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Some Ergodic Properties
of Multi-Dimensional F-Expansions

MICHAEL S. WATERMAN

I. Introduction

This paper is concerned with probabilistic aspects of the expansion of points
in n-dimensional Euclidean space. The expansions we consider need not converge
although previous work has required convergence.

The classical continued fraction was first examined from a measure theoretic

1
point of view by Gauss [11]. Defining T(x)=%— [;], where x€(0,1) and [-]

denotes the greatest integer function, he found the Lebesgue measure of

log(1+x)
log 2

of estimating the difference between the approximate and the limiting values. In

1928 Kuzmin [14] solved this problem by considering

{a: T"(2)<x} to have the limiting value . Gauss posed the problem

e @

i 1 1
l lpn+1(x)_k§1 (k+x)2 '//n(k+x), néo
where i, is an arbitrary function satisfying regularity conditions. He shows y,
approaches ((1 +x) log 2)™ !, Gauss’ measure.
Ryll-Nardzewski [21] put this work in modern terminology by noting that
T(+) was the shift on the digits of the continued fraction expansion. With his proof
I that T(+) was ergodic with respect to Lebesgue measure, the ergodic theory was
completed by noting that Gauss’ measure is an invariant measure for T().
Renyi [18] generalized Ryll-Nardzewski’s results to the f-expansions of
Everett [6] and Bissinger [3]. Here the shift is T(x)=f"*(x)—[f~*(x)], x&(0, 1).
| To show Tergodic with respect to Lebesgue measure, Renyi imposed condition (C),
a regularity condition. Rohlin [20] obtained some information theoretic results
which were applied to Renyi’s f-expansions. Recently Vinh-Hien [31] has
extended Kuzmin’s theorem to f-expansions and obtained a central limit theorem.
Reznik [19] has used Vinh-Hien’s work to obtain a law of the iterated logarithm.
In 1869 Jacobi [10] presented an extension of the continued fraction to two
dimensions. Perron [17] extended Jacobi’s work to n-dimensions. In 1964
Schweiger [23] began an examination of the measure theoretic properties of
Jacobi’s algorithm (see [24 to 297]). It was this work which motivated our paper.
However Schweiger [30] has recently published some results which also concern
general F-expansions for n-dimensions. The class of algorithms he considers does
t not include the Jacobi algorithm and is a natural generalization of Renyi [18].
} Our results generalize most of Schweiger’s work and have the Jacobi algorithm
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as an example. We also include a central limit theorem and a law of the iterated
logarithm.

In obtaining a Kuzmin theorem and Rohlin’s results the chain rule is of
primary importance. The identity is (goh)=g'(h)h’ in one-dimension and
Jean(*)=Jg(A(*)) Ji(+) in n-dimensions ([1], p.140). Our method of obtaining the
chain rule is related to some work of Parry ([15, 16]).

I1. Notation and Assumptions

In this section we define the symbols that we use throughout the paper. The
underlying assumptions are made and some special assumptions are stated and
labeled. To avoid repetition, we later use the symbols defined here without
redefining them. The reason for making some of the assumptions will be pointed
out when they come into use.

Suppose F is a 1-1, continuous map of A onto (0, 1)” where A4 is a convex set
contained in R". We assume Jp(x), the Jabobian of F evaluated at x, exists, the
components of F have continuous first order partial derivatives, and Jz(x)=0 for
almost all xe 4. Let D=F~'. We define the sequence of coordinates (n tuples of
integers) associated with xe(0, 1)" as follows:

a'(x)=[D(x)], &'(x)=D(x)—[D(x)],
ad(x)=[D(6* '(x))], &*(x)=D(*'x)—[D(6* ' )],

where [z]=([z,], ..., [2,]) for zeR" ([z;] denotes the integral part of the real
number z;.)

Note that 6%(x) need not belong to (0, 1), that is, 6%(x)=0 may occur for some
je{l,...,n}. To avoid these difficulties we define the algorithm on the restricted
set

0, 1)t ={xe(0, 1)":6*(x)e(0, 1)y for k=1, 2, ...}.
We impose the assumption that
m(0, 1)3=1

where m denotes n-dimensional Lebesgue measure. OQur underlying measure
space, then, is to be m on the Lebesgue measurable subsets of (0, 1);.

We define the cylinder of order v generated by a specified set of coordinates
kY, ...,k" as

B'=B'(k', ..., k") ={xe(0, I)}:a’/ (x)=k’, j=1, ..., v}.
We remark that
3B (kY ...,k )= B " Yk?, ..., k).

That is, & is a shift operator. Here B®=(0, 1)} by definition. Of course we only
consider k', ..., k" which are admissible, that is which could arise by application
of the algorithm to some xeB°. This is to assume B” . Also

B'(x)=B"(a'(x), ..., a"(x))

is assumed to satisfy m(B"(x))> 0 for all xe(0, 1);.
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From the definition of a’ and 6, it is easily verified that
x=F(a'(x)+ F(a*(x)+ -+ F(a*(x)+ 68" (x))---)).

We define
f,,i(t)=F(a"+t).

The above identity can now be rewritten as x = f,10f,20--+of,.(t). Since there is a
chain rule for Jacobians [1] just as there is for functions of one variable, and since
the integral of a Jacobian is area [ 1], we make fundamental use of this composition
of functions. The entire theory we construct is based on the following observation:

Lemma 2.1. If B is generated by k', ... k*, then

Bv=ﬁ€'°fk2°”'°fk“(5va)=._I—[1°fki(5va)-

Proof.
fuofao-ofin(@B)= | ) {F(k'+F(k*+ -+ F(k*+6*(x))...))} = | {x}=B".

xeBY xeBY

The assumptions on F made above will be used throughout and when they
hold we will write Fe§. Below we make three additional assumptions on F.
Every use of these conditions will be clearly indicated.

The following condition generalizes condition (C) of Renyi [18]:

sup U, (0)
€ VRV <
Q) il 0T RG] =C<+w

tedvBv

v

where f, =[] ofi: for each v=1 and all admissible cylinders BY(k, ..., k"). This
i=1

condition is to assure us that no path of the process is too flat or too steep.

It should be remarked that 6'B*<=(0, 1); but strict containment can occur.
In the n-dimensional continued fraction (to be discussed below) for example,
m(8*B*)=(n!)~! occurs a countable number of times (whenever k* =(k, ..., k), k2 1).
If 6"B*=(0, 1)}, we say B" is proper; otherwise B” is said to be improper. Difficulties
associated with improper cylinders lead us to the next two conditions.

(L) m(6°’B*(x))=L>0 forall xeB°, v=1,2,....

Condition (L) assures us that 6'B* is never too small.

For each B(x), there exists B**! the union of a collection of proper cylinders
of order v+ 1 contained in B”(x) such that

m(Bv+1)

—— > 0 =
m(B“(x))=q>0 for all xeB®, v=1,2,....

@

Condition (q) implies that the sum of the measures of the proper cylinders of any
given order is at least g>0.
6'
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Renyi’s usage of notation in [18] is followed throughout. For example, if we
assume condition (L) holds for fe &, we are assuming that m(6*B*(x))= L >0 for
all xeB®, v=1. The ambiguity between condition (L) and the numerical value of
L is retained for notational convenience.

II1. Convergence of F-Expansions

A very useful property for Fe § to possess is that F expand almost all xe(0, 1",
that is diam B®(x) — 0 as v — co. We write this convergence as B*(x) — x. Previous
work of Renyi [ 18] on f~expansions, Schweiger ([25 to 27]) on the Jacobi algorithm,
and Schweiger [30] on certain n-dimensional expansions has considered classes
of such algorithms. Convergence of the algorithm is useful in proving ergodicity
of the shift. The following theorem characterizes this convergence.

Theorem 3.1. Suppose Fe & and condition (q) holds. Then
mix: B'(x)—-x}=1

if and only if for all B® and all >0, there exist countably many disjoint B*< B’
such that diam B*<¢ and m(B"~| ) B¥)=
u

Proof. Assume m{x: B*'(x)— x}=1. For a.a. x there exists v(x) such that
diam(B"™(x))<e. For each u we remove the set of B* such that xe B* and B*(x)=
B"®¥(x). Collecting these sets, m(B"~( ] B*)=0. The converse is obvious.

H
Recent work of Schweiger [30] deals with a class of n- dimensional F-ex-

pansions. We will refer to his conditions as condition (S). For f,= ]_[o Jis Jui(O)=
F(k'+1), define =1

1t =sup {| X,

i

150, j<n, xeé”B“}.

Then F satisfies condition (S) if

(S1) Feg

(52 I =7(v)

where 7(+) is a non-negative, decreasing function on [1, oo) such that hm ‘c(x) 0.
This inequality must hold uniformly for admissible k’, ..., k”.

(S3) All cylinders of all orders are proper.

Theorem 3.2 (Schweiger). If F satisfies condition (S), then diam B"(x)— x as
v— o0 for all x.

The theorem is proved by considering the components of f, and applying
the mean value theorem for functions of n variables. Then (S2) yields the result.
This result gives a relationship between the Jacobian and the diameter of the
cylinders. However it is an open question whether or not the Jacobi algorithm
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satisfies (S 2). In Section VII we show that Theorem 3.3 below applies to the Jacobi
algorithm. The hypothesis clearly contains a version of condition (q).

Theorem 3.3. Let F eg‘. Also suppose there exists 1<1, 4e(0, 1), 0< g’ such that
for each B’ there exists B**'<= B*, a cylinder of order v+, satisfying

a) diam(B**')< A diam(B")

and
m(B"v+l)
[
b) O0<g' < B)
Then

m{x: B'(x)— x}=1.
_ Proof. Choose B” and &>0. Repeatedly applying our hypothesis we obtain
B***''such that
diam B**¥'< % diam B'< A <e
and
m(Bv+kI) m(§v+[) m(§v+kl)
O0<qg’' =(g)< e =
<q (q) = m(Bv+(k—1)I) m(Bv) m(Bv)

where k=min {r: 2" <e}. This implies (taking the union over all v+ kI cylinders
with less diameter less than &)

m(B'~ () B"**)<m(B")—m(B"**)<(1~4") m(B).

For any B***' < B® with diameter greater than or equal to ¢, we have B”*2*' such
that m(Bv+2kl)
] < 7
q = m(Bv+kl)

with diam (B"*2¥) < ¢. This implies

2 .
m (Bv~ U Bv+ukl) §(1—q”)m(B“~U Bv+kl)§(1_qu)2

u=1

where the union is over cylinders satisfying diam (B****')<¢. By induction we

obtain ’
m (B”~ U

u=1

Bv+ukl) §(1 _q//)p

and the theorem is proved with an application of Theorem 3.1.

As a simple illustration of Theorem 3.3 we consider F(x, y)=(x/2, y/2) with
domain (0, 2)%. Then D(x, y)=(2x, 2y) and the cylinders are squares. If we consider
B'(k',...,k"), then B**1(k',..., k", (1,1))=B"*! is the square in the upper right
hand corner of B*. We have m(B**!)=1 m(B"*) and diam(B**!)=1 diam(B"). Thus
Theorem 3.3 applies with I=1, A=4, and g=¢'=1.

Another application of Theorem 3.3 will be made in Section VII to a generali-
zation of the Jacobi algorithm.
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IV. Ergodic Theory of the Shift

For any Fe & with conditions (C) and (L) satisfied, we show there exists a
probability measure u invariant with respect to 8. This is the initial step in estab-
lishing an ergodic theory for §. The proofs follow Renyi’s [18] technique for the
one-dimensional case but must be modified to handle §'B"+(0, 1);. It is this
technicality that complicates Schweiger’s [26] calculation of the results of Ryll-
Nardzewski’s theorem for the n-dimensional Jacobi algorithm.

Theorem 4.1. Suppose that F e § satisfies condition (C) and condition (L). Then
there exists a probability measure u on (0, 1)" such that p<<<m and 6 is a measure

C
preserving transformation for u. Moreover y(E)gf m(E) holds for measurable
Ec(0, 1)". Therefore, if g is any Lebesgue integrable function on (0, 1)", we have (by
an Ergodic theorem)
. 1 v—1 . .
lim — Y g(¢(x))=8§(x)
v V j=0

exists for a.a. [m]xe(0,1)". geL, and §=E(g|#) where $={E:6 " 'E=E} and
E(-) is with respect to u above.

v

Proof. Let J,(t)=J, (1), f,=]] ofu, and B> =B"(k', ..., k").
i=1
By an area theorem for Jacobians [1] and Lemma 2.1

[ @] dt=m(B").

avBv
Let &, denote an admissible sequence k!, ..., k". If &, runs over all admissible
sequences
Y | W@di=Y m(B)=1.
&, ovBv &y
From this we obtain

Y inflJ,@)| m(@"B)<S 1<}, sup|J,| m(6°B")
&, évBv &, o°BY

and
4.1 LY inflJ,0)IS1< J.
@4.1) ‘Zv;gvl NGB _;V%BI o

Now we set E= 'Xl[ai, b;) where 0<q;<bh;<1.
S (E)y=)(FK'+F(k*+---+F(k*+1)...): teEnd"B).
‘v
Due to the 1-1 property of F, the above union is disjoint. By a Jacobian argument

similar to the one above, we obtain

m@E)=Y [ 1,@Idt<Y sup |J,|m( B’ AE)
&, SVB¥nE

&y YBYAE

< J,| m(E)=m(E J,l.
_‘Zv%gl | m(E)=m( )%gggl f




i
i
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Using the earlier inequality (4.1),

Y sup |/,
- m(E) ¥ C
By < v <=
mOT B === S =T " ®-
‘V
This yields
1z C
4.2) ™ Zm(é lE)éf m(E)

[

J

where E is the product of rectangles, and hence (4.2) holds all measurable subsets
of (0, 1)".

By the direct application a theorem of Dunford and Miller [5], (4.2) implies
) 1 v—1 R
4.3) lim — 3 g(6*x)=%(x)
v—sow VY j=0

exists for all geL,(0,1)" and a.a. xe(0, 1)". We may also define (applying (4.3)
above)

v—1
u(E)= lim 1 Y m(6~7E)
voo V j=0

which easily has the properties

WEVST m(E)
and
m—1 m—1

p(E)=lim —;1— Y m(6~JE)=lim % Y m(8~I( E))=u(E).

j=0 j=0

If condition (q) also holds, the proper subcylinders of any cylinder B* have
measure greater than or equal to g m(B*). This allows us to obtain a lower bound
on u(E) and have u equivalent to m. Renyi has no difficulty here because all of his
cylinders are proper.

Theorem 4.2. Suppose we have an F e § with conditions (C), (L), and (q) holding.
Then there exists a probability measure p on (0, 1)* such that y~m and é is a measure
preserving transformation for u. Moreover

C
LmB<uE ST mE

holds for measurable E (0, 1)*. Therefore, if g is any Lebesgue integrable function
on (0, 1), we have (by the Ergodic theorem)

lim " ¢(64() =49

j=0

exists a.e. [m]-geL,(m) and §=E(g|.#) where # ={E: 6 'E=E}.
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Proof. The only additional work beyond Theorem 4.1 is to establish the lower
bound on p(E). Below Y will denote a summation over all admissible cylinders of
order v; &y

¥ will denote a summation over all proper admissible cylinders of order v.

&y

Foreach v— 1 cylinder B'~ !, condition (q) states that there exists B, a collection
of proper cylinders of order v such that

mB'=gm(B"Y).
Thus .
Y'mB)2 Y m(B)z Y qm(BY)=q,

&y &y -1 Ev-1

Y supld |2y | W 0ldt=Y mB'2q.
&y &, VB

&y

and

Now

m@3"E)=Y | W,0ldt

&y OVBVNE
2y [ WOldt

&, 0VBYnE

2y inf|J,| m(E)
&y

Y inf |J,|

To complete the ergodic theory for § we show our measure preserving trans-
formation & ergodic with respect to m (and hence with respect to ) for all F such
that m{x: B"(x) —» x} = 1. This allows us to replace the g(x) in Theorems 4.1 and
4.2 by the constant | g(x) du(x). Our technique is used by Billingsley ([2], p. 44)
in connection with continued fractions and by Schweiger [30] in a similar context.
Renyi [18] used a theorem of Knopp [13] to show ergodicity while Schweiger [25]
has used the Lebesgue density theorem [22].

The following lemma shows the invariant sets have positive density in proper
cylinders.

Lemma 4.1. Suppose Fe§ and condition (C) holds. Then, if Eec #;={D: D a
rectangle, m(D)=d, 6" ' D=D} (0<d<1),

mENB) _ d

mB) —C
uniformly in E€e $; and proper B®, v=0.
Proof. As usual we write J,(x)=J, (x), f,=[] o fis, where B*=B"(k,, ..., k").
i=1
Since 3" 1E=E,
I(X)=1I;-v5(x)=I5(8* x)=Ig(f, *(x)), for xeB".




.
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Then, using the transformation theorem for Jacobians,
[ Ie(xydx= [ Ig(f, ' (x)) dx
B\J BV

= | @, @0ldr.

avBY

Using this relationship (and 6* B*=(0, 1)}),

m(B*nE)zinf|[J,(-)] [ Ig(t)dt=m(E)inf|J,(*)|

©, 12
sup |J,(*)|
> m(E) 2R ILUT
2 m(E) 22
But
sup |[J,()Z [ @0 dt=m(B),
0, 1% 0,
so that
m(EmBV)gm—(CElm(BV)
or
m(ENB) _ d
- I >_
mB) ¢

Next we note that condition (q) allows us to replace an improper cylinder by
the proper cylinders contained in it and lose an arbitrarily small portion of the
cylinder. Lemma 4.2 corresponds directly to a result of Schweiger [25] concerning
the Jacobi algorithm.

Lemma 4.2. Suppose Fe@ and satisfies condition (q). Then for an arbitrary
cylinder B® and £>0, there exist countably many disjoint proper cylinders B* and
an integer v, =vq () such that

vo
G B> ) B
u=v+1
and

(ii) m(B“~ U B“)<s.

p=v+1

It is clear that (ii) can only be improved by taking the union over all proper cylinders
of order u contained in B’.

Proof. Let B'*! be the union of a collection of proper cylinders of order v+ 1
contained in B* such that

pv+1
_m@B™Y

1= m(B’)

Below | )’ denotes the union over proper cylinders of order p.
u

m(Bv~U/ Bv+1):va_m(U/ Bv+1)§m(Bv)_m(Bv+l)
=m(B")—qm(B")=(1—q) m(B").
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Take any B**! < B® which is improper. Let B**2 be a proper cylinder such that

m(Bv+2)
4S—
m(Bv+ )
Then
m(Bv+1~ U/ Bv+2)§(1—q)M(Bv+l)

Bvt2cpv+t

which implies
m(B'~((J B () B ) S —g) mB' ~) BHS(1—g)* m(B).
We proceed by induction and let
vo(e)=min {p: (1 —q)’ <¢}.

Lemma 4.2 allows us to conclude that E€.# has positive density with respect
to any cylinder.

Corollary 4.1. Suppose F e § and satisfies conditions (C) and (q). Then
m(EnB") > d
m(B) ~C
uniformly in Ee $; and B* (v=0).

Proof. We apply Lemmas 4.1 and 4.2. Y’ denotes a summation over proper
cylinders as above. For all £>0, B

Y mENB* Y+ +Y m(EnB)+m (EnB“~ Lj B“)

v+1

mENB)
m(B*)

Y mB Y+ +Y m(B*)+m (B"~ Co)B“)

v+1

S Y m(EnB*Y)+---+Y ' m(EnB")

= Y mB )+ -+ m(BO)+e

If we let ¢ » 0, we can obtain
m(En B") >d
mB) ~

Finally we can prove 6 ergodic if m{x: B*(x) > x}=1.

Theorem 4.3. Suppose F € § satisfies conditions (C),(q), and m{x: B*(x)—»x}=1.
Then 6 is ergodic under m.

Proof. By definition, J is ergodic under m if 6~ 'E=E implies m(E)=0 or 1.
Corollary 4.1 states m(E N B")= C~'m(E) m(B") for all cylinders B". If 4 is any
rectangle it is easy to see that A can be approximated in measure by a countable
union of cylinders (since diam B*(x)— 0 a.e.). Thus m(EnA4)= C~! m(E) m(A).
Letting A=E, m(E n E)= C~* m(E) m(E) and m(E)=0 or 1.
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V. Rohlin’s Formula

In this section we obtain bounds on the u-measure and the m-measure of
B’(x) for large v. Our formula will be similar to that which Rohlin [20] used to
compute the entropy of one-dimensional f-expansions. Kinney and Pitcher [12]
have used Rohlin’s formula for bounds on one-dimensional f-expansions when
the formula did not represent entropy. The calculations of this section follow
Rohlin [20] as Schweiger [27] did in his computation of entropy for the Jacobi

algorithm. J,(t) will denote J, (1), f,= H of;:. The next theorem corresponds to
=1

Theorem 4.1 and only gives an upper bound for u(B"(x)).

Theorem 5.1. Suppose that F € § satisfies conditions (C)and (L). Assumelog |Jp(*)|
is Lebesgue integrable on (0, 1)" and that d is ergodic (indecomposable ) with respect
to m. Then, if we take p to be the measure of Theorem 4.1,

.1
lim — log =+ [log Jp(®)| du(®)

1
v v - m(B’(x))

for a.a. x. Also

hm log———<2 + [ log |Jp ()| du(?).

1
voo V (Bv (X))
C
Proof. By Theorem 4.1, u(E) §~L— m(E). Then

1 1 1 11 wB)_1, C
v log m(B*(x)) v log u(B*(x)) v o8 m(B’) T v log L’

1
Thus, if 11m log B %) exists,

1 1 1 1
lim—log——<lim—log————.
ey OB m(B’(x)) ~vow v & u(B*(x))

Conditions (L) and (C) imply

i10 —1 —ilo ————————1 < 11 —————1
M IR I I L inf 1.0
1 1. C
— log————<—log =
v R L)y B L

dVB¥(x)

We next obtain a limit for — 1 log 7 (;v oY which will then be equal to

11m log

L
m(B"(x))
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For xeB", f,0§*(x)=x so that
vaeé"(x)= 1,
and by the chain rule [1]

It v ()= J 7 (8" (x)) - Ty (%)
=" ) [] (o',
Therefore

1 v—1 ;
va (5v(x)) - il:[() J6 (5 (x)) .

Noting J;=J, we have

1 1 1t i
VT el

By the Ergodic Theorem
1
limlog ———r=+ log |Jp(®)| du(t)
S 5, (0" ()| (o,yn'- ep (Ol dul

exists for a.a. te(0, 1)".

If we add condition (q), then Theorem 4.2 gives us a 4 ~m and the new condition
allows us to conclude that m(B*(x)) and u(B(x)) have the same bounds. The
conclusions of this theorem fully correspond to Rohlin [20].

Theorem 5.2. Suppose we have an Fe§ with additional conditions (C), (L), and
(q). Assume log |Jp(¢)| is Lebesgue integrable on (0, 1)* and that 6 is ergodic (in-
decomposable ) with respect to m. Then if we take i to be the measure of Theorem 4.2,

1 1 1
lim —log————=1lim —log ————= +{log |J(t)| du(t),
vo o Y g m(B“(x)) Voo V g M(BV(X)) f g‘ D( )l .u()

fora.a. xe(0, 1)".
Proof. Since Theorem 5.1 can be applies, we need only establish
1im~l—log—— lim 1 log 1
vow ¥ m(B¥(x)) v-w v p(B*(x))
By Theorem 4.2

C
L mEB)<hE) L mE).

This implies (letting C' =max {C/L, C/q})

1 1 1 1 1
—log——————log———|<—1 "
v o8 mB¥(x) v 8 uB'(x) T v og
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Rohlin [20] has shown that in the case of one-dimensional f-expansions the
entropy of d, h(d), is given by

h(3)={logle' (Ol du(®)

where @ =f~1, Since Theorem 5.2 above has an integral of the same form, it is
natural to conjecture that, if m{x: B*(x) = x} =1, then

h(8)={log |Jp (1)l du(®).

Utilizing some results of Rohlin [20] we will establish this result below.
In Rohlin’s terminology a measure preserving transformation on (R, B, P) is

called an endomorphism. A transformation T is said to be exact if ()T "B is
composed of sets of P-measure 0 or 1. v=0

Theorem 5.3. Let Fe§ satisfy condition(C), (L), (q) and m{x: B*(x)»x}=1.
Then 6 is an exact endomorphism.

Proof. We apply a theorem of Rohlin ([20], p. 30). Let U be the collection of
all proper cylinders of all orders. To index A we define B, (x), x(0, 1)}, to be the
v-th proper cylinder containing x. For a.a. x B,(x) exists and B, (x)— x. It is easy
to see that W generates the Lebesgue measurable sets.

To complete the proof we need to establish
r(X)
#(B)

for proper cylinders B’ and measurable X < B* with 6* B' measurable. It is easy
to show that

p(o*X)=M

y m(X) Cm(X) m(X)
O ) = T S sup O =€ m(BY)”

Using the inequalities of Theorem 4.2

mX) _ C* pu(X)
m(B) = Lq w(B’)’

Z e NSMENSC

Rohlin ([20], p. 17) also proves an exact endomorphism is mixing of all degrees.

Corollary 5.1. Let Fe§ satisfy conditions (C), (L), (q), and m{x: B’ (x) » x}=1.
Then d is mixing of all degrees.

Our main result is established as a result of § being an exact endomorphism.
The following lemma will be necessary. We define ¢ = {B*(x): xe B°}.

Lemma 5.1. Suppose Fe§ satisfies conditions (C), (L), and (q). Then
H()= -} u(B")log u(B")< + 0

if and only if
log [Jp(-)l€Ly(m, (0, 1)").
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Proof. Using condition (L) and summing over £, we obtain

1 1 !
Y. m(B)log Wgz m(B) log Wéz m(B) log W

As in the proof of Theorem 6.1,

1
Jn(x)=Ja(x)=T]f—(5(—x))“-

Taking supremum and infimum over B followed by integration over B and finally
symmation over &, we obtain

1 1

m(B)log ———— =< (log |Jp(x)| dx £) m(B)log ———F.
Z ( ) g Sup |J1(')| —j gl D( )' —Z ( ) g 11'1f|J1(')!

5B 5B

But
1 1
< ————— — =< 1
0<m(B)log e IVAD] m(B)log s‘}}gp TAB] <m(B)log C

éB

so that the sums bounding — Y m(B) log m(B) and | log |Jp(x) dx converge and
diverge together. By virtue of the inequalities of Theorem 4.2 — ) m(B) log m(B)
and H() converge or diverge together.

Theorem 5.4. Suppose Fe § satisfies condition (C), (L), and (q) with
log |Jp(*)|€ Ly (m, (0, 1)").
Then, if m{x: B'(x)—> x} =1, we have

h(8)={log |Jp(t)| dp(2)
and

1
h(6)=lim % log ———1——= lim L log a.e. [m].

m(B'(x)) v-o v p(B*(x))
Proof. By Rohlin’s generalization ([20], p.21) of the Kolmogorov-Sinai
Theorem [2],
h(8)=h(5,%).

The Shannon-Mcmillan-Breiman-Chung Theorem ([2,4]) then allows us to
conclude

1 1
lim —log —————=h(é for a.a. x
M2y BB ©)
if we have
1
H)= BYYlo < + 0.
(&)= X u(BY1og —

Applications of Lemma 5.1 and Theorem 5.2 then complete the proof.
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VI. A Kuzmin Theorem for F-Expansions

Much of the value of our work is dependent on calculating 4 (5), the entropy
of the shift associated with a given F-expansion. Unter the conditions of Section V,

18 is ziven b
(6) is given by h(@®)= [ log|Jp(®)ldu(?)
©. 1y

where yu~m has been discussed in Section III. But even in the one-dimensional
case p or, equivalently, du/dm is difficult to find for a given F. However, in the
one-dimensional case, some recent work of S. Guthery finds an F for which a
given u is the invariant measure (personal communication). Unfortunately his
results do not extend to the n-dimensional case.

In the introduction we noted results of Kuzmin [14]} and Vinh-Hien [30]
which give a rate at which

l//n+1(x)=2k: Un(fx+R) 1 (x+ k)l

approaches p(x), the density for the invariant measure associated with f (here f
refers to a one-dimensional f-expansion). Recently Schweiger [29] has generalized
the Kuzmin theorem to the Jacobi algorithm when n=2. In this section we gener-
alize the Kuzmin theorem to arbitrary F-expansions satisfying conditions (C), (L),
(q), and m{x: B*(x) —» x}=1. We also require that

SBY (kL K2, ..., k") =B"" (K%, ..., k"), v22.

Our results include those of Schweiger on the Jacobi algorithm [29], and our
theorem holds for Schweiger’s general F-expansions [30]. However, Schweiger’s

general theorem has a bound of o(v) instead of a(]/;)+e”“’; (see Theorem 6.1
below), which we have been unable to obtain in our situation.

For each admissible cylinder of order 1, B(k), we have § B(k)<0, 1)%. The sets
d B(k) can be used to partition the set B®. (The induced partition is the finest
partition measurable with respect to the g-algebra generated by & B(k).) We
assume this partition is countable and denote our partition by {4;}{2 ;. With each

A; we associate &;=1{k:6 B(k)> A;}.

Since our interest is in statements true almost everywhere we may assume m(A4;)>0
for all i without loss of generality. It is clear that

&;> {k:B(k) is proper}.
Next we obtain a Kuzmin relation for p(*). Suppose Ec A;. u(E)=u(6~* E)and
0" Y E)={x:0(x)eE}= ] {/i(t): teE}= | fi(E).
keé; keé,
Due to the 1-1 nature of F the unions above are disjoint. Thus

WE)=[p()dx= [ px)dx=3 | p(x)dx

ke&; fE

=3 [p(f0) W x)l dx.
keé; E
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This implies p(-) satisfies
(6.1) p(X)=kZle(ﬁ,(X)) Vi), xed;.

The relation (6.1) suggests that we formulate a Kuzmin theorem where the
recursion is done in separate components. The following lemma points out that
such an approach is feasible:

Lemma 6.1. Let ,(x) be given and Y, (x) be defined by

wv(x):kzg.l//v—l(ﬁc(x)) 'Jfk(x)la XEA:" i= 1’ 2’ LRI

Then
)

‘/’v(x)zz l//O(fv(x)) |va(x)|, XEAi’

v

where f,=[]ofi: and the last summation is over all admissible cylinders (k', ..., k")
i=1
where ke &;.

Proof. The proof is by induction. Assume

v)

l//v(X)=2l//0(fv(X))‘va(X)l, XEAi’ i=1’2"~-’

where the sum is over all admissible (k', ..., k") with k"€ &;. For v=1 the induction
hypothesis holds by definition. Now, for xe A4;,

!//v+1(X)=kZ;l¢/v(ﬁc(X)) 5 0N

)

=3 Y Uol LU My, (/)5 ()],

ke&i

where the second summation is taken over all admissible (k', ..., k") with k’e&;
and fi(x)€A;.

Since fi(x)e A; and (v); are all admissible sequences such that 6" B'> 4;, then
(k', ...,k k) with (k', ..., k)e(v); runs over all admissible sequences ending in k.
This allows us to write (using the chain rule)

(v+1);

Y1 (X)= Z l//o(fv+1(x)) |Jf\,+1(x)|, xeé;.

Lemma 6.1 motivates Theorem 6.1 below.
Theorem 6.1. Let p(+) be any function (q/C < p(x)< C/L) on B satisfying

px)="Y p(fi) V|, xed;, i=12, ...

keé;

Let {,},50 be a sequence of recursively defined real-valued functions satisfying

d/v+1(x)=kz&l//v(fl‘c(x)) Vel xed;, i=12, ..,
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where 0<m=r, <M Y, and p have continuous first order partials satisfying

oYy
0x;

op
ox

<N; <A, j=1,...,n.

i

Further we assume |J; (x)| < D; < + oo uniformly in v and x, and

0Jy,(x) O£, ()
0

ox; X;

)i

))

uniformly in v and x. Then

¥, (x)—ap ()| <b(e™*V* +a()/v))

where a, b, A are constants and

)i

§D2, Z éDB’

o(x)=sup(diam B*(y)), v=x<v+1.
yeBO

Remark. (i) o(x) is monotone decreasing.
(i) o(x)—0as x —o0.

(iii) diam B¥(x)<0(v).

Proof. We fix xe 4;. By Lemma 6.1

(V)i

x)=2¢0(f(x))ljfv(x)', X€A;.

0 V)
[ 35 12 () H U], o) | 222
and
Kl ’ VMi n i ar

§nND1 D3 +MD2=D4
We now state another Lemma to be used in the remainder of the proof:

Lemma 6.2. If constants t, T exist such that

tp(X)<y,(x)<Tp(x), xeB°,
then
tp(X)<¥,.,(x)<Tp(x), xeB°

We make the first application of Lemma 6.2 by noting

go( <" p(x)é%(x)g—cqﬂ p(0)<Gp(x),

mL M
where g—Ya dG—2—2Cq— Then

gpX)<y,(x)<Gp(x).

7 Z.Wahrscheinlichkeitstheorie verw. Geb., Bd. 16
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We define
o,(X)=y,(x)—g p(x)

Lx)=Gp(x) =, (x).

By application of Lemma 6.1, we have

and

v

@,(x)= Z (Po(fv(x)) |va ()
and
(825}

L) =2 Lol £ ) Uy, ().
Using condition (C)
V)i

1
o2+ Y ol f1(x)) m(B”).

Welet€C/= ) B (K%, ..., k*). By the mean value theorem for integrals ([1], p. 269),

kveé;
i
f oo dy=3 0o(y\) m(B").
Lrg

By the mean value theorem for functions of several variables ([1], p.117),

190 (1) = @0 (V) Z¥o () —¥o V) +2lp () —p (V)
SYn(N+g Aly—y I SVn(N+g4)o(v)

where y and y’ belong to B®, and ||-|| is Euclidean distance. Combining the above
results

1 n
09> [ 9ol dx— V2 (N +.4) o).
A4
Now define
Ce
We now write
0,095 L=V (N -+ 4)o(3) == C, o).
In the same manner we obtain
1 n
09> [ Lot dx— LN +GA) o)
e
or, defining
1
I} =?¢j}, {o(x)dx>0,

Cv(x)>[l1 - C2 O'(V).
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It now follows that

B> P+ Cuo0)=p() g+ =~ L7
2 p(x) (g+—l— CC‘J(V)),
and
We)<G o)~ Ti+ Cro0)=p(x) (G- pi) %&9)
<p( (G——Li+ (v))
There exists a v, such that v=v, implies
g1=g+%li— Cclqo(v)
and
GX=G—%I§+£Z—Ca(v)<G
Gl—g1=G—g——L€(I,-+I})+ (%(c,+cz)) o (v).
Now

(V)l

&S m®)

1
Ii+lt}=f § o)+ @o(x) dx=
ey

G- G-
228y mBz"=E @),

where the last summation (}') is over proper cylinders of order v and the last
inequality is due to condition (q). The importance of this result is to establish
lower bound on I;+1} which is uniform in i and v. It is this bound which allows us
to iterate below and obtain the geometric bound. Now

qL
~8,5(G~g) (1- %) + G000,
Now 0<g=1, 0<LZ1, and without loss of generality C>1. Thus 0<g=
L
l—qc—2<1, and

Gi—2:12(G—g)q+Csa(v).
We now summarize the result just obtained. From the conditions that
gp(X)<¥p(x)<G p(x),

oY,
0x;

<N, j=1..,n,

T
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we have shown that for sufficiently large v
81 (X) <y, (x) <Gy p(x)
where g<g,<G,<G; G, —g,=(G—g)§+ C5a(v).
By noting that we have earlier shown

oy,
ox

<D,, j=1,...,n,

i
we can repeat the argument to obtain (for a fixed v=v,)
82 P (X)<¥,,(x) <G, p(x)
where g, <g, <G, <Gy, and
G,—8:5(G1—g) §+Ca0(v)

where C, is a function of D,.
The argument for g, and G, can be iterated to obtain

g p(X)<¥,,(x)<G, p(x)
where .
Gr_gré(Gr—l_gr—l)q+C4 O'(V)<"'
Sc‘z’(G—g)+C4a(v)(é' I SR )
<§(G- g)+ J(V)
Therefore

G,—g=Cse "+ Cqso(v)

X C . _
Where —A= log 9, CS =G —8, CG = 1 4A R and lim Gr = lim g,=a follows.
If we setr=v, —q v=r-oo V=r—0

Y (9= ap (9| <p(3)(G,~g) S 1 (G e+ Caalv).

This gives us i
a=lim [ y.(x)dx.
v—>o© po

Finally choose N¢e [vz, (v+1)?). Applying Lemma 6.2 we obtain
C
[y (x)—a p(x)| <— (C e * 4 Cy a(v))§ (Csette 20+ Coa()/N)).

Finall
¢ l¥n(x)—apx)|<ble*Y¥+a()/N)),

setting b=% Cs e‘-}-{— Cs.
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Corollary 6.1. The constant a of the previous theorem has the value
a= § Yo(x)dx.
BO

Proof. o

J90dx=3 [h)de=3 3 | dolf.00) Ml dx.

But f, takes A; 1-1 onto f,(A4,). Thus

(V)

Fu)dx=YS [ do(f(),(x)]dx
BO [ L VR
(i
=ZZf5 Vo) dx = { Yo(x)dx.

vAi

The Kuzmin theorem appears in Schweiger’s paper [30] with an error bound
of the form b 7(v). He then uses this result to generalize a result of Gauss that states

m(6~ (E)) - u(E).

We have no difficulty generalizing Schweiger’s theorem to the F-expansions
considered above.

Theorem 6.2. Let Fe§ satisfy conditions (C), (L), (q), and m{X: B*(x) > x}=1.
Also assume that the hypothesis of Kuzmin’s Theorem 9.1 is satisfied for p and

f,. Then
[m(6~¥(E))— n(E)| <bm(E)(e=*V*+a(}/ ),
for all Borel sets E.
Proof. Define y,(x)=1. Then Theorem 6.1 states
(6.2) b (x)—ap(x)l<ble*V* +a(1/v).

But Corollary 6.1 shows a= [ y,(x)dx=1. Multiplying (6.2) by I(x) and inte-
grating, we have B

lBg I () ¥, (x) dx — p(E)| <bm(E)(e~** +a (/).
We complete the proof by
B{) Is(x) ¥ (0 dx =Y, Aj W, (x) I (x) dx

)i
=2 ZAI Yo (£, (%)) Ig(x) |J, (x)| dx

)

=YY [ 50 dx

i fvdi

= [ I;-vp(x)dx=m(5"E).
BO
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The next application of the Kuzmin Theorem gives us a rate on the strong
mixing condition. It is this result which allows us to obtain the limit theory.

Theorem 6.3. Let Fe§ satisfy conditions (C), (L), (q), and m{x: B'(x) - x}=1.
Also assume the hypothesis of Theorem 6.1 is satisfied for p and f,. Then

|u(B(K, ..., k"5~ *"*E)—u(B(KY, ..., k%) u(E)|

Cbh
q

IIA

(e *V +a(/ V) u(B(K, ..., k) u(E),

for all admissible k', ..., k® and Borel sets E.
Proof. Let B(k!, ..., k%)= B® be a proper cylinder. Define

Ig.(x)

Yo (x)= (B

p(x),

with ¢, defined recursively as usual.

Since Y, (x)=0 for x¢B°*, we cannot apply Kuzmin’s Theorem to {i,},5.
However, since &;> {k: B(k) is proper},

p(fx) 0
s(X)=—"—J(x)|, xeB".
()= 55 M)
The hypothesis of Theorem 6.1 then applies to the sequence {i,}, 5, and
(6.3) W (x)—ap ()l <ble** +a(}/v)).

Applying Corollary 6.1 to {§,},>, gives a=1. We multiply (6.3) by Ig(+) and
integrate to obtain

b
Cq (e +o (V) u(E).

| [ 15699 dx—p(E)|<b(e™* +a()/ V) m(E)S

Proceeding as in Corollary 6.1,
{) Ig() Y, (x)dx =) [ Ig(x) ¥, (x) dx
B i Ai

s+v)i

(
=2 X 10 ¥o(fers ) Wi 0

{(s+v);

=Z Zf I(A?O(X)IE((SS-H(X))dx:Bj‘; Vo(x) I;-s-vg(x)dx
_ W(B )
B u(B%)

Thus the conclusion of our theorem holds for proper cylinders. Lemma 4.2
states that the measure of any cylinder can be approximated by the measure of
countably many disjoint proper cylinders whenever condition (q) holds. This
completes the proof.
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To apply the limit theory developed by Ibragimov ([7 to 9] and Reznik [19]
we need the following assumption

M) T (e~ 4 o (/M) < + 0.

v=1

For the cylinder B*(x) and ge L, (0, 1)" we write

[l = § fdu

H(Bv (x)) B¥(x)

lgll,={f g*du}*.

and

Then we have

Theorem 6.4. Suppose Fe§ satisfies conditions (C), (L), (q), (M) and m{x:
diam B*(x) - 0}=1. Also suppose the hypothesis of Theorem 6.1 is satisfied for p
and f,. Assume geL,(0, 1) and | g du=0. Then if

2 lg—[elll, <+,

v=1

it follows that

Igl2+2Y | gg(d*®)dt=c*<+
v=0 (0,1)"

and, if %0,
(i) (Ibragimov)
v—1

2. ()
u{t‘ k=0 fe ?du asvoo,

1
oy <z}*]/§;; 2,

z u?

and
(ii) (Reznik)
v—1
|2 e( )

3 k=0
=1
i a2 Tninv)?

a.e. [m].

One-dimensional examples of Theorem 6.4 (i) and (ii) can be found in Vinh
Hien [31], Ibragimov [8], and Reznik [19].

VIL Examples

In this section we present two main examples to which our theory has appli-
cation. Besides the independence example developed first, we develop a generali-
zation of the Jacobi algorithm.

The simplest and most natural algorithm is
F(xl’ LR xn)=(fl(xl), f2 (x2)’ vee ’j;t(xn))’

F: X (4, B)~ (0,17,
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where f; is either in the class of increasing f’s considered by Everett [6] or decreas-
ing f’s considered by Bissinger [3]. It is clear that 6(t)=(5,(ty), ..., 8,(t,)) where
d;(+) is the shift for the process generated by f;. If each f; (with n=1) satisfies
condition (C) with C;, then we have invariance (g;) and ergodicity. Thus the F

being considered has C=[] C;,q=L=1,and p= 'X1 4;. The results available to us
i=1 =
could of course have been obtained as direct application of Renyi [20].

Next we define a modified Jacobi algorithm and indicate its development.
The proofs follow Perron [17] and Schweiger ([23, 25, 26]) and are not included
here due to their excessive length. Our algorithm generalizes the Jacobi algorithm
and an example of Kinney and Pitcher [12] who consider f(x)=M/x.

LetM,, M,, ..., M, beafixed set of positive realssuch that M;= 1forj=1, ..., n.
We define F(+) by

F(xl,...,x,,)=(

PR

M, M,x, Mnxn—-l)
x, x, X,

wherexe{(zl,...,z,,):z,,ng; Zn gMj,j=2,...,n}.ItiseasytoseethatD:F‘1
j—1
has the form
D(yl,___,yn)=(M1 da, M ds y_i)
M, » 3 N M, yw »n

Some simple computations show {x&(0, 1)": 8%(x)=0 for some k=1} to be a
countable set of hyperplanes intersected with (0, 1)" and hence to have measure 0.

The coefficient matrices defined below correspond to those which Schweiger
used for the Jacobi algorithm. Relationships of our matrices to F are given below.

1
00 000 =
10 000 0
=1 0 A;Z 0---0 0 0 |,
1
M
0---0 "0
0 0 P
0 0--0 M,
1 0.0 Fd
A=lo 1.0 Fdl
0 0--1 Ea
and 0 0.0 1
1 0.0 Fd
A*=l0 1.0 Fa| k22,
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where (

Next we define
i k—1
Q' x)=[] 1)
v=0
=(w{"j), i=0,...,n, j=0,...,n.

n M
It is not hard to see that det Q*(x)=(—1)"*]] T’, k=2.
i=1 %i
The following lemma allows us to recover x and corresponds to a result of
Perron [17].

Lemma 7.1. If x€(0, 1)}, then

n
k+1 k k
of i1+ ) wf ;0%
j=1

X =

n 2

wl(c)-,{’n1 + z wl(‘),JéﬁFj
=1

where k=1,2,...,i=1,2,..., n, and of ;€ Q*(x).

Using Lemma 7.1 and following Perron [17], the following convergence
theorem can be obtained.

Theorem 7.1. If x<(0, 1)k, then

of,0)
ko w’(‘), n (X)

x;, i=12,..,n.

Our most difficult task comes in evaluating J; (t) where f,®=]Tefu .
i=1
A determinant evaluation similar to one which Schweiger ([23], p.72) makes
must be carried out. We find

fi

I, (@)= T
(w8 + Y whiniE)
=1
This yields
n n+1
1+2) K
sup |J,(*)l <( 1;1 [ —C<+®
inf |J,(*)] = F,

so that condition (C) is verified.

It is difficult to verify condition (L) for arbitrary M;. f M, =M;=---=M,=1
with M, an integer, then 6 B> {X: x;<x,, x,€(0, 1) and x€(0, 1)¢}, which occurs
ifand only if k* =(k, k, k, ..., k), k= 1. Thus m(6* B*)= 1/n!= L >0 and condition (L)
is verified.
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GivenAany cylinder B® we choose a proper cylinder B**'<B® with a**!=
0,0, ..., M). This gives condition (q) with
F n+1

(HéF‘) (1"+2§:1Fl) M

Thus Theorems 4.2, 4.3 and 5.4 hold. Since the form of p(x) is not known we
cannot conclude Kuzmin’s theorem holds.

As an alternative to the classical approach to Theorem 7.1, we can conclude
a.e. convergence as a result of Theorem 3.3, since it can be shown that

diam (B**")< A diam (B").
where =(2n F)(max {M,, 2([2nF]+1)})~ ! and

g=L

LFn+1

q= " )"“ n(M;"l(max {le2([an]+1)}))"+1'

n+1 n
(1+2R) (1+2F
iI=1 I=1

It is quite natural to ask whether all Fe & satisfying conditions (C), (q), and &
ergodic have the property that m{x: B*(x)— x} =1. This is not the case as our
consideration of F(x, y)=(1/x, y+ & mod 1) (where £ is irrational) will show. Now
|Je(x, y)|=1/x2 %0 for all xe[1, o) and the cylinders are rectangles. The invariant
measure is simply the product of Lebesgue measure and Gauss’ measure:

dxdy
(log2)(1+x)"

Since 6, and &, are both ergodic on (0, 1) (see [2]) we may conclude 6=0J; xJ,
ergodic on (0, 1)>. Also L=g=1 and, following Renyi [20], we may choose C=4.
Thus all conditions are satisfied but B*(x,, x,) is a rectangle of height 1 erected
above the one-dimensional continued fraction cylinder for x;. Therefore
diam (B*(x))= 1.

d,(x,y)=
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