) =y, then

)
Ag 45 ALy,

3=0

- +1) & (v+1) '
AOJ‘ + Z AOJ yUH..]

i=0

Proof. Let v =0 and o® be the identity permutation. Then y = S%x) =x
and, for 1 <i<<m

A.“l + Z A(l,xﬂ_l

( ) )
n Z Ag'i%i

Next let v > 1, S*I(x) =y, $"(x) = S(y) = z and assume

n—1
[ v,
A + X, Ay
X; = 1

() [©)
' Z onfyoH_l

i=0

N
N
)
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Since S(y) = z,
y2/y1 = alv + zalv ’

Yal¥1 = oy + 354
Iy =ay + 3,7
If aq» =1 and Zoy = 0, then
¥s = (a1 + 3, (e + %,,2).

Therefore, for 1 <i<n,

(anv + zo,,") (A(V) + Z A?)iyo,ﬂ)

j=0

=a"A(v) —}‘-ZU“A(V), + z A(v) 01+1 + 2, )

04411

n—1

= a’Afn + X AL+ % SA + 2 Al

n-1

G (v+1)

= A;T’ + Z zo';.,,lAil:j .
J=0

The last step follows from the remarks about A{’f¥ preceding the theorem.
The theorem follows by taking ratios of this last equation.
The following corollary follows immediately from Theorem 2.1.

CoroLLARY 2.1. If x = F(a! + o'F(a® + - + &~'F(a*) **'), then, for
1<<in,
2 — A(_v+1) / Agv-'l;l)

To prove convergence of the algorithm, a definition of a cylinder of order »
is required. Let

bé(x) = (o*-1(x), a'(x)),
and

B/bl,...,b) = {x: bi(x) =b%, 1 <i< v}
Sometimes B,(bl,..., b*) will be abbreviated to B, . Next let

B(x) = {y: b'(y) =bi(x), | <i <),
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and define
£(v) = sup diam B,(x).

x€l

Clearly £(v + 1) < &(v) << 1. The algorithm will converge if lim,,, é(») =0.
The next theorem, following a result of Fischer [7, p. 47], shows the convergence
is geometric.

THEOREM 2.2. For v < 1, £(v) = O(B), where
8 = (1 — (n + 1ynyin.
Proof. Since A{)/AYY € B(bL,..., b), it is sufficient to show

A (v)
)

— O(F").
By the definition of A’;", for some permutation ,

A(v+1) (v+1) Z A ( A (v+n—1) / 4 (v+n—:/))

where
)‘ =a, A(v) / A(v+l) and )\j — a;’ A(v+n—9) / A(H'l).

It is easy to see that A, >> 0, Y, A, = 1, and, since 1 < 4 < a,” (see Lemma
3.1(c)), Ay = 1/(n + 1). It is easy to show by induction that

A §v+a) / A (v+a) z A (n)( A (v+n—3) / A (v+ﬂ—i))

where g > 1, AP >0, A > (n + 1), and 3} o A? = 1. Then

A§v+n) A(v)
N I,n

v+ AW
on.nﬂ on.n

'nil @ (v+n—j) A(_v)
)( ) ( — - in )
A(v+n 3) Ag:)n

Next, for 1 <g<h<n

<1 — (r + 1)) £6).

A'(V-H.r) A(v+h)
| G — v | < =@+ 100 60+ <A — @+ D) €0).
0.n 0.n

Adding and subtracting x inside the leftmost member of the above inequality
and using a form of the triangle inequality show that

£ + n) < 64()-
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3. METRIC THEORY

The theorems of this section will follow from the theory presented in [7] or
[9] as soon as some preliminary results are established. Let m be Lebesgue
measure on (0, 1)*. Then m normalized on I will be defined by

A(4) = nim(4).
Part (c) of the next lemma was used in the proof of Theorem 2.2.

Lemma 3.1. For some tel, let B, = B(t) for v > 1. Then
(a) S%(B,) =1 so that X(S*B,) =1,
(b) det®, = +1,
() I1<af<ai<<<a,t fori>l,
(d) ALY < APV for 1 <j<m
Proof. (a) If B, = B/(b',...,,b*), then F(a' 4 o'F(--- + F(a’ - t)-)) is
defined for all tel.
(b) det, = det(2,_,) det(Z, ,) det(4,) = det(2,_;) (£1) (—1)™

(c) Since S*Y(x) =y satisfies 0 <y, <~ <y, <1 for { > 1, then
1 <yo/yy <ysfyy < -+ < 1/y, and the result follows.

(d) Since 2, = Ayand 0 < 1, A} < 4!, and the result holds for v = 0.
Assume that (d) holds for v <m. If j <, then

ALY = A48,  where I=o}1—2,
and
()
A(v:;ll — A b) .
But

49, < 0,0+ S ap1df) = AL

0,n
j=0

and (d) follows by induction.
Next, following [9] for te I let

fit) = o-1F(a’ 4 t)
Then, if B, = B(b\,..., b"),
H of XI)-
i=1

The next theorem follows [7, Lemma 2.4] and is a key result in establishing
the metric theory.
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TueoreM 3.1. For v > 1 let B, = B(bl,...,b") and f, = [1;., of . Then the
absolute value of the Jacobian of f,, ], , satisfies

n-1 —n—1
| 9] = (Aét:l’ ) Aét;“”y,,;+1) :
2

Proof. Note that, if x = [],.; ofs«(%), then S*x = y. Therefore Theorem 2.1
implies

n—1
(v+1) (1)
Ail.':;l + Z Ai':?-l Yo% ia

_ j=0
%= 64D | & 464 '
Aol:: + Z Ay Y

=0

Thus, for 1 <4, j<mn,

By oj1 j=0

ox , o -2
- (Aé.:" Ly Aéfvyo';“)

n—1
AR (a2 + 3, 487,

§=0

n-1
)
- ag(ag + 8 ata,)|

i=0
_ A - wACh
A(v+l) = A(v+1)
0,n + Z 0. Yol
=0
Now
Ox;\ Ox;
det ( %, ) = + det ( oy )

n—1 —-n
=+ ( A((;::l) + Z A(()'f}q)ya';“) det(4 w+1) x,A t§v+1)
=0

2,5-1 ,d—=1/¢

The determinant on the right-hand side of the last equation is equal to

143 e AT,
det | © ALY = :ASSY - AR — wAgY

0 AN — w, A5V v AR — wnASTE
w+1) w41
1 AgdY - At

0.n—1
g [t
w o ALY AN
w ALY e AV
v+1) = w+1) -1 1)
\2
=(Ao",,. 4y Al m) (& der(Al).
j=0

The last equality follows by Theorem 2.1 and the proof is easily completed.
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The next corollary establishes condition (C) for S.
CoroLLarY 3.1. If B, = B/(bl,...,b"), then, for tel,
sup | J(t)] _ +
f] ) <€ =T
Proof. By Theorem 3.1,

sup | J(0) < (45"
and

n-1 —n—-1
inf| J(8) > (Af:.:l’ Y Aéf?’)
=0

n—1 —n—1
= gty 1+ 3 agrag)”

j=0
> (A8 (1 4 n)y

The last inequality follows from Lemma 3.1(d).
The next theorem follows from [9] or as in [7] and establishes the ergodic
theory of S.

THEOREM 3.2. There exists a probability measure p om I such that p ~ A,
S is a measure-preserving transformation for w, and S is ergodic under p. or X. This
implies that the ergodic theorem holds and, for any g which is Lebesgue integrable on I,

r—1

limy1y o(Si(x)) = J gdu  foraa.x.

The ergodic theorem implies that digit frequencies exist for almost all x € I.
Therefore not only does a = (2, 3) have a limiting frequency (for n = 2) but
o = (2, 1) also does.

Next, some conclusions related to Rohlin’s formula are stated. See [9, Sec. 5]
for a discussion of these concepts and for general proofs.

THeoREM 3.3. The transformation S is an exact endomorphism and is mixing
of all degrees. Moreover, for a.a. X,

+ lim v~* log A(B,(x)) = + lim v~ log uB,(x)
= (n+1) [ log(ty) du(t).

The entropy of S, k(S), is the negative of the last quantity above.
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In exactly the same manner as that of Schweiger [7, Lemma 7.10], the entropy
can be related to A, .

CoroLLARY 3.2. lim, ((n + 1)/v) AY), = K(S).

Nest Kuzmin’s theorem is given, which states the rate of convergence of a
sequence of functions to the (unknown) density of u. For a proof see [8].

THEOREM 3.4. Let ¥, satisfy 0 <m < ¥y <M and | Vy(x) — Py(») <
K|x — y| for x,y €1. Then define for v >0,

Voux) = Y FHX) | J4&) -

(0,a)=b

It then follows that
d
| ¥x) — 4 5 (=) < BEG),
where A = [ W, dA and B are constants independent of x.

Results on the mixing of S follow from Theorem 3.4.

THEOREM 3.5. Let ECI be a Borel set.

(@) | MS™E)) — (E)l <bNE) &(v).
(b) For F = B{bl,..., b),

| WF O S™AHE)) — wlF) pE)| < Kop(E) w(F) €(v).

4., CONCLUSION

It is clear from the proofs of Theorems 2.1 and 2.2 that attention need not be
restricted to the specific order permutation considered here. In fact the entire
Section 2 holds with any sequence of permutations chosen in any fashion. This
observation joined with the generalized Jacobi-Perron algorithms of Bernstein
[1] makes a very general class of Jacobi algorithms. We hope to study these
algorithms in later work.

Since the motivation for this paper was greatest common divisors, it is also
of interest to consider the set ] = {x: x; < x; for 1 <7 <{ n}. That is, the appro-
priate permutation would be to make the smallest x, the first component, leaving
all other orders unchanged. The observation from computing suggests that this
operation is faster than an ordering of all n components and should be used. The
metric theory for this transformation is essentially harder but it is possible. The
normalized Lebesgue measure is MA) =mm(4), C =(n+ 1)"1, and
L =1/(n — 1)! (See [8] for a discussion of these terms.)
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The implications of this work for computing greatest common divisors with

the transformation Q(m) will be treated elsewhere. Several associated results
will be obtained, the relationship with expansions of rationals will be treated [10],
and some numerical experiments including estimates of du/dA and the entropy
of S will be given.

10.
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