CHAPTER 3

The nonneutrality of money in a
production economy with nominal assets

Michael Magill and Martine Quinzii

1 Introduction

Recent work on the theory of incomplete markets (see Magill and Shafer,
1991) can be viewed as an attempt to broaden the scope and applicability
of standard general equilibrium theory by introducing a structure of mar-
kets, contracts, and constraints on agent participation which conforms
more closely with that observed in the real world. The key idea is that
once we recognize that we live in a world in which time and uncertainty
enter in an essential way, we must acknowledge that the system of mar-
kets is incomplete.

Dreéze (1974) was one of the first to extend the traditional Arrow-
Debreu theory to the framework of incomplete markets, following the
earlier lead of Diamond (1967). He recognized the importance of differ-
ences in agents’ rates of substitution for the single most significant type
of firm ownership structure - the shareholder-owned firm (Dreze, 1987,
ch. 15, 16). He emphasized the inevitably controversial role of a firm that
seeks to make decisions in the typically conflicting interests of its three
sets of clienteles - its shareholders, its employees, and the consumers in
the marketplace (Dréze, 1989). These contributions have greatly increased
our understanding of the central role played by shareholder-owned cor-
porations in a modern economy.

Although the subsequent literature on incomplete markets has empha-
sized the relationship between the real and financial markets, there has
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not been sufficient recognition of the far-reaching changes that arise once
money is explicitly introduced. In a modern economy, money is primarily
used as a medium of exchange: its presence permits the introduction of
nominal contracts, which are promises to deliver amounts of money in
future states. In an economy with money, price levels are influenced by
monetary policy: If agents exchange nominal assets then their opportu-
nity sets are altered by changes in price levels. Thus, in an economy with
money and nominal contracts, monetary changes have real effects.

The problem of introducing money into a model with incomplete mar-
kets has been studied for the case of an exchange economy by Magill and
Quinzii (1991). Our object here is to extend the analysis to the case of a
production economy. After laying out the assumptions of a smooth pro-
duction economy (Section 2), we introduce the system of spot and finan-
cial markets (equity and bonds) and show how money circulates through
these markets, performing its role as a medium of exchange (Section 3).
Since we allow firms as well as consumers to trade on the financial mar-
kets, some clarification is required to obtain a well-defined objective func-
tion for each firm: the present value of profit for each firmi is obtained by
using the average present value vector of the firm’s original shareholders.
We stress that at the present time, no definitive criterion for the firm has
been discovered for this class of equilibrium models. There are a num-
ber of plausible criteria, and this one is chosen among these because it
simplifies the qualitative analysis of the effects of changes in monetary
policy.

After introducing the concept of a monetary equilibrium (Section 4),
we explain a simplification relative to the earlier exchange analysis of
Magill and Quinzii (1991): We restrict the qualitative analysis to those
equilibria in which money is used solely as a medium of exchange, the
positive nominal interest-rate equilibria. For those parameter values for
which agents are induced to use money as a store of value in competition
with the other financial assets, the induced changes in the velocity of cir-
culation of money greatly complicate the analysis in Section 6. We thus
confine our analysis to parameter values leading to the positive interest-
rate case. We analyze monetary equilibria by reducing them to an equiva-
lent reduced-form concept of equilibrium (Section 5). This enables us to
establish generic existence of monetary equilibria by a straightforward
application of the powerful fixed-point theorem of Husseini, Lasry, and
Magill (1990) (see also Hirsch, Magill, and Mas-Colell, 1990 for a geomet-
ric proof of the theorem).

Section 6 contains the basic qualitative analysis of the effects of changes
in monetary policy. We distinguish between anticipated and unanticipated
monetary changes. We say that a monetary change has real effects if it
alters a given equilibrium allocation, that is, if it alters either the con-
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sumption plan of at least one agent or the production plan of at least one
firm or both; we say that it has production effects if it alters the produc-
tion plan of at least one firm. We show that if the asset markets are com-
plete, then anticipated monetary changes have no real effects (Theorem
2). However, if the asset markets are incomplete and if the number of
agents (/) exceeds the number of nominal assets (K = 1), then generically
there is a subspace A such that all nontrivial anticipated marginal mone-
tary changes chosen from this subspace have real effects. Since the dimen-
sion of A is at least S—(J+K) (where S is the number of states at date
1 and J is the number of firms), there are always some local monetary
changes that have real effects. To be sure that there are production effects,
we need an additional assumption that ensures that the initial ownership
of firms is not too diffused among consumers (Theorem 3). Unanticipated
monetary changes always have real effects; under the assumption of non-
diffused initial ownership, there are production effects provided the in-
duced income effects do not cancel (Theorem 4).

This chapter should be viewed as a preliminary general equilibrium
study of the way the presence of nominal assets and contracts enables
monetary policy to have real effects by altering price levels and, hence,
the purchasing power of nominal asset returns. The analysis can thus be
viewed as a generalization of the real balance effect, which has played
such a central role in macroeconomics (see, for example, Tobin, 1980,
ch. 1). The analysis of this chapter has been confined to the case of nomi-
nal assets in zero net supply: The results thus depend crucially on the gen-
eral equilibrium analysis of income effects, an analysis that is typically
ignored in the macroeconomic literature.

2 The production economy

We consider the simplest production economy with time and uncertainty.
The economy consists of a finite number of consumers (i =1,...,7) and
firms (j=1,...,J) and a finite number of goods (h=1, ..., H). There are
two time periods (#=0,1) and one of S states of nature (s=1,...,S)
occurs at date 1. For convenience, we call date ¢ = 0, state s =0, so that
in total there are S+1 states.

Since there are A goods available in each state (s =0, 1, ..., S) the com-
modity space is R", with n= H(S+1). Each consumer i/ (i=1,..., ) has
an initial endowment of the H goods in each state w'= (w{, wi, ..., wi).
The preference ordering of agent i is represented by a utility function:

u:RL-R, i=1,..,1

defined over consumption bundles x'= (x§, x, ..., x}) lying in the non-
negative orthant R”,, which satisfies the following:
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Assumption A (Preferences). (1) u’: R — R is continuous on R and
€%on RY.. Q) If U')) =(xe R} |u'(x) = u'(§)}, then U'(§)CRY,,
véeR" . (3) Foreachxe R" ., Du‘(x)e R, and h"D*u’(x)h <0 for
all h#0 such that Du'(x)h=0.

Production in the economy is carried out by the J firms (j=1,...,J),
each characterized by a production set Y/C R”. The managers of firm j
choose a production plan y’e Y/, where y/=(y{, y{,..., y{), and y{ =
U’sv ""ysH) with y., <0 (>0), indicating that good # is used in state s
as an input (is produced in state s as an output). In order to obtain a
smooth supply function for firm j, we assume that the boundary 3Y/ of
Y/ is a smooth submanifold of a subspace E/C IR”. The production sets
are assumed to satisfy the following conditions.

Assumption B (Production sets). (1) Y/C R" is closed, convex and
R2CY/ Q) (Tlo,w+Z1 Y)NRY is compact. (3) Y7 is a full di-
mensional submanifold of E/CR", whose boundary 3Y” is a C* mani-
fold with strictly positive Gaussian curvature at each point.

Since we use genericity arguments, we need a way of parametrizing
the decision of agents. We parametrize the decisions of consumers by
the vector of initial endowments w= (w!,..., w/) e R of the I consum-
ers. To parametrize the production activity of firms, we assume that the
production of each firm consists of two components, the endogenously
chosen y’/e Y/ and an exogenously given vector of outputs /e R%, so
that the total production of firm j is y/+4/. We call 5/ the initial endow-
ment vector of firm j and let 5= (3, ..., n”). To obtain genericity results,
we parametrize the decisions of consumers and producers by the initial
endowment vector

(w,meQCRYx IR'LJ.

If we choose utility functions u = (u!, ..., u!), production sets ¥ =
(Y}, eres Y”), and an initial endowment vector (w, 7) € Q, then we obtain
an economy &(u, Y;w,n). The assumptions made on the set  depend
on whether the economy is being viewed as an exchange economy - i
which case, we can set @=IR"/, x {0} - or as a production economy -
which case, the goods with which consumers are initially endowed are
typically different from those produced by firms. Thus, we made the fol-
lowing assumption.

Assumption C (Initial endowments) (a) (w,n) lie in an open subset
QCRY, or (b) S w'+ 2o n/eRL, and w);>0, s=1,..., S for
i=1,.. ,I.

The nonneutrality of money in a production economy 35

3 Markets, transactions, and money

Our object is to study the allocation of resources obtained when we ad-
join to the economy &(u, Y; w, ) a market structure consisting of »n spot
markets and J+ K asset markets. It is convenient to begin by describing
the financial assets: These are basically of two kinds, the J securities of
the firms and K nominal assets (bonds). At date 0, the ownership of firm
J is distributed among a set of initial shareholders, w1th zg denoting
the proportion of firm j owned by consumer i, where 7§ = O for all i, j
and X/ =1 z§=1. Agent i receives the proportion z{/ of the dividends D}
of ﬁrm J at date 0, where Df is measured in francs (the unit of account
of the medium of exchange) The securities of firm j are then traded on
a stock market. The market price of firm j is g; (francs) and full owner-
ship of firm j conveys the right to the dividend stream Dl = (Dl, . DS)
at date 1. We assume that both consumers and firms can trade on the
equity market for firm j (j=1,...,J). Let z¥ denote the proportion of
firm j purchased (sold if 2 < 0) by consumer / and let £/ denote the
proportion purchased by firm j’. Clearly, market clearing will require
Sl 2+ Sl 8 =1, j=1,...,

At date 0, consumer 1nherxts an ownership of z{* units of nominal
asset k: To simplify the later analysis, we assume that firms initial hold-
ings of bonds are zero (E k=0, j=1,...,J). The bond holdings are in
zero net supply (31, 2§ —O) Asset k glves consumer { the right to re-
ceive N§zd¥ francs at date 0. These one-period contracts are then traded
on a bond market For the prlce g, an agent receives the right to the
income stream N{ = (N{, ..., NX) (francs) at date 1. We let z'*(£/%) de-
note the number of units bought (sold if z°¥ <0 (£/¥ < 0)) by consumer i
(firm /). Each nominal asset is in zero net supply, so that market clearing
requires /., 2%+ 3I_ £k=0, k=J+1,...,J+K.

In addition to these financial assets, there is another financial instru-
ment, fiat money, which serves as the medium of exchange and defines
the unit of account (francs) for all transactions on markets. While in a
barter economy, goods can be exchanged for goods directly, in a mone-
tary economy, a good is always exchanged for money and this money is
then used to purchase other commodities. We use the procedure intro-
duced in Magill and Quinzii (1991) to describe the way in which money
circulates in the economy. The transactions activities of each period (s =
0,1,...,85) are decomposed into transactions in three separate subperiods
(s1,52,53). At date 0, in the first subperiod 0,, consumers and firms sell
their initial endowments

(wo’ﬂ0)=(W6,--~,W(g,ﬂ(l),---,"l({) (1)
to a central exchange. They thus receive the amounts of fiat money
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(mb,...,mé, m, ..., md),
where mj= p,w}, and r?z({:pon({, Po=(Po1» ---» Pont)» denoting the vec-
tor of spot prices at date 0. In the second subperiod 0,, armed with the
money balances acquired in subperiod 0,, agents proceed to the financial
markets. Consumers and firms receive (make) dividend payments implied
by their initial portfolios

(ZO9 EO)=(Z(])v"‘»zéyg(l)y'-'asoj)‘ (2)

To simplify the analysis, we assume £,=0 so that firms have no initial
holdings of financial assets. Consumers and firms then purchase new port-
folios in the stock and bond markets

(Z’g)z(zl’"')zl’gl)"')g‘/)’ (2l)

where z'and £/ lie in IR’*X. All transactions on the financial markets are
made with fiat money. The full amount of the money balances acquired
in the subperiods 0, and 0, will be used for purchasing commodities in
subperiod 05, provided agents do not have an incentive to use money as a
store of value' from date 0 to date 1. Although this circumstance is of
considerable interest, in this chapter, we concentrate on the simpler case
where money is used purely as a medium of exchange. A sufficient con-
dition for this is that money be dominated by some financial asset as a
method for transferring purchasing power between date 0 and date 1. This
can be ensured in two steps as follows. The first step consists in assuming
that all agents (consumers and firms) have access to riskless borrowing
and lending. For convenience, we introduce the full set of conditions im-
posed on the bond matrix Ny as follows.

Assumption D (Bond matrix). The bond matrix N satisfies (i)
rank Ny= K,

(i) the first column of Ny is the riskless bond
Ni{=(N{,....N3y=(1,...,1).

The price g, of the riskless bond is related to the riskless nominal rate
of interest r| by the equation q;=1/(1+r,). If r;>0, no agent will use
money as a store of value between dates 0 and 1. The second step con-
sists in restricting attention to those parameter values of the economy

! Clearly, money is always used as a store of value between the subperiods 0, and 03 - but
this is qualitatively different from its use in storing value between dates 0 and 1, where it
competes in the portfolio role with other financial assets: This case has been studied in
some detail for an exchange economy in Magill and Quinzii (1991).
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(explained in what follows) for which each monetary equilibrium has a
positive nominal rate of interest, r;>0.

Under these assumptions, all the money balances acquired in the subpe-
riods 0, and 0, are used by consumers and firms to purchase commodities

(xo,yo)=(X(1),...,X6,y(]),...,_y('),) (3)
from the central exchange and the total amount of money
A
My=3 mi+ I m{ G

i=1 j=1
injected into the economy by the central exchange in subperiod 0, is re-
turned to it in subperiod 0,.

Transactions in each state s at date 1 are similarly divided into transac-
tions in three separate subperiods (s,,5,,s3). In the first subperiod sy,
consumers, and firms sell the commodities

(WS)yS+n5)=(w51""’wS[’ySl+n$1‘”"’ySJ+n~;,) (5)

to the central exchange. They thus receive the amounts of fiat money

i I 51 = J
(mg,...,m;,mg,...,mJ),

where m! = pw/, and m{=p(y{+1!), ps=(Ps1» ..., Psr), denoting the
vector of spot prices in state s. In the second subperiod s,, consumers
and firms receive (make) the dividend payments implied by their con-
tractual commitments (z, £) in (2') at date 0. In the final subperiod s3,
consumers use the money balances at their disposal to purchase the goods

x;=(x! .., xD (6)

from the central exchange. Since no money is transferred from date 0,
the total amount of money returned to the central exchange in subperiod
55 coincides with the amount of money

N
Ms=2ms[+2ﬁ7§/ )]
i=1 j=1
that it injects into the economy in subperiod s,. Figure 1 gives a schematic
breakdown of the transactions and money flows involved in (1)-(7).
We assume that the vector of money supplies (the monetary policy)

M= (My,M,,...,Mg)e M=RS"!

(where 9N is the monetary policy space) is exogenously determined by
the government. Just as the decisions of consumers and firms are param-
etrized by the initial endowment vector {(w, ) € Q, so the action of the
government can be viewed as being parametrized by the monetary policy
M. Thus, the triple
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Figure 1. Transactions and money flows.

(w,, M)e XM

constitutes the basic set of parameters for the economy.

4 Monetary equilibrium

To make precise our concept of a monetary equilibrium, we need to de-
fine the opportunity sets, objectives, and resulting actions of consumers
and firms. Consider, first, the consumers. Let z{ = (2§, z4’) e R/ x R  and
2'=(z"", 2"y e R x RX denote the initial (inherited) and new (posttrade)
portfolios of stocks and bonds held by consumer i/ and let

q=(q,9")=(q1, -, G1, Qs> 2 QI+ K)»
(D,,Ny)=(D},...,D/,N}!,...., N*), s=0,1,..., S,

denote the vector of stock and bond prices and their vectors of dividend
payments across the states, measured in francs. Then the previous trans-
actions flows lead to the followingbudget equations for consumer /:

Poxb= powi+(q’'+ Do, No)zh— gz, (i) @®
poxi=pwi+(D,,Ny)z', s=1,...,8S. (ii)
For x'e RStV and pe R¥S*D define the box product
pox'=(poxb, piXi,..., psx§)
and let e5=(1,0,...,0) e RS*!, If we let Wy=(q’+ Dy, Ny),
_qll _QJJ _QJ]+1 "QJI-:K
W=[D(§ /\Z]z Droe b e N )

D! ... D{ Ni ... NK
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denote the financial asset returns matrices, then the budget set of con-
sumer / can be written as (i=1,...,1)

Bi(p,q,D,N,w,7)={x'e R"|3z'e R/*X such that
po(xi—=wh)=Wyzhe,+ Wz'). (10)

Define the subspace of income transfers in RS*! generated by the col-
umns of the matrix W

(Wy={reR5*'|3ze R/*X such that 7= Wz}
and the orthogonal (dual) subspace of present-value vectors (state prices)
(Wt =(BeR¥*!|gW =0).

A variant of the Minkowski-Farkas lemma asserts that

either (WYN(RSTIN\O) =@ or (WY NRSH =0, an
It is easy to see that consumer i’s maximum problem
max ul(xhy, i=1,..,1, (12)

x'eBi(p,q,D,N,w,7)
has a solution if and only if (W )YN(RS$H'\0)=@. This is just the no-
arbitrage condition, which by (11) is equivalent to the existence of a vec-
tor of state prices 8 (W)X NIRSE), which can be written in the normal-
ized present value form 8= (1, 81) and satisfies

BW=0. (13)
Let N =(\), M, ..., N5) € R3%! denote the Lagrange multipliers induced
by the S+1 budget constraints in (12) and let

wi=(, 7, m) = (NN, LGNS /N, i=,

denote the normalized multipliers. We call 7' the present-value vector of
consumer i since 7} denotes the value to consumer i at date 0 of a con-
tract that promises to pay one franc in state s. From the first-order condi-
tions for the choice of portfolio z*in (12)

TW=0, i=1,..,1 (14)
Thus, the first-order conditions imply that 7/e (W)* NRSHL
Given production and portfolio decisions
D O=0h,p e L)

for the firms and market prices (p, q), the dividends of the firms are de-
fined by the relations (j=1,...,J)

Di=po(yi+n)—q¥’, (i)

: o ‘ (15)
D{=p(y{+n{)+(Ds,Ns)¢’, s=1,...,8. (i)
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As Duffie and Shafer (1986) first observed, in order that equations (15)
lead to well-defined dividends for the firms, the matrix

1_211 __221 _Ell
/ —E12 Qg2 g
I-¢= : : . 5 (16)
_éu _ézj 1_'512
must be invertible, ¢” being the J x J matrix of interfirm shareholdings.
When this condition is satisfied, the Sx J matrix of date 1 dividends can
be written as

Dy=[p1o(ri+np)+N & 111-¢]7, an
where
Sl,/+1 E.I,J+l
£ = : . :
El,J+K EJ,J+K

is the K x J matrix of firm bondholdings. To obtain an objective function
for each firm, it suffices to introduce a vector of state prices

B/=(1,8{,....,8))eRS*, j=1,...,J, (18)

which translates the stream of dividends into a present value at date 0.
Recall the asset-returns matrix W= W{q, D1, N1) defined in (9). Using
(15) and (18) leads to the following expression for the present value of
firm j’s dividends

B/D/=B/(pa(y/+n/)+8/W(q, D, NDE, j=1,...,J.
Thus, firm j’s profit-maximizing problem

~ max B/-DJ, j=1,..,J,
(i e e YIxRI+K

has a solution only if 37 satisfies the orthogonality condition 8/W =0,
which is equivalent to

B/e(WH-NRSY!, j=1,...,J,
so that

8/-D/ =B/ (po(yi+q%)). (19
If the firm’s maximum problem is to have a solution, then the present
value of its profit can only depend on its production decision (y/) and
must not be influenced by its choice of financial policy (¢/). This irrele-

vance of £/ for the firms profit is the first part of the Modigliani-Miller
theorem.
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The problem of selecting a discount vector 8/ for firm J thus reduces
to selecting a present-value vector which in some sense represents the col-
lective interests of the firm’s owners - namely, its shareholders. 1t was
Dreze (1974) who first proposed a criterion of this kind with

I
B/= T z¥xl (for zY20), j=1,...,J,
i=1

being the average present-value vector of the new shareholders (z7=0)
of firm j. Although this criterion has substantial normative appeal (see
Geanakoplos et al., 1990), adopting it would make our subsequent com-
parative static analysis very complex. We could employ the elegant refine-
ment of this criterion subsequently introduced by Dréze (1985) by which
in essence only a subgroup of the largest shareholders has a dominant
say in the firms decisions - a criterion with great descriptive appeal - but
this criterion also makes comparative static analysis difficult. We are thus
led to adopt the other natural candidate criterion introduced by Gross-
man and Hart (1979) by which

7
B/=3% zix!, j=1,...,J,
i=1
is the average present-value vector of the firm’s original shareholders (zéf .
To prove that monetary changes have production effects, we will also re-
quire that the original ownership of the firms is not too diffused among
the set of consumers. Even though the technical difficulties of working
with the Dréze criterion are substantially greater, it is our belief that the
qualitative results that we obtain do not depend on the particular crite-
rion that we have adopted.
We are now in a position to define the concept of a monetary equilib-
rium which forms the basis for the analysis that follows.

Definition 1. A monetary equilibrium for the economy &(u, Y, N, w, n, M)
is a pair of actions and prices ((X,%), (7, £); (D, G, ®)) such that
(i) (x,zZ5,%), i=1,...,1, satisfy
X'= argmax  u'(x)), po(x‘-wi)=Wyzie,+Wz'.
x'e Bi(p,g,D,N,w, )
7' is the present-value vector of agent i and (W, D) are defined
by (9), (15) (i), and (17).
(il) (3, &), j=1,...,J, satisfy
. n . . I .
y/=argmax B/-(poy’), Bi=3zi7
yje Y/ j=
and the matrix (I-%’) in (16) is invertible.
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I ' J .
(ili) Y E'-whH=3 7/ +9’.
i=1 i=1

1 J
vy Y7+ E Ei=e, e=(1,---,1)E]R‘,,
=1 Jj=1
! J
S+ 3 £7=0
i=1 j=1
L
(v) ﬁo< T wit Y né>=M0,
i=1 i=1
1 . j . N
ﬁ:( 2w+ X (y{+ng)>=Ms, s=1,...,8.
i=1 j=1

We say that the equilibrium has a positive nominal interest rate if g, <1.
If rank[ Dy, Ny1=p, we say that the equilibrium has rank p.

Remark 1. A positive nominal interest-rate equilibrium will not exist for
all parameter values (w, 7, M) € @ x M. For a given production economy
&(u,Y; w, n), if the money supplies at date 1, M, (s=1,..., S), are suffi-
ciently small relative to My, then the marginal utility of a franc at date 1
(Z5_, \)) is greater than the marginal utility of a franc at date 0 (Ay)

s s

TASNMe T rixl

s=1 s=1
and consumers will respond by carrying forward part of their date 0
money balances for use at date 1. But then the quantity of money ex-
changed for goods is not the same at subperiods 0, and 05 although the
total quantity of goods exchanged remains unchanged. Thus, the prices
at which agents sell their initial endowment to the central exchange at
0, must differ from the prices to which they buy their consumption bun-
dles at 0;. The budget constraint is then different from the one given in
(i) of Definition 1 and the previous concept of a monetary equilibrium
does not apply.

Since the money supplies M that lead to positive interest-rate equilib-
ria depend upon the data of the economy &(u, Y; w, ) in a complex way,
it is difficult to analyze monetary equilibria if we restrict attention to posi-
tive interest-rate equilibria from the start. We are thus led to extend the
concept of a monetary equilibrium to include negative interest-rate equi-
libria (g, > 1). We will show that with this extended concept, a monetary
equilibrium exists for a generic subset of Q x M. Furthermore, such equi-
libria are locally finite and smooth functions of the parameters (w, 7, M).
Once these results have been obtained, it is straightforward to find the
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positive interest-rate equilibria and to carry out the basic qualitative analy-
sis of the effects of changes in monetary policy.

Remark 2. It is clear that if agents can carry money from one period to the
next, the interest rate cannot become negative. However, the negative nom-
inal interest-rate equilibria can be given an economic interpretation if we
assume that separate currencies are issued for use at dates 0 and 1 and that
the date O currency is not legal tender for transactions at date 1. Although
there are circumstances under which such an interpretation may be of in-
terest, it does not deal with the important issue of extending the concept
of equilibrium so as to allow agents to hoard part of their money balances
for use at date 1. Such an extension has been given by Magill and Quinzii
(1991) for the case of an exchange economy: A similar analysis for the case
of a production economy becomes complex - especially if we are to obtain
interesting comparative statics results. We have, therefore, chosen to con-
centrate on the more tractable positive nominal interest-rate equilibria.

5 Analysis via reduced form and pseudoequilibrium

The first step is to establish that monetary equilibria exist. This, however,
is not a trivial problem since the budget sets, (10), do not vary contin-
uously with the spot prices. We will show that the existence proof of Hus-
seini, Lasry, and Magill (HLM) (1990) for an exchange economy with
incomplete financial assets, consisting solely of real assets (equity and
futures contracts), can be extended to a production economy in which
there are both real and nominal assets in addition to money. To do this,
we will apply the fixed-point theorem of HLM.

To carry out the existence proof and also for the subsequent compara-
tive static analysis, it is convenient to introduce the concept of a reduced-
Jorm equilibrium and the associated concept of a pseudoequilibrium.
These are essentially two types of constrained Arrow-Debreu equilib-
ria in which asset trades and asset prices are eliminated by using the no-
arbitrage condition (13). The J+ K asset prices g are replaced by a vector
of state prices 8=(1,8;) e R$%!in such a way that the map g~ 8 is one
to one. A pseudoequilibrium has the additional property that the date 1
subspace of income transfers achievable by trading in the assets is re-
placed by a surrogate J+ K dimensional subspace of income transfers.

5.1 Derivation of reduced-form equilibrium
This concept is derived as follows. Substituting (13) written as
q'=p1Dq, q"=B1Ny 20)
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into the date 0 budget equation (8) (i) gives
Po(xt=wb) = BDzg + Nozg'— 81Dy, Nylz' -
=B [po(y+m]zg+Nozg'—B1(p10(x1—W1))
in view of (19) and (8) (ii). Let
Yo(p, 8,7, 1) = 8- (PO (y+m)zg + Nozg'

denote the initial financial wealth of consumer /, then the date 0 budget
equation becomes

B-(pa(x'=w) =~{(p,B, ¥, ). @1
Substituting Dy in (17) into the date 1 equation 8 (ii) gives
p1o(xi—w) =[p1o(r1+n1), Nilv', (22)
where y/=(v", ") = (1=¢17'2", £ (1= §) "2 +2""),
Thus, each consumer has access to any date 1 income transfers lying
in the subspace of RS

(p18(y1+01), Np
regardless of the financial policies £ =(£',£") € R’ X RX chosen by the
firms. In other words, since consumers and firms have access to the same
financial markets, consumers can undo any financial policy chosen by the
firms. The assertion that the budget sets are uninfluenced by firms choices
of financial policies constitutes the second part of the Modigliani-Miller
theorem (see DeMarzo, 1987).

Let V=[Dy, Ni]. If dim(V')< S, we say that the (asset) markets are
incomplete. 1t is clear that the dimension of the set of no-arbitrage vec-
tors satisfies

dim{fe Rﬁﬂ}ﬁlV:ql =S—dim¢(V).

Despite this multiplicity of no-arbitrage vectors, we can make the trans-
formation g —f=(1,8]) one-to-one by selecting a particular no-arbi-
trage vector — any other choice of no-arbitrage 8 will then generate the
same budget sets for the agents. In particular, by (14) the present-value
vector 7' = (], wi) of any consumer is a no-arbitrage vector. Thus, we
may select 8= n!. This choice of § is equivalent to eliminating the date 1
constraints (22) for consumer 1, Thus, if we introduce the date 0 present-
value prices

P=gop, @3)

then the budget set of consumer 1 becomes
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BY(P, y;w,m)=[x'e RL|P(x'=w') = y}(P, ,n)]. (24)
If we define the diagonal matrix

By 0

[B1l=1] :
0 - Bs
and the p-dimensional subspace of RS (K <p<J+K)

L=<P1o(y1+n1), [B11NYD), (25)
then the budget sets of consumers i =2, ..., can be written as
P(x'=w')=y{(P,y, n)}

BUP,», Lian) = [+/eR] W=
7 T Pio(xi—-wieL

(26)

Let G*(IRS) denote the Grassmanian manifold of p-dimensional subspaces
of RS, Any Le G*(RS) can be represented by a system of equations.
More precisely for any L € G*(IRS), there is a permutation o € Y1 .. s(the
set of permutations of 1,..., S) and a p X (S— p) matrix A (L) such that

L={veR%|[/|A,(L)]E,v=0},

where E, is the permutation matrix induced by o. Although there are
se\{eral permutations 0 € ¥, . ¢that can be chosen, for any given permu-
tation g, the matrix A,(L) is unique. (For a discussion of the problem of

representing G*(IRS), see, for example, Duffie and Shafer, 1985.) Thus, if
we define

Pl 0 ... 0
0 Pl 0
(Pd=| . "2 .| O)=UlA,WL]IE,
0 o0 ... pPr
Py Pl P{
d,(P,L)= [0‘ ------------------- -S-}
01 QuL)IP]] @

Then the budget set (26) can be written as

{
@U(P’L)(x,'_w,')___[VO(P(;)%??)}I’ (28)
where L is given by (25). The change in the representation of the bud-
get set from (10) to (28) leads to a change in the associated Lagrange
multipliers from ='e R3% to u! = (ulo, ..., Ko, 5—,) € RS77*1 To express
the objective functions of the firms, we must be able to recover the '
vectors in the new variables. This can be done by noting that the first-

BY(P,L,y,w,n) = {xie R"
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order conditions under the two representations lead to the same consump-
tion bundle x' so that
Nor'op=D ju'=pi® (P, L).
Since Np= ul,, if we define the normalized multiplier

S Wy s,
V(ljz(l,ll;,...,l/é - )=<1,——.-‘,...,—"—.—‘—‘>,
1 S K0 o0
then 7‘op=vi(P,y, L)®,(P, L). Thus, even though the terms »! and &,
separately depend on the permutation ¢ (i.e., the representation of L)
chosen, the product ».®, is independent of o and depends only on L.

Thus, we can write
rop=(v'®)(P,y,L).

For the purpose of writing the objective of the firms, agent 1 can be
treated symmetrically with the other agents with the convention that y!' =
(#4,0,...,0) and »'=(1,0,...,0). Let v=(», ..., »'). Then the previous
transformations have reduced the study of a monetary equilibrium to the
study of the following analytically more tractable concept of equilibrium.

Definition 2. A reduced-form (RF) equilibrium of rank p (K<p <
J+K) for the economy & is a pair of actions and prices
(%, 9),(P,L,B,7) e R xRV xR" , x G/(RS) x R$H! x RS+ + 1)
such that

(i) (x49), i=1,...,1, satisfy

¥'= argmax ui(x, i=1,...,1,
X,GBi(P,,T’.L;w,n)

with multipliers %', i=1,...,1,

where B! is defined by (24) and B' is defined by (28), i=2,..., 1.

(i) y’, j=1,...,J, satisfy

/
¥/ = arg max ZZ H7i®)(P,y,L)-y!, j=1,...,J.

yieYl i=1
7

(iii) E E (F/+17).

Jj=1
Ji+11), 51 Np= L.

(y
! J .

) Po S it 3 0d)= o
= Jj=

(iv) <P1
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<Ew+2(ysj+77§)> BsMsv S=1,...,S.
i=1 Jj=1

We say that a reduced-form equilibrium has a positive nominal interest
rate if £7_, B;<1, where B=(1,5]).

This analysis has established part (i) of the following proposition; part
(ii) is left to the reader.

Proposition 1. (i) If (%, 2), (J, §); (D, g, 7)) is a (positive interest
rate) monetary equilibrium of rank p then there exist (8, L, v) such that
((%,9),(Bop, L, B, 7)) is a (positive interest rate) reduced-form equilib-
rium of rank p. (i) If (%, 7), (P, L, B, 7)) is a (positive interest rate)
reduced-form equilibrium of rank p then there exist ((Z,£), (B, §, 7)) with
Bop=P, g=B11p12(F1+m1), N1l such that (%, %), (,£); (P, q, 7)) is
a (positive interest rate) monetary equilibrium of rank p.

5.2 Existence of equilibrium

To establish the existence of a reduced-form equilibrium of rank p = J+K,
we need to relax the requirement of equality in Definition 2 (iv): We want
the dimension of the subspaces L to remain unchanged so that L can be
parametrized by G*(IRS), while allowing for the fact that the dimension
of (Pyo(y1+mn1), [B11Ny) will change as the prices P and production
plans y change. This leads to the following concept.

Definition 3. A pseudoequilibrium for the economy & is a reduced-form
equilibrium of rank J+ K in which Definition 2 (iv) is replaced by

vy (Pro(ri+n1), [BjINpCL.

We need one more restriction on the model in order to be sure of hav-
ing an equilibrium. If the initial level of indebtedness of agent i is exces-
sive relative to his initial resources then he may not be able to afford any
positive consumption bundle: In this case, the budget set B is empty and
his demand function is not well-defined. Let

T
PoelRi’,Po< S wit 3 na>=Mo},

i=1 i=1

F4(w, n, M) =min {Powé

i=1,..,1

Assumption E (Initial indebtedness). Nyz{'> —44(w, 7, M), i=1,...,1.
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A set ACQ is said to be generic if its complement is a closed set of
measure zero in Q.

¥

Theorem 1 (Existence and smoothness). Under Assumptions A to E,
there exists a generic set T' C Q X M such that for all (w,n, M) e T (i) there
exists a reduced-form equilibrium of rank J+ K, (ii) there is at most a
finite number of reduced-form equilibria of rank J+ K, each of which is
locally a smooth function of the parameters (w,n, M ).

Proof: We first establish the following lemma.

Lemma 1. Under the hypotheses of Theorem 1, there exists a pseudo-
equilibrium for all (w,n, M)e Qx M.

Proof: Theidea is to construct appropriate maps so that the fixed-point
theorem of HLM (1990) can be applied. The maps that handle the pro-
duction side of the economy are borrowed from the existence proof for
an economy with increasing returns by Beato and Mas-Colell (1985).

Step I (Truncated sets). Let X‘=IR" denote the consumption set of agent
i (i=1,...,1). Assumption B implies that the set of feasible allocations

! J ! J
F= {(x,y)eHX’x [Ny | Sixi-wh=s 3 (yf+nf)}
=1 =1 li=1 i=1
is compact. Let X' denote the projection of & on X and let ¥/ denote the
projection of § on Y”, For each firm, we modify the production set Y/ —
¥/ in such a way that ¥/ coincides with Y/ on ¥/ and production plans in
Y/ involving large amounts of inputs are inefficient (no additional output
with additional inputs). To simplify the analysis, we consider first the
case where the subspace E/ in Assumption B(3) satisfies E/=R". ¥/ is
then constructed as follows. Pick 4/e IR", such that ¥/C IR". — /. Then
choose a’/>>a” and construct ¥/ (see Figure 2) such that ¥/ is smooth
and
yeV/eyleY/ forall y/e Rl —a/,
y'e¥/ e yle(Y/N(RL—a’))—R"% forall y/e(R" —a/)".
Let X'be a compact convex subset of R” such that X'c X/, i=1,...,1,
and let
- L A Y | ) . J ) )
§= [(x,y)eHX’x [Ny | 2x'-wh=< ¥ (yf+n’)z;
=1 =t li=1 j=1
then §=5. Let & and & denote the economies with consumption and
production sets (X4,..., X , ¥, ..., ¥Y’) and (X',..., X, VL ..., ¥’), re-
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e
=<8 8Yi)
AN oY/ 4

T —

Figure 2. The smooth truncation ¥/ of ¥-.

spectively. Then, since agents maximize over convex sets the equilibria of
& and & coincide.

Step 2 (Maps). Let A={ve R’ |X7.,v;=1] denote the n—1dimensional
simplex. We will construct a pair of continuous functions (¢, ¥)

¢:AJ+1)<GJ+K(IRS)—’AJ+1,
¢/:A1+IXGJ+K(RS)—'IR(J+K)S,

and apply the fixed-point theorem of HLM (1990, Theorem A) by which,
if (P, 9, L) is a typical element of AxA’x G/*X(IRS), then there exists
(P*, 9*, L*) e A’ ' x G/*X(IRS) such that

(P I L*)=(P* %), (P4 L*)CL" (30)

(29)

By the assumption of free disposal, the boundary 3¥/N(R% —a’) of
Y/n (IR". —a’) is homeomorphic to the simplex A under the homeomor-
phism

yitqi
T w(yi+al)’
and the unit normal map (i.e., T, , nd=1)

nf Y N(R.—aly -4, j=1,...,J,

cxj:a?/ﬂ(lR'l-—aj)—»A, Q= i=1,...,J,

is well-defined. In the analysis that follows, let y/= ozj-'l(j)j). If we let

Po(Z/_ wo+ 27, )
M,

and define the modified date 0 revenue functions

Bo(P) =
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', . . . . .
Fo(P, )= X 2§ max(0, P(y/+ 1))+ By N2y, i=1,...,1, €3))

=1
and the assjociated demand functions
fUP, p, L) =argmax(u'(x"), x'e X'| P(x'=w') = 7§(P, )},
fi(P,9,L)
=arg max {ul(x’), x'eX

(32)

P(x“—w‘>=v~<;(P,y>} P
i i 1= geerg dy
Pio(xj—wp)el

then the aggregate excess demand function

1 N . j . .
Z(P,y, Ly= 2 (f (P, 5, L)-w) = X (¥y/+1’)
i=1 i=1
satisfies Walras Law PZ(P, 9, L) = 0 whenever P(y/+17/)=0, j=1,..., J.
Furthermore, the truncation X! can be made sufficiently large so that
P, =0 implies Z,, >0 for all s=0,...,8, h=1,...,H. Let B(P, ) =
(BO(P)y BI(P,.?)""’BS(P)}A)))’ Where

I i J J J
BS(P,;’)=PS(EI=IWS+A§_/=]()}S+T’S))’ s=1,...,S, (33)
§
and let
I ijgyi L
bi(P 5, L) = oz WU DERD)

S0 T ) (P, y, L)
denote the vector of present-value prices of firm j, normalized _to lie in
the simplex, ®(P, L) being given by (27) (for an appropriate choice of o)
and »'= v!(P, 9, L) being the normalized multiplier induced by consumer
i’s maximum problem (32). Then the maps (¢, ) =(¢° ¢',..., ¢”, ¥) in
(29) are defined as follows, for s=0,1,..., S, h=1,...,H:

(Psh+max(0, Zsh(P,f’,L)))

1+ 3, ,max(0, Z,(P, p, L))’

(9 +max(0, b (P, 9, L) = ngy(y/))

1+ 2, , max(0, bj(P, 9, L) —nf(y/)) ’

V(P,p, L)y=[P1o(y+n1), [B1(P, P)IN1].

Step 3 (The fixed point is an equilibrium). Let (P*,y:‘,}*_) denote the
fixed point defined by (30). We will show that ((%, ¥), (P, L, 8, ¥)) defined
by

¢5(~)h(Pay)L) =

(P, P, L) =

F=(FUPS LY, o, FUPY LY 5%, F=a”'(9%),
_B(P",57)
B

p=p*

L=1* 7
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is a pseudoequilibrium. ¢/*=p/* = p/*=p/* 5 firm j maximizes prof-
it under the prices Z/_, zf(»™*®*) =83 =/_, z#(7'®). Since 3/ 20 =
P 2 (" ®*) (y/*+1/) 2 0. WHCL*= Q(LY)[P](y]+n)=0=
0=2z/(»"™*®*)(y/*+9/)=P*(y/*+97). P*> 0since P},=0 = Z5>0.
¢£h‘ = P;h = max(O, Z.;h) =0= Z;h =0. Since Es,h P;;,Z;h= 0= Z;h= O,
vs, h. Finally, equations (33) and P= P*/8,(P*) ensure that the mone-
tary equations in Definition 2(v) hold and that the budget sets in (32) coin-
cide with those in (24) and (28). O

The proof of Theorem 1 is completed by establishing the following
lemma.

Lemma 2. Under the hypotheses of Theorem 1: (i) there exists a ge-
neric set T''C QX M such that for all (w, n,M)el, there are at most a
finite number of pseudoequilibria and each pseudoequilibrium is locally
a smooth function of the parameters (w, n, M); (ii) there exists a generic
set I'CT'" such that for all (w,n,M)eT every pseudoequilibrium is a
reduced-form equilibrium of rank J+ K.

Proof: The ideas behind the proofs of (i) and (ii) are simple. To show (i),
we show that a pseudoequilibrium can be written as a solution of a system
of equations in which the number of equations equals the number of un-
knowns. To prove (ii), we show that generically there are no pseudoequilib-
ria of rank p <J+ K. When the condition rank[P1o(yy+my), [B1IN]]<
J+K is expressed as a system of equations and added to the equations
of a pseudoequilibrium, we obtain a system with more equations than
unknowns, which generically has no solution. To prove (i) and (ii) with-
out perturbing the nominal returns matrix N1, we must be careful to ex-
press precisely that we work with the subset of G/*X(IRS) consisting of
subspaces L that contain (81 N1y (see Step 1 of the proof that is com-
pleted in the Appendix).

6 Effects of changes in monetary policy

In this section, we study the way changes in monetary policy affect the
equilibrium allocation (X, 7). In macroeconomics, a distinction is made
between anticipated and unanticipated changes in monetary policy. If
agents inherit no initial holdings of bonds (z§=0), then they are free to
adapt their portfolios to any change in M. In this case, we say that the
agents can anticipate monetary changes. If the agents inherit initial hold-
ings of bonds (z{ # 0), then these initial portfolios cannot be adapted to
changes in the date 0 monetary policy. In this case, we say that date 0
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monetary changes are unanticipated. We want to analyze the effect of
anticipated and unanticipated monetary changes on positive interest-rate
equilibria.

6.1 Positive interest-rate parameters

In the previous section, we have shown that there is a genericset ' C X M
such that monetary equilibria of rank J+ K exist for all parameter values
(w,n, M) €T and all such equilibria are locally smooth functions of thfe
parameters. Let 1" C T denote the subset of parameters for which all equi-
libria have a positive nominal interest rate. Note that if (P, y,L,B81)isa
reduced-form equilibrium price for the parameter value (w, 7, M), then
(P, y,L,B1/a) is a reduced-form equilibrium price for the parameter value
(w, n, M) with M’ = (M, aM) for a # 0: If the money supply is doubled
in each state s (s=1), then the value of a contract promising one franc
at date 11is halved. Thus, a sufficient (proportional) increase in the money
supply at date 1 will always force the nominal interest rate to be positive.
Consider the correspondence v:I" — I defined by

'y(w,‘n,M)=[(w,n,Mo,aM1)|a>a‘(w,n,M)],

where o*(w,n, M)=max{Z5_, B8,/ (P,y,L,B) is an RF equilibrium for
(w, 7, M)}. Then I' =(I").

6.2 Anticipated monetary changes

Consider a regular parameter value (&,7, M) € " and an associated equi-
librium “price” (P, 3, L, B). Since at an equilibrium of rank J+XKX,

L=(Pyo(F1+11), [B1IND,
the variables (P, 7, B) determine completely the equilibrium. For equi-
libria with parameter values in I', we can thus view
®=R7,xRYxRS,

as the space of “prices.” By Theorem 1(ii), we know that there exist a
neighborhood m(a,ﬁ’m)cf‘ and a function g: N 54— @ th.at gives
the equilibrium prices (P, y, 8) for each (w,n, M) e N 5 51)- Smce_the
comparative static analysis is confined to local changes in M, we consider
the neighborhood

mm={MEfm|(C),'ﬁ,M)€97.(5,,5,/91)].

Let g(@, 7, M) = (P(M), y(M), B(M)) and let f(g(&, ﬁ,M), @, 1) =X(M);'
where f=(f',...,f!) is the vector of demand functions f': ®x Q- R
in Definition 2(i).
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Theorem 2 (Neutrality of money). Let Assumptions A to E hold, let
26=0, and let (&,5,M)el.

(i) ForallM:(aMo,a’J\_ll)eﬂ'lM with a>0, o’ >0,
(xX(M), y(M)) = (x(M), y(M)). (34
(i) IfJ+K =S, then (34) holds for all M € Ny;.

Proof: (i) It is easy to check in Definition 2(i) to (v) that
(P(M),y(M), B(M)) = (aP(M), (M), (/') B(M ))

and x(M)=x(M). (ii) follows because each agent’s budget.set (26) re-
duces to the Arrow-Debreu budget set with shareholdings (zg'), and each
firm’s objective function reduces to Py’ since v® = P. O

Remark 3. In Theorem 2(i), when a = a’#1, spot prices p change by
the factor «, but the nominal interest rate ryis unchanged. When a>1,
a’=1, date 0 spot prices increase and the nominal interest rate falls; when
a=1, o’ >1, date 1 spot prices increase and the nominal interest rate in-
creases. These are nominal changes that do not affect consumption or
production decisions.

Theorem 2 points out that there are certain monetary changes that
have no real effects. To take the analysis further, we restrict ourselves to
the study of marginal changes at the equilibrium under consideration. By
Theorem 1, the equilibrium allocation map

(x,y): mM-*lR"lXIR"J
is differentiable at M and we let
(Djr X, Digy): RS*!' 5 RY x R

denote the derivative map. We say that a monetary change dM e RS~ ! has
real effects if (dx,dy)=(Dgx, Dy y)dM # 0; we say that it has produc-
tion effects if dy = (Dyy)dM # 0. To describe precisely the marginal
monetary changes that have real effects (which amounts to describing
ker Dyz(x, y)) requires a more precise knowledge of the structure of the
bond matrix Ny. Without adding any further conditions on Ny, we can,
however, give a lower bound on the number of linearly independent direc-
tions in which monetary changes dM have real effects. As we will see in the
case where the riskless bond is the only nominal asset (K = 1), this bound
is exact. We will need an assumption regarding the distribution of owner-
ship of firms amongst consumers to show that monetary changes have
production effects. To this end, let 9'= (i |z > 0 for some je(1,...,J}}
and let /”=#9’ (the number of agents in 9).
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Theorem 3 (Real effects of anticipated monetary changes). Ler Assump-
tions A to E hold and let z5=0.

(i) If (a) J+K< S, (b) K<, then there exists a generic set f‘fc
" such that if (@,7,M)e ['*, there is a subspace A CIRS™! with
dim A= S—J—K for which

(dx,dy)=(Dyyx, Dy y)dM #0, vdM e A\[0].

() If (@) J+K<S, (b)) K<I'<J, (c) (z§, i€ 9) are linearly inde-
pendent, (d) E/ =1R", j=1,...,J, then (i) holds with dy #0.

Proof: (i) Let L=(Po(¥1+71), [B1]N}) and pick dBj e L*. Consider
the change dM such that dM,=0, dM,/M,=—dB/Bs, s=1,...,S. We
show that (dx, dy) = (D x, Dgy)dM # 0. Suppose not. Then <31ﬂ”erenti-
ating the first-order condition for agent 1 gives dx'"D?u'= d\}, P+ X} dP,
and since dx'=0, dP = —(d>\ /\b)P. From the date O monetary equation,
d(P(Zo) Wh+ 27 74 =dMy=0 = dP=0. From the date s mone-
tary equatlon since dy=0and dP,=0, 0=d(B,M; )—BSdM +dB,M
thus dB; = df;, s=1,..., S. Since dBye L+, Bl+d61]N1 61+d61¢L
thus

(P1o(F1+m), [B1+dB{INp #L. (35)
Since dy1 =0, dP1 =0, and dx| =0,
le(f{—wi)e<le(y1+ﬁl), [Bl+dﬁl]N1), i=2,...,.J+1. (36)
Lemma 3, which follows, implies that (35) contradicts (36). This argu-
ment holds for all dM € A’ defined by

y—l—]dﬁl, dp eZ*}, a7

={dMldM0=0,dM1=—[Bl

where
[Ml} B M, /B, . 0
b1 0 Ms/Bs
so that A’Nker Dy (x, y) ={0}. Thus, there exists a subspace A” such that

ker D (x, y) A DA =R+
Since dim L+ = S—(J+K), it follows that A= A@A” satisfies dimA=
S—(J+K) and the proof of (i) is complete.

Lemma 3. [f 1> K, then there exists a generic set ' c I such that if
X, 7, (P, 3, B)) is a reduced-form equilibrium for (&, 7,M)e [, then
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L= <P1a("1 Wf‘),...,PID(\fl —wlk) le(y1+n1), ...,Pla(y{w;{)}

Sor every K-element subset {iy, ..., igyof {1,...,1
Proof: See the Appendix.

(ii) Consider dM € A’ defined by (37) and suppose dy=0. Let n/: Y/ -
A denote the unit normal map for the boundary dY’ of firm j’s pro-
duction set. By the first-order conditions for profit maximization, there
exists a; # 0 such that ajn/(yf) = E’ (u‘<15) Dlﬁ“erentlatmg and us-
ing dyf—O gives da;n ’(yf) =3 1z (du’§'+ 7'd®) and since 7'
(1, 7}, ..., 55_(s+x)) and E ‘/ = 1, the date 0 component implies dPo =
da;n!(3/) = (da;/a;)P,. Smce Py(Zio i wi+ 37, 170) = Myand dM,=
0, dPO—O =do;=0, j=1,...,J, so that /_, z¥/(dv'& + 5'd®) =0,
J=1,...,J. Assumptlon (c) in (11) then implies

dv'®+7'dd=0, vied. (38)

Wxthout loss of generality, we may assume agent 1 satisfies 2'#20(ed).
Since 7'=(1,0,...,0), (38) 1mphes dP=0. leferentlatmg the first-order

conditions for agent i Doju'=pg'® (where Dyu' is viewed as a row vec-
tor) gives

dxTD2u' = du' &+ 5'dd, vied
Since v’ = p'/ui, du'=dubv'+ phdy'. By (38),

dxTD2u'=dui7'®, vied.
Differentiating the budget constraint

=i

B(xi—wl) = [“6"], vied, 39)
gives ddx'=—d®(x'—w'), since dP;=0, dy=0 = dyé=0. Thus, by
(38), (39) and dvj=0,

vddx'=-7d®(X -w)=dy$ (X —W)=0, vied.

Thus, Vie d', 7'®dx'=0= D,u ‘dx'=0, and dx'TD}u'dx'=0. From
Assumption A(3), we conclude dx'=0, ied’. Since I B > K, applying the
argument in (i) previously completes the proof. |

Remark 4. If the riskless bond is the only nominal asset (K =1), then it
is clear from the proof of (i) that

ker(Dy(x,y))=A= {dM ' aMy= - [-%/Il}dﬁl ,dBe Z}
1
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so that there are exactly J+ K +1 directions of change dM that do not
affect the equilibrium allocation. If there are other bonds (K = 2), then
ker(Dg(x, y)) can be a strict subspace of A, since dB1€ I does not imply
[a’ﬁl]Nk e L for k= 2. If we are prepared to view the bond returns N2, ...,
N¥X as being “drawn at random,” then a result of Geanakoplos and Mas-
Colell (1989, Theorem 2) implies that generically in (w, 2, N2, ..., NK),

ker(Dy(x,y))={dM |dM|=aM|, a e R}

so that all marginal changes differing from those given in Theorem 2(i)
have real effects. It can be argued, however, that using genericity with
respect to N2,..., NX is a somewhat implausible economic assumption
since it implies in particular that each bond has a different return in each
state.

6.3 Unanticipated monetary changes

When agents have initial holdings of nominal assets, the conditions under
which monetary policy is neutral can be stated as follows.

Theorem 2’ (NeAutrality of money). Let Assumptions A to E hold and
let (@,7,M)el.

(i) Forall M= (M, o’M1) € Ny with o’ >0,
(x(M), y(M)=(x(M), y(M)). (40)
(i) IfJ+K =S, then (40) holds for all M e T with My= M.

Thus, date 1 monetary changes that were neutral in previous Section
6.2 remain neutral. Date 0 monetary changes are not, however, neutral,
as we will now show. Since the effect of a change in Mdepends funda-
mentally on income effects, we need the extension of the Slutsky analysis
of consumer demand to the case of incomplete markets. This can be ob-
tained as follows.

Slutsky analysis. Consider the first-order conditions for an agent with a

budget set given by (28)
D u'=y'd, @(xf—wi)=[70°].

Differentiating gives (i=,...,I)

) dq)T‘uiT .
I dx! ; ; Dz,-u‘ “@T

J’[d#”]z dé(xi—w")—{d%} where J’=[ _Xq> 0 ] [C3))

0
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It can be shown that J/ ig invertible. Writing the inverse in block form
similar to that used for J' gives
Al Ag]
Ay Ay ]
where A{is nx nand A}is nx (S+1). The following properties analogous

to those in standard consumer demand theory are readily derived (see
Balasko and Cass, 1991):

[Ji]—l= [

(i) The Slutsky matrix Al is symmetric, rank Ai=n—(S+1—(J+K))
and

ker Al =(®7).
(it) The matrix of income effects satisfies — P A% = Is+1—(01+1<).
Since [J/]7! exists, solving from (41) gives
dx'=A{de" T+ ALd®(x'—w') = APdvi, (42)

where A"O,.the first column of A%, gives the effect on consumption of a
change dv in the present value of consumer i’s wealth,

Theorem 4 (Real effects of unanticipated monetary changes). Let As-
sumptions A to E hold and let (&,7,M)el.

(i) Ifz§=0, then
(dx,dy)=(Dgx,Dyy)dM =0, vdM=(dM,,0)#O0.

(i) If(a) Ef=1(NoZ<’>'")A§°¢Q, (b) K<I'sJ,(c) (2§, i€ ) are lin-
early independent, (d) E/’=IR", j=1,...,J, then (i) holds with
dy=0.

Proof: (i) As in the proof of Theorem 3(i), dx!= 0 implies dP is pro-
portionzil to_P. Differentiating the date 0 monetary equation gives dP =
(dM, /A:[O)P and differentiating the date s monetary equation gives dg, =
(dMo/M)B;, s=1,..., S. Thus, the subspace L and, hence, the matrix O
in (27) does not change = d$ = (dM,/M,)®. Since

dvo= Mo

(Po(F+7)zy

and

o dM, . .
(d(X =)= M°<Pa<ﬁ+ﬁ))z6’+Noz5',
[0}

and since by property (i) of [J/]7), ker 4] =(®T), (40) implies
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. dM
dx’-—}\—/[——Q(N 2HAR, i=1,...,1. 43)

Since AY¥# 0 by property (ii) of [J/]7!, dx =0 contradicts z§# 0.

(ii) Suppose dy = 0. By the first-order conditions for proﬁt maximiza-
tion, there exists «; # 0 such that a;n/(3/) = £{_, z{/(7'®). Differentiat-
ing gives

Lo ) o
> zi(dvi®+ Vd@):da,nf(yf)—f—— T zU(7'®).
i=1 / i=1

The date 0 component implies dPy= (daj/aj)Po and the date O monetary
equation then implies da, /o; = dM /M, so that

1
226j<17id<1>+<dvi—(j‘j_;/[017‘>> 0, j=L..J.
i=] 0

It follows from (c) that 7'd® + (dv'—(dMy/My)7')®=0, Vie 9. Since
there is no loss of generality in assuming that agent 1 lies in 9’ = dP=
(dM,/M,)P. But then dy =0 implies 0= $/_, dy/= Z!_; dx’, which in
view of (43) and the hypothesis in (ii)(a),

! dM
Ed 0 E(N Z//I)A
i=1 0 i=1

leads to a contradiction. O

Remark 5. In view of Theorem 2'(i), the monetary change dM = (dM,, 0)
is equivalent to the monetary change dM = (dM, (dMy/M,) M1): a local
proportional change in all the money supplies has the same real effects as
a local change in the date 0 money supply alone.

Remark 6. There is a well-known case where condition (ii)(a) cannot
hold. When the consumer side of the economy can be represented by a
single consumer, that is, when all agents have identical homothetlc pref—
erences (an example frequemly used in macroeconomics), then A= A9,
i=1,...,1,s0 that $!_, zg'= 0 implies ! (Noz¢') A3=0. This example
is not robust however, to a slight perturbation in the utility functions of
the agents. More generally, if we add a suitable finite dimensional pertur-
bation 6= (8., ..., 87) of the utility functions u = (&', ..., ') to the basic
parameters (w, 7, M), then it can be shown (along the lmes of Geanakop-
los and Polemarchakis, 1986) that generically in (w, 5, 6, M), condition
(ii)(a) holds. Thus, generically, an unanticipated monetary change has
production effects.
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Appendix

Pfroof of Lemma 2: We break the proofs of (i) and (ii) into a sequence
of steps.

Step 1. To simplify notation, we drop the subscript and let B1=48 and
N1=N. We show that for fixed (8, N), the subset of the Grassmanian
G/+X(RS) defined by

G (RS)={Le G/*X(RS)|L D([BIN)}

is diffeomorphic to G/(IRS~X).

Let {e!,..., 5} denote the standard basis of RS, and let {N, ..., N¥X,
NX+1 ., N} be another basis for RS, where N, ..., NX are the K col-
umns of N and N¥+1 ... NSare S— K vectors of RS that span (N>, Let
Ni=[NK+ | NS] denote the associated Sx (S~ K) matrix. It is clear
that for any Be RS ., the columns of the matrix [[BIN, [B]7IN*] form a
basis for IRS, since ([8]~INLy=([B]N)*. For each L e G”K( RS), there
exists a unique J-dimensional subspace 7in ([8]N)* such that

L=([BIN>®I.

Let §: RS-X - ([B]~'N*) denote the isomorphism that sends the stan-
dard basis of RS~X onto the basis {[8]7'NX*1, ..., [8]"'NS}; then 6 in-
duces a diffeomorphism 7: G/(R5~ ¥) = G’/(((B17!N*)). Thus, there ex-
ists /e G’/(IRS=X) such that (/) =7. By the standard representation of
G/(R5~K), there exists a permutation ¢’ 3 k+1,...,s (the set of permuta-
t;}ons of K+1,...,5) and a unique matrix A'=A_.(/) e RS~K=) gych
that

I={ve[BI'N)| I A')E, [v] =0},

where [ is the (S—K —J) X (§—K ~—J) identity matrix, E . is the permuta-
tion matrix for ¢’, and the vectors v are written v = Z5-K v, [B]INK+
with [v] = (vg,(,..., vg). Whenever {M,,..., Ms_k_,} is a basis for the
subspace of ([B]N)*, orthogonal to 7, then {IMy, ..., Mg_g_,} is a basis
for L* in IRS (see Figure 3).

Thus, if we write

(BIN' - [BINK [BITINKTT o [B]TINS
Ml O e 0
: N | Ay)E, :
Mg_yx_ ;0L 0 0

then L can be represented as
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—< [f] N>

< [BI N>
Figure 3. Geometry of subspaces (S=3, K=J=1).

L={veR*[0|[/|A;1E,][v]gn=0], (A.1)

where [v] gy denotes the coordinates of v in the basis {[BIN, ..., [BINK,
[B17'NK+1 ... [B]7'N3]. Thus, if we let

B(8,N)=[(BIN, [B1"'N*]7! (A.2)
denote the matrix for the change of basis, then L can be written as

L={veR5|Q,v=0]} (A.3)
where

Q,=[0|{I| A, 1E,1B(B,N) (A.4)

Step 2. Let fi(P,y,L;w,n), i=1,...,1, denote the consumer demand
functions induced by Definition 2(i) and let g/(P, y, L; w, 1), j= 1,....,J,
denote the producer supply functions induced by Deﬁnmox} 2(ii). To ex-
press all pseudoequilibria as solutions of a system of equat{ons, we con-
sider for each permutation o’ £, .. s a system of equations
Fu'(Ps.y’A/’ 6];‘0, 7I,M)=O,
where the unknowns are the “prices” (P, y, A’, 81) that lie in the price
space
E=R", xRYxR/S-KIxRE,

and the parameters (w, 7, M) lie in the parameter Q x M. The functions
F,: @xQxM-R"')xRx RS*+!xR/GS-K=)
are defined by
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[ e .
2 (SUP,y LBy, A3 w,m) =) —

J

(P +3)=0, (i)
1

g(P,y, LB, A);w,m)—yi=0, j=1,...,J, (ii)

P0< wot X né)—Mo=0, (iii) (A.5)
i=1 Jj=1

Ps< wi+ S (ysf+nsf)>—-BsMS=0, s=1,...,S, (iv)
i=1 j=1

Q. (B, AV P1o(y{+2{)=0, j=1,...,J, V)

where L(B1,A’) and Q,(8,, A’) are defined by (A.3) and (A.4) and Sflis
the truncated demand function obtained from f* by omitting the demand
for good 1 in state 0. The proof that

rank(D,, , yF,)=n—-1+nJ+S+1+J(S—-K-J)

is straightforward and left to the reader. A standard argument based on
Sard’s Theorem proves that there exists a generic set I' C @ x 9 such that
for each (w, n, M) € T, there is at most a finite number of pseudoequilib-
ria, each of which is locally a smooth function of the parameters. This
completes the proof of (i).

Step 3. We show that for a generic set '”C I, all pseudoequilibria sat-
isfy rank[P10(y1+71)]=J. If the rank is less than J, then there exist
(atyy ..., y) € 8/~ 1 (the J—1 dimensional sphere) such that

J . , J . R
2 o P1o(y{+n{)=0e 3 o;B(B, N)P1o(y{+2{)=0
j=1 i=1

J S
e 3 o;[P1a(y{+n{)gn=0.
j=1

Let o’ =identity, so that E,. = I. For a vector v € RS, make the decompo-
sition [v] gy = [v],4 [V]s, V], (viewed as a column vector) so as to be con-
formable with the matrix [0|[/]A’]] in (A.1). If a pseudoequilibrium is
such that rank[P0(y{+1{)] <J, then the system of equations

Fo(P,y, A, B150,7, M) =0, (A.5)
J . ,
2 o[Pio(y{+1{).=0 (A.6)

i=1
in the unknowns (P, y, A, 81, @) must have a solution. Since equations
(A.6) introduce more equations (J) than new unknowns (J—1), the overall
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system, equations (A.5) and (A.6), generically has no solu}ion if each
equation in (A.6) can be locally controlled without affecting the oth-
ers. To control equation k in (A.6), we pick a vector ve RS such that
[(v],=0, [v].=(0,..., 1,...,0) (1 in the kth component) and [v], such }hat
(0][7]A']][v]gn=0. For some j, c; # 0. Pick dn{ such that B(Pjodyj) =
[vlgn and dn({ such that P-dy/=0. If we let dw'=—dy’, then all t/h_e
equations except for the kth equation in (A.6) are unchanged. Whep o' is
not the identity, the decomposition of [v] gy is made conformably with ¢”.
By running over all the permutations ¢’€ Tk, s and applying the stan-
dard transversality argument in each case, we obtain the desired set I'”.

Step 4. We show that for a generic set I' CT'”, all pseudoequ.ilibria satisfy
(P1o(y1+m)NBIND =10} & P1o(y{ +n{) €<BIND, j=1,....J. If
at a pseudoequilibrium, PID(ylj + nl’) € (B1Ny) for some j, then the sys-
tem of equations

Fg'(P,)’,A',Bl;w,ﬂ,M)=O, (AS)
[P1o(¥{+7{)1,=0, (A.7)
[P1o(y{+n{)]=0 (A.8)

has a solution for some o’€ Tx,, . s. Since (A.7) and (A.8) introduce
new equations but no new unknowns, the system, equations (A.S), (A7),
and (A.8), generically has no solution if one of the equation§ in (A.?) or
(A.8) can be locally controlled without perturbing (A.5). This is straight-
forward to show. A standard transversality argument then leads to the
desired generic set T". O

PrOOf Of Lemma 3: Since Flm(x-i_wi)ez’ there exist -z-i=(2"i, Z”i)
such that for i=1,...,1,

Pio(x]-w])=[Po(r +7D1Z +[[B1IN11Z". . (A9

Let (i}, ..., ix) denote a K-element subset of {1,..., I}, let [Z] ¢ and [2”]_K
denote the induced JXx K and K x K matrices, respectively, of portfolio
holdings, and let [Pjo(%]—W})]x denote the SXK matrix of excess ex-
penditures for these K agents; then (A.9) implies

[Pyo (- W)= [Py +ADIE e =11BNZ" i

It remains to prove the existence of a generic set ['*c I'such that [Z"]k is
invertible for every K-element subset of {1,..., I}. Suppose that for some
K-element subset rank[Z”]x < K, then there exists ¢ € $X-1such that the
system of equations

Fg'(P,y,A/,ﬁl;w,"l,M)=0, (A'S)
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'K
S a;77=0 (A.10)

i=1i
in the unknowns (P, y, A’, 81, @) must have a solution. Again, since equa-
tions (A.10) introduce more equations (K) than unknowns (K —1), the
overall system, equations (A.5) and (A.10), generically has no solution if
each of the equations in (A.10) can be locally controlled without affecting
the others. To control equation & in (A.10), let i, be such that a; #0.To
induce a one-unit change in agent /,’s demand for nominal asset k, dz”/1 =
(0,...,1,...,0), consider a change dw,/ such that P,dw/i= —B,N,dz"",
s=1,...,8, Pydwii+3Z3_,P,dwii=0. Choose a new agent ix,, ¢

{i1, ..., ix} and set dw'k+1= —dw'i to restore the equation of equilibrium
(A.5). 4
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