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In this paper a general Kuzmin theorem for a class of multidimensional
F-expansions is given. This result gives the uniform rate at which a certain
sequence of approximates converges to the density of the invariant measure
associated with an F-expansion. Some metric theorems are also given. This
work extends and corrects some earlier results. The Jacobi algorithm is included
as an example.

1. INTRODUCTION

In a recent paper [6], one of the authors gave a general Kuzmin theorem
for a class of multidimensional F-expansions. The theorem applies to the
Jacobi algorithm only when n = 2. This is due to the fact that TB,,, = B,,
v > 1, is not satisfied for n > 3. This difficulty can easily be shown by an
example based on the restriction of digits [2, 3]. In the proof of the theorem
the assumption that B, N 4; + @ implies B, C 4;, v > 1, is implicitly
used. Also, in the proof of Theorem 2 of [6] an inequality is obtained
incorrectly. The notation of [6] is retained and we utilize much of the
work done there.

* This research was partially supported by National Science Foundation Grant
GP-28313.
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2. KuzmMiN’s THEOREM

For F e #, we partition (0, 1)} by the sets T*B(x), v = 1, x€ (0, 1)}.
This partition is assumed countable and is denoted by {4,};>, . Next we
define

E;y = {<k> = (K%, k..., k¥) | T"B(k) D A}

We remark that, if B,(¢k)) is a proper cylinder of order v, then <k)> € E; , .
Qur first lemma generalizes Lemma 1 of [6].

LeMMA 1. Suppose Fe &. Let ¥, be given and define ¥,,v > 1, by

¥ (x) = k; V(D [ ), xe4d;. (1
Then
q,v(x) = k; l'I:,()(f;(x)) | Jv(x)l’ X€ Ai s (2)

where f,(x) = TTiuy © few(x) and J, = J, -

Proof. Our proof is by induction. Formula (2) is clearly true forv = 1.
Assume that (2) holds for v. Then, by definition,

Youl) = ¥ Y PlAUSEN | LU | T ),

keEq, E;,

x € A; , where j in the second summation satisfies fi(x) € 4; .

Since fi(x) € A; and E;, is the set of all (K™, k®,..., k) such that
T°B,D A;, we have that (K'Y, k®,.., k™, k) runs over all sequences
ending in k such that fyu) o fym © == © fiw o fi(x) is defined. Therefore, we
have xe T"HB(kWY,..., k¥, k) which implies T"*B(k",..., k™, k)D A4, .
Conversely, if T"*1B(kW,..., k1) D A4, we have

TB(k*+9) D T*1B(kW,..., k) D 4, .

Therefore k¥ € E; , . We have thus shown that (k,..., k), k) runs over
all sequences of length v 4+ 1in E; ., .

LemMa 2. Suppose F e F and define {W,}, 5, as in Lemma 1. Then, if
{A;} is countable,

I

({18 Vi

¥, (x) dx = f Yx)dx, v>1.

©o,n*

Proof. The proof proceeds as in Corollary 6.1 of [5].
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We next state our main theorem. The proof uses the technique of the
proof of Theorem 2 in [6] but the difficulties mentioned in the introduction
are corrected here. In addition, we make clear the uniformity of conver-
gence to p.

THEOREM 1. Let Fe % satisfy conditions (c), (q), and (L), and
o(v) = sup, diam B,(x) - 0 as v — oo. In addition, assume the partition
{A;} countable and that there is an N = 1 such that B,NT“B, # &
implies B,CT*B, for all p =1 and v = N. We suppose there exist
constants A and D such that

(@ f/ox; | < A (xe 4,
uniformly in v, k, and j;, and
I'Jv(x), - ,Jv(y)” <Dm(Bv)“x—y” (x9yer’

uniformly in v. Let {¥,},-., be the sequence of functions recursively defined
in Lemma 1 with P, satisfying

0<m<¥ <M ad |¥x)—P) <N|x—yl

Then
| #u(x) — ap(x)| < bo(v) (€)
where p is the density of the invariant measure for F,a = [ ¥, dm and b are
constants.
Proof. As in the proof of Theorem 2 of [6] we have
| #yx) — ¥ < Gl x — i O
for x,ye A;, and
&o¥(x) < ¥,pu(x) < Go¥W (%)
uniformly in x, u, and ».
We define
$,(0) = ¥,1(x) — 8P (%)
and
{(x) = GoW(x) — V().
By Lemma 1 and condition (C)
(2)

¢v(x) > C_l z ¢0(f;(x)) m(Bv)'
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We let #, = {J B, where the union is over all proper cylinders of order v.
There exists y," € B, C (0, 1)7 such that

[, #0 < 2y mi®).
Hence
_J. $o = — Z $o(»,") m(B,).
2y &>
Then forv > N
80— CH [ ) dy > C0 T (o) — )} m(B)

= —CC\(1 + go) o(v) (Zk) m(B,)
> —Cyol).

Here the sums are taken over all proper cylinders of order v and the second
inequality is by (4) applied to ¢, = ¥, — gop, . For the second inequality
we use the fact that f,(x) and y,” are contained in the same element A4; of
the partition. This follows from the assumption that B, " T“B, +* @
implies B,C T“B, for w > 1 and v > N. This was tacitly used in [5]
and [6]. That is,

Vo) — 2oPix) > €1 [ (7, — go#) dm — Cyo().

In the same manner we obtain

Go?,(%) — Prs®) > C1 [ (G — P dm + Cyo().
Py

The expressions for /; and /! in [6] are functions of g, which makes v,
a function of g,. Therefore, when we iterate, it is possible that
vo(g1) > vo(go) and so on. From this observation it is clear that we cannot
let r - oo without » — oo, and we see that inequality (9) of [6] was
obtained incorrectly. We now give another derivation of a similar
inequality.

We define

o) = 1 — (MC) fg’ ¥, dm,

BO) = (M0 [ ¥, dm — S0,
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and
50) = (M) [ Wodm + <72 C”"(”)
From the equations
8r+1 = 8r + (M1C)_1f (‘I’u —_ gr'ffo) dm — CZU(V)
Py ny

and

Gria = G, — MOY™ [ Gy — ¥y dm + S,

we obtain the recursion relations

8rn = gra(v) + B
and
G = Goa(v) + 8(")

We have the following inequalities

a) <1 —myg(M,C)L < 1,
mlq _ Cyo(v)
B() = M.C e 0,

8(v) = mg(M,C)* >0

127

for v 2> v, . We have assumed, without loss of generality, that C > 1 and

have used the inequality m(%,) = q. It now follows that

g) = lim g, = Q(, p) + O(o())

and

G() = lim G, = Q@ p) + O(e())
where

0@, p) = ( f, v, dm) / | ¥ydm.
From

g TIIIv(x) u+v(x) G IP (x)

we have

g0) V(%) < ¥.(x) < G) P, (x)
and hence

[ Q(, W) V(%) — ¥,r(x)| = O(o(¥)).
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Now we integrate over (0, 1)* and, by Lemma 2, obtain

| Q(, p) — 1] < O(o(v)).
Thus
| (%) — V(@) = O(a(v)

and the proof is completed as in Theorem 2 of [6].

The assumption of Theorem 1 that there is an N > 1 such that
B, N T*B, # @ implies B, C T*B, for all » > 1 and v > N is implied by
the following condition: There is an N > 1 such that TB,,, = B, for
v 2 N. To see this, take B, = {J B,,,. Then T*B, = J T“B,,, = U B,.
Since distinct cylinders are disjoint we are done. This observation will be
used in Section 4 in dealing with the Jacobi algorithm.

3. APPLICATIONS

As a first application of Theorem 1 we generalize Theorem 6 of [4] and
Theorem 6.2 of [5]. The rate of convergence is the same as given in [4].

THEOREM 2 (Gauss). Let F satisfy the assumptions of Theorem 1. If
denotes the invariant measure, then

| m(T~(E)) — w(E)|l < bm(E) o(v) €))
Jor all Borel sets E.
Proof. Define ¥(x) = 1. By Theorem 1, we obtain
| (%) — p(x)| < bo(), ©)

since a = [ ¥, = 1. We multiply (6) by Iz and integrate to obtain
| [ 1%, dm — w(E) | < bm(E) o(v).
Calculation similar to that in the proof of Theorem 6.2 in [4] shows

f 1%, dn = mT—E

and (5) follows.
The next application is a generalization of Theorem 7 of [4] and
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Theorem 6.3 of [5]. We again obtain a rate of convergence identical with
that in [4]. This result gives us a rate on the mixing.

THEOREM 3. Let F satisfy the assumptions of Theorem 1. Then for all
Borel sets F and cylinders E

| W(E N TF) — p(E) p(F)| <

<Cqb> WE) WF)ov2). ()

Proof. First let B, be any proper cylinder and define

IB,o(x)
Yx) = A p(x).

The sequence {'I’,},;,o satisfies the hypotheses of Theorem 1. Our proof
is completed as in Theorem 6.3 of [5], and we obtain

<Cb)

| 1(B,, N T™(F)) — p(B,,) p(F)| < q

u(B,) u(F) o).  (8)
A similar inequality holds for improper cylinders. The proof of inequality
(7) from inequality (8) follows as in Folgerung 1 in [4].

4, THE JACOBI ALGORITHM

The main purpose of this paper is to prove a Kuzmin theorem which
applies to the Jacobi algorithm. In earlier statements of Theorem 1
[5], [6], it has been assumed that lim,_,,, diam B,(x) = 0 a.e. However, it is
necessary to replace that assumption by o(v) — 0 as v — 0. In a paper of
Paley and Ursell [1] it is shown, for n = 2, that o(v) = O(6~*), where 6
is the unique root of x* — x2 — 1 = 0 with 1 < §. Unfortunately no
proof is present for their results on the Jacobi algorithm with » > 2. It is
possible, however, to give a proof that o(v) — 0 as v — oo which is valid
for all » > 1. This proof, which will not be included here, is somewhat
lengthly and depends on additional facts concerning the Jacobi algorithm.

An earlier paper [6] handled all other assumptions of Theorem 1 with
the exception of proving {4;} countable and showing TB,,, = B, for all
v =2 n — 1. Thus we must consider the partition generated by all sets 7*B, .

We consider the transformation

T 5w = (2= [2], 2 [Z] L_[1])
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which is defined on the unit cube after the deletion of an appropriate set
of measure zero. This transformation corresponds to an F-expansion with

1 x X
F(x; yoey X)) = (— = ——”i)
(19 ’ n) xn’x,,’ ’ xn

We denote

k(%) = (ksenry k) = ([xafXg)senny [1/21])
and
k) (x) = kW(T*(x)), s=1.
In this fashion we obtain a sequence of n-dimensional digits

kW, k@),

which is in one to one correspondence with the point x. The restrictions
(see [1, 2]) on this sequence are as follows:

K2 >1, kP =kP>0 i=1,2..,n—1, (10)
and
if k9 =k, then kD < kUD. 11)

If we then obtain k41 = k%*D, we have k32 < k¢*2, and so on.
We formally set k{” = 1 and k{ = 0 for r < 0.

The dependence of the digits is of length n — 1. That is, the occurrence
of a digit satisfying (10) depends only on the n — 1 preceeding digits. Thus,
we have TB,,; = B, for v >> n — 1. The structure of 7%, namely

1 . kl + yl — kn—l + yn—l

=kn+yn, xz—kn'i'yn’.”, ¥ k”+y"' ’

X1

shows that the restrictions (11) correspond to ones of the type y; < y;.a .
Therefore, the sets 7*B, partition the unit cube into n! simplices 4; defined
by the intersections of the sets {(x, ,..., X,) | X; < X;,4} and their com-
plements. This completes our proof that Theorem 1@ (and, hence,
Theorems 2 and 3) applies to the Jacobi algorithm,

ACKNOWLEDGMENT

The authors wish to thank Dr. Fischer of the University of Salzburg for pointing
out certain errors in our earlier proof of Theorem 1




SOME REMARKS ON KUZMIN’S THEOREM 131

REFERENCES

. R. PaLEY AND H. D. UrseLL, Continued fractions in several dimensions, Proc.
Cambridge Philos. Soc. 26 (1930), 127-144.

. O. PERRON, Grundlagen fiir eine Theorie des Jacobischen Kettenbruch-Algorithmus,
Math. Ann. 64 (1907), 1-76.

. F. SCHWEIGER, Metrische Sitze iiber der Jacobischen Algorithmus, Monatsh. Math.
69 (1965), 243-255.

. F. ScHWEIGER, Metrische Theorie einer Klasse Zahlentheoretischer Transforma-
tionen, Acta Arith. 15 (1968), 1-18.

. M. WATERMAN, Some ergodic properties of multi-dimensional F-expansions, Z.
Wahrscheinlichkeitstheorie Verw. Gebiete 16 (1970), 77-103.

. M. WATERMAN, A Kuzmin theorem for a class of number theoretic endomorphisms,
Acta Arith. 19 (1971), 59-69.

Printed by the St Catherine Press Ltd., Tempelhof 37, Bruges, Belgium.




