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Abstract

This paper studies sequence economies over an infinite horizon with general security
structures. Assumptions are given under which a pseudo-equilibrium exists for all economies
and an equilibrium exists for a dense set of (appropriately parameterized) economies. Under
these assumptions the indebtedness of the agents in equilibrium can be limited either by an
explicit bound on their debts or by a transversality condition limiting the asymptotic growth
of their debts. The qualitative properties of equilibrium prices of infinite-lived securities are
studied: the prices of infinite-lived securities in zero net supply are shown to permit
speculative bubbles and the existence of bubbles can affect the equilibrium allocation. The
prices of securities in positive supply (equity contracts) cannot have speculative bubbles:
the extent of speculation in this class of model is thus severely limited.

JEL classification: D52

Keywords: Speculative bubbles; Incomplete markets; Infinite-lived securities

1. Introduction

Sequence economies over an infinite horizon form the basic framework for
modem theoretical macroeconomics. The models are of two kinds: in the first,
agents (families) are finitely lived and are succeeded by their children in an
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infinite sequence of overlapping generations (OLG); in the second, there are a
finite number of families (dynasties) that are infinitely lived. The latter model,
which is the focus of this paper, has mainly been explored in the representative
agent case: while this simplifies the analysis it also limits the insights that can be
obtained; in a representative agent model of an exchange economy, the equilib-
rium allocation is given by the initial resources and no change in the structure of
the markets or in the monetary environment can have real effects. It is for this
reason that the general equilibrium analysis of sequence economies with incom-
plete markets has been the subject of much recent research — this class of models
being referred to more briefly as general equilibrium with incomplete markets
(GEI). ! The analysis of the GEI model, which promises to provide a rich
framework for the analysis of problems in macroeconomics, has, however, so far
been restricted to the somewhat ad hoc setting of a finite horizon.

In a companion paper (Magill and Quinzii, 1994) we showed how the concept
of a GEI equi:ibrium can be extended to an infinite horizon economy. The new
element that reeds to be incorporated into the definition of an equilibrium is a
device to prevent agents from indefinitely postponing the repayment of their debts
(so-called Ponzi schemes). We showed how the two traditional approaches for
deterministic economies based either on borrowing constraints or a transversality
condition can be extended to a model with incomplete markets. An equilibrium
with debt constraints is a simple and intuitively appealing descriptive concept of
equilibrium: an equilibrium with a transversality condition is, in principle, more
general and is more natural for theoretical (mathematical) analysis; however, some
economists may find it hard to accept as a positive concept of equilibrium since it
calls for substantial rationality on the part of agents. Under the assumption (B.4)
that agents have a uniform lower bound on their degree of impatience at each
date-event - defined as the proportion of future consumption that an agent is ready
to give up in order to have one more unii of consumption (of the numeraire good)
at that date-event ~ these two types of equilibria were shown to coincide. Thus,
equilibria with transversality conditions, which are more convenient for studying
existence and qualitative properties, can be used to study the descriptively more
satisfactory concept of equilibrium with debt constraints.

The Magill and Quinzii (1994) paper is restricted to the simplest setting of an
economy with short-lived securities paying dividends in a numeraire good. The
object of the present paper is to extend the analysis to general security structures
with the emphasis on the case of infinite-lived securities. The first task is to find
conditions under which an equilibrium exists: even in the case of finite horizon
economies it is well known since Hart’s (1975) paper that discontinuities in

! See the Special Issue of the Journal of Mathematical Economics on General Equilibrium with
Incomplete Markets (vol. 19, no. 1, 19%0) and the survey articles of Geanakoplos (1990) and Magill
and Shafer (1991).
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agents’ demands created by changes in the rank of the returns matrices can lead to
non-existence of equilibrium. The method used in the recent GEI literature to
circumvent th's problem consists of introducing the concept of a pseudo-equi-
librium: such an equilibrium is shown to exist for all economies and for a generic
set of economies every pseudo-equilibrium is shown to be an equilibrium (see
Duffie and Shafer, 1985, 1986). To extend this approach to the infinite horizon
case we adopt a simpler and more intuitive approach to represent a pseudo-equi-
librium of an economy with long-lived securities that amounts to adjoining to the
economy a family of potentially equivalent short-lived numeraire assets. This
enables us to draw on the arguments in the earlier paper (Magill and Quinzii,
1994) to establish the existence of a pseudo-equilibrium, the proof being obtained
by taking limits of pseudo-equilibria of truncated economies. It is here that the
techniques introduced by Bewley (1972) for establishing the existence of an
Arrow—Debreu equilibrium over an infinite horizon turn cut to be most fruitful.
For the price of an infinite-lived security (when it is priced at its fundamental
value) is the discounted value of its future dividend stream — an expression with
an infinite number of terms. The problem of convergence is solved by viewing the
present value prices as elements of the norm dual of Z, (the space ba of bounded
finitely additive set functions), the convergence being taken in the weak star
topology. Mackey continuity of agents’ preference orderings is then used to
establish that the limit prices are summable.

The existence of an equilibrium for a dense set of security payoffs is obtained
by showing that whenever a pseudo-equilibrium offers a larger subspace of
income transfers than the original securities, the commodity payoffs can be
perturbed so as to make these subspaces coincide. This result is weaker than the
existence result for finite horizon economies, which establishes existence for a
generic set of economies. However, we have not found a way to use Smale’s
version of Sard’s theorem for infinite dimensional spaces to establish existence for
a generic set of economies: this must be the subject of later research.

Since the equilibria exhibited in the existence proof are obtained by taking
limits of equilibria (pseudo-equilibria) of truncated economies, they have the
property that all securities are priced at wieir fundamental values. It is natural to
enquire whether this property holds for all possible equilibria: since no terminal
condition can automatically be attached to the system of stochastic difference
equations that must be satisfied by a security price (the first-order conditions for
the portfolio choicc of each agent), it is not a priori clear that the price of an
infinite-lived security will equal its fundamental value.

The phenomenon of speculative bubbles has been the subject of much interest
in macroeconomics (see Blanchard and Fischer, 1989, ch. 5). It is soretimes
argued that hubbles cannot arise in an economy with a finite number of infinite-
lived agents: in Section 6 we show that this siatement needs to be qualified. As in
Tirole (1982) and Santos and Woodford (1992) we find that there cannot be a
speculative bubble on infinite-lived securities in positive net supply: since equity
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contracts constitute a significant segment of the capital market, this places a bound
on the extent to which the model predicts the occurrence oi speculation. However,
the prices of infinite-lived securities in zero net supply behave quite differently:
they admit substantial amounts of speculation. We show that a speculative bubble
can always be added to the price of such a security without affecting the real
equilibrium allocation. There is thus a significant nominal indeterminacy in the
prices of infinite-lived securities in zero net supply. However, there is a qualitative
difference between speculative bubbles that can arise in an equilibrium depending
on whether the markets are complete or incomplete. If the markets are complete,
then speculative bubbles only introduce a nominal indeterminacy; if the markets
are incomplete, then a speculative bubble can have a real effect in the sense that
the same equilibrium allocation cannot be supported by a system of prices such
that each security is priced at its fundamental value.

2. The infinite horizon economy

We consider an economy with time and uncertainty over an infinite horizon.
Let T={0, 1,...} denote the set of time periods and let S be a set of states of
nature. The revelation of information is described by a sequence of partitions of S,
F=(Fp, Fy,...,F,...), where the number of subsets in F, is finite and F, is finer
than the partition F,_, (ie. c€F, o' €F,_,=0C0o’ or oNa’ =§) for all
t2 1. At date 0 we assume that there is no information so that F,=S. The
information available at time ¢ (for ¢ € T) is assumed to be the same for all agents
in the economy (symmetric information) and is described by the subset o of the
partition F, in which the state of nature lies. A pair é=(¢, o) with r€ T and
o €F, is called a date-event or node and t(¢) =t is the date of node £. The set
D consisting of all date events (or nodes) is called the event tree induced by F,
D=U,cryert, o).

A node ¢' = (7, ') is said to succeed (strictly) a node ¢=(r, o) if ¢ > #(¢
>t)and o’ Co; we write £’ > £(&' > £). The set of nodes that succeeds a node
€€ D is called the subtree D(£) and D*( &)= (¢ € D(¢)| &' > &) is the set of
strict successors of £. The subset of nodes of D(¢) at date T is denoted by
D.(§) and the subset of nodes between dates t(£) and T by D7(¢):

D:(§)=(&'€D(£)I1(¢)=T),
DT(¢)={&'eD(£)|e(£) <e(¢') <T).

When ¢ is the initial node (denoted by &,) the notation is simplified to
D*, D, D".

§'={&'€D(&)|e(¢')=1(£)+1} is the set of immediate successors of £.
The number of elements of £* is finite and is called the branching number b(¢)
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at E(b(&) = #£7).1f é= (1, o), with £ > 1, then the unique node £ =(z— 1, o)
with 0 C o’ is called the predecessor of &.

The economy consists of a finite collection of infinitely-lived consumers
(families) I={1,..., I} who purchase commodities on spot markets and trade
securities at every node in the event tree D described above. There is a set
L={1,..., L} of commodities at each node: the set consisting of all commodities
indexed over the event tree is thus:

DxL={(¢ /) ¢éeD, ZeL).

Let R2*L denote the vector space of all maps x: DXL — R and let Z(D X L)
denote the subspace of R?** consisting of all bounded maps (sequences):

Z(DXL)= {xe RPXL|  sup |x(&, 7)) <oc}.
(&, 2)EDXL

The norm || - || of Z(D X L) is defined by || x| = Sup ;. sye pxr | X(&, ).
As in Bewley (1972) we take the commodity space to be Z(D X L). Each agent
i €I has an initial endowment process given by o' = (w'(¢, 7), (€, /)eD X
L) which is assumed to lie in the non-negative orthant 2 (D X L). Let w'(£)=
(0(&, ), Z€ L) € R* denote the agent’s endowment of the L goods at node £.
Agent i chooses a consumption process x' = (x'(¢, /), (€, /) € D X L), which
must lie in his consumption set X =/ (D X L), x'(¢)=(x'(¢, /), /eL)e
R% denotes the agent’s consumption at node ¢. Note that this description of the
commodity space assumes that each good is perfectly divisible and is perishable
(no storable or durable goods) and that the supply of goods does not grow without
bound. The agent’s preference among consumption processes in X' is expressed
by a preference ordering x |.

At each date event there are spot markets on which the L commodities are
traded. Let

p=(p(§. 7). (£ /) eDXL) eRP,

denote the spot price process and let p(£)=(p(¢, Z), Z€ L) denote the vector
of spot prices for the L goods at node £. At each node £, good 1 plays the role of
numeraire good:

p(§,.1)=1, VEED, (2.1)

so that all payments are denominated in units of good 1.

In this paper we consider the class of real securities: a financial asset is said to
be a real security if its return at each node £ (after its node of issue) is the value
under the spot prices at node £ of a specified bundle of the L goods. As is well
known, a model with nominal securities can be converted into a family of models
with real securities (see Geanakoplos and Mas-Colell, 1¢89). Let J denote the set
of (real) securities. Security j€ J is issued at node &(j) € D and promises to
deliver a dividend process { p(£) A(¢, j) € R| £€ D*(£())} at all nodes strictly
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succeeding its node of issue £(j), which is the value of a bundle A(¢, j)=
(A(E, 2, j), /€ L) € RE of the L commodities under the spot prices p(£). A
maturity node of a security is a node (after its node of issue) beyond which it
makes no payment (i.e. ¢ € D(&( ) is a maturity node of security j if AC£, j)#0
and A(&', j)=0, V&' > £). A security is first traded at its node of issue and is
always retraded until the predecessor of a maturity ncde: a security is usually not
retraded after a maturity node is reached, but in some circumstances (which are
discussed later) this will be permitted. Security j with node of issue &= &(j) is
said to be short-lived if it is traded only at its node of issue and pays dividends
only at the immediate successors of this node, namely if A(&', ) =0, VE' &
£*(j). In all other cases security j is said to be long-lived. A security whose
commodity payoff is exclusively in good 1 (A(¢, Z, j)=0if Z+ 1) is called a
numeraire security. A security that is traded at every node after its node of issue is
said to be infinite-lived.

The set of traded securities at node ¢ is denoted by J(&): it includes all
securities issued at or before node & which have not yet reached a maturity node

J(£) (e £(j) < £ and 3¢’ > ¢ with A(&', j)#0}. (22)

As indicated above it is sometimes of interest to include in J(&) securities that
have already matured. In all circumstances, however, we assume that for each
node £€D, the number of traded securities &)= #J(E) is finite. It is
convenient to extend the definition of the commodity payoff of each security j
from its subtree D*( £(j)) to the whole event tree D by defining A(&, j) = 0 for
all £&€D*(&(/)). Let

A(§)=(A(¢,)), jeJ), A=(A(§),£€D)

denote the commodity payoffs of all securities at node ¢ and the commodity
payoff process of the securities. Note that A(¢) has at most a finite number of
non-zero components.

Definition 2.1. A security structure & = (J, (§(j));e 5, (J(€)); ¢ p, A) consists
of a set of securities J, a node of issue £( j) for each security j € J, a set of traded
securities J(£) CJ at each node £¢€ D and a commodity payoff process A €
R2*LXJ for the securities, which satisfy the following consistency conditions:
() ACE, )=0if ¢&D*(£()))
(i) E&€D(E())=jeJ(E);

(i) ()< €& and jEJ(E)=>jeI(¢), VE 2 €&,

(iv) (2.2) holds.

Conditions (i) and (ii) assert that a security which has not yet been issued
cannot pay a dividend and cannot be traded. (iii) asserts that once a security ceases
to be traded, it is never retraded. (iv) states thai all ‘active’ securities which have
not yet reached a maturity node are traded.
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If jEJ(£), then let g(£, j) denote the price of one unit of security j after its
dividend at node £ has been paid. It is convenient to define the price process of
each security j on the whole event tree D by setting g(£, j) =0 if j& J(£). Let

q(€)=(q(§, ). j€eJ), q=(q9(¢). é€D)eQ

denote the vector of security prices at node ¢ and the security price process,
where Q={qeR?*/|q(¢&, j)=0if j&J(£)} denotes the space of security
prices.

Let z'(&, j) € R denote the number of units of the jth security purchased (if
Z'(¢, j)>0) or sold (if z'(£, j)<0) by agent i at node &: each security is
assumed to be perfectly divisible and can be bought and sold in unlimited amounts
(no short-sales constraints). If security j is not traded at node &, then we adopt the
convention z'( &, j)=0. Let

Z(€)=(Z'(¢, ). i€l), '=(Z(§), éeD)ex

denote the agent’s portfolio at node £ and his portfolio process (trading strategy),
where 2" = {z' e R?*J | zi(&, ) =0if j&J(£)} is the portfolio space.

If ==(xz,,....,z) and w=(w',..., »') denote the profiles of preference
orderings and endowments of the / agents and & is the security structure, then
&(D, = w, &) denotes the associated economy over the event tree D. The
economy &.(D, = o, &) satisfies the following assumptions.

Assumption Bl (Event-tree). For each node ¢ € D the branching number b(§) =
#& is finite.

Assumption B2 (Endowments)._ There exist scalars m and m' with 0 <m <m'
such that V(&, Z)ED XL, w'(¢, Z)>m,Viel and X, ,0'(¢, Z)<m.

Let Z(DXL) denote the subspace of RP*L consisting of all summable
sequences,

/l(DxL)={PelRDX'~ Y IP(& )] <oo}.

(£,7)EDXL

Recall that the Mackey topology on Z{D X L) is the strongest locally convex
topology such that the dual of Z(D X L) under this topology is #,(D X L). For a
discussion of this topology see Bewley (1972) and Mas-Colell and Zame (1991).

Assumption B3 (Preferences). For i €I, x, is a transitive, reflexive, complete
preference ordering on X' =/ (D X L) which is strictly convex and continuous
in the Mackey topology (i.e. for all ¥ € X', {x'€ X' | x' > | '} is strictly convex
and closed in the Mackey topology and {x' € X* | x' > , %'} is open in the Mackey
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topology). = ; is monotone in the sense that for each x'€X’ and for each
yelI(DXL), x'+yxz ;x'.

To express the next assumption on preferences it is convenient to introduce the
following notation. Let

F={ye/:(DXL|| yll-<n}

be a bounded set which includes as a subset the feasible consumption plans of
each agent. For a subset E C D of nodes let x; denote the characteristic function
of E:

1, if é€E,
XE(§)={O, lf geE’

and for x €/(D X L) define xyy=(x(&, Dx(£), (&, ) eDXL). Let e
ZD X L) denote the process that has all components O except for the component
of good Z at node & which is 1:

1 (&) =(8.2),
eﬁ(g’/)'{o, if (&, 2') % (¢ 7).

Assumption B4 (Uniform lower bound on impatience). There exists 8 < 1 such
that forall iel

t

Assumption B5 (Securities). Every security j€ J is a real security with bounded
commodity payoff A(-, j) &€/ (D X L) and the number of traded securities j( &)
is finite at each node §€ D.

Assumption B6 (Short-lived numeraire bond). At each node £€ D, a security
Je€J(€) is issued which is traded only at this node and has a commodity payoff
of one unit of good 1 at each successor:

) , 1, if¢eé&tand /=1,
A(E'. 7, Jg)= :
( ¢ Je ) {O, otherwise.

Assumptions B1-B6 are essentially the same as Assumptions A1-A6 in Magill
and Quinzii (1994). The main difference is that A3 in Magill and Quinzii (1994)
only requires convexity of agents’ preferred sets, while Assumption B3 requires
that these sets be strictly convex. The reason for this strengthening of the
convexity requirement is as follows. The proof of existence of an equilibrium for
the infinite horizon economy is based on taking limits of equilibria of truncated
finite horizon economies. In the case of short-lived numeraire securities, the
existence of an equilibrium in a finite horizon economy only requires the use of a
standard Kakutani fixed-point argument, which can be applied to an economy in
which agents’ demands are expressed by correspondences. For a finite horizon
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economy with a general security structure, the existence of a (pseudo-) equilibrium
(see Section 4) requires the use of degree arguments and the currently available
results (Duffie and Shafer, 1985, 1986; Husseini et al., 1990; Hirsch et al., 1990)
use degree theory for functions. The proofs thus require that azents have well-de-
fined demand functions — a property ensured by the strict convexity assumption in
B3. It seems likely that the existence of a pseudo-equilibrium for a finite horizon
economy can be extended to the case of demand correspondences, but we will not
enter into such refinements here. B3 invokes only the assumption of weak
monotonicity, but recall that strict convexity and weak monotonicity imply strict
monotonicity with respect to every good at every node.

The assumption that there is a uniform lower bound on the impatience of each
agent (Assumption B4) means that at each node £, each agent is prepared to give
up at least the fraction 1 — 8> 0 of his future consumption plan after node ¢ in
exchange for an additional unit of commodity 1 at that node, 1 — 8 being uniform
across all nodes of the event tree and across all feasible consumption plans. B4
plays an important role in the analysis and is essentially the only new assumption
added to those made by Bewley (1972). Assumptions B3 and B4 are satisfied by a
preference ordering ~ represented by an additively separable utility function,

w(x) = £ p(§)8 O (x(£)), (23)
éeD
where p(§¢) is the probability of ¢ (induced by a probability measure p on the
measurable subsets of S), 8, € (0, 1) is a discount factor and v,:R:*—>R is a
continuous, increasing concave function with v(0) = 0.

3. Definition of an equilibrium

The problem of defining an appropriate concept of an equilibrium for an
infinite horizon sequence economy with incomplete markets has been discussed in
Magill and Quinzii (1994). The simplest concept is that of an equilibrium with
debt constraints: to show that such an equilibrium exists we introduced the more
abstract concept of an equilibriuin with a transversality condition. As we shall see
below, this more abstract concept provides a particularly powerful tool to prove
the existence of an equilibrium for an economy with infinite lived securities.

In an exchange economy, equilibrium concepts differ only by the specification
of the agents’ budget sets. For agent i, faced with the price procrss (p, ¢) €
RP*Lx @, let us consider the following budget sets:

(i) The budget set with an explicit debt constraint M

BY(p,q, 0, ¥)
3z' e, such that VEE D
={x'eXxg(§)(&)z—M
(E)(X'(£) - '(£))=V(£)Z(&)- 4(5)2(5)
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where V(&) = p(€)A(€) + q( &) gives the vector of returns at the successor £ of
the &) securities traded at &~ (ignoring the remaining zero components).
(ii) The budget set with an implicit debt constraint

B2(p, q, 0', )
37 ez, with (¢z') €/,(D)
= { x' € X'buch that Vé€ D ,
(&)(X'(€)—@'(£))=V(£)Z(£) —q(£)Z(§)
where (qz°) = (q(£)Z'(¢), é€ D).

(iii) The budget set with a transversality condition
BC(p, g, 7', &, ¥)
Az €%, such that Vée D
lim Y 7(£)q(£)2(£)=0

= xiEXi - s
*e'eD (&)

(E)(x'(§) - '(§))=V(£)2'(&) —a(£)2'(§)

where 7/ = (7(£), £€ D) is a process of present value prices.

The first budget set, B, leads to the simplest concept of an equilibrium with
explicit debt constraint M. Since the object of the debt constraint is to eliminate
Ponzi schemes (the indefinite postponement of debt) and not to introduce a new
imperfection over and above the incompleteness of the markets, we do not want
the debt constraints to be binding in an equilibrium. It is clear that if M is chosen
independently of the characteristics of the economy, there will always be some
«conomies for which M is too small and is binding in equilibrium. The budget set
(ii) avoids the bad choice of a bound M by leaving the bound unspecified:
proving that an equilibrium with budget set (ii) exists is thus a convenient way of
proving that there is an appropriate bound M for a given economy such that an
equilibrium with budget set (i) exists in which the bound M is never binding. The
requirement that the constraints that prevent Ponzi schemes be non-binding is also
emphasized in the approach of Levine and Zame (1996).

If the present value process 7 is summable (7‘ €/ (D)), then condition (iii),
that the asymptotic present value of debt tends to zero on any subtree, is a weaker
restriction than a debt constraint. By showing that an equilibrium with budget set
(iii) exists, where 7' is the present value process of agent i at equilibrium, we
will show that an equilibrium with budget set (ii) exists.

If (x', z') is a consumption-portfolio plan for agent i satisfying the constraints
in the budget set %, (where an asterisk takes the place of the superscript
indicating the type of constraint involved in the budget set), then z‘ is said to
finance x' and we write (x; z') €8, (p, q, o', ). (F'; 7') is said to be =,
maximal in &, (p, g, o', &) if 7' finances X' and X' ,x' for all (x'; z) &
B, (p, q, ', &).
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The debt constrained budget sets . and BLC lead to the following equilib-
rium concepts.

Definition 3.1. An equilibrium with implicit debt constraint (resp. with explicit
debt constraint M) of the economy &(D = w, &) is a pair

((%,2),(p,q)) €4 (DXLXI)XZ'x R?*L x 0,

where (%, 2) =(®',..., %, Z',..., Z"), such that
@ (3% z9) is x,; maximal in BPY(p, 7, o', &) (resp. in
BM(p, g, w', &), foreach i1,
(") Z,‘e ’(}i - wi)= 07
(i) £,c 7' =0.

The transversality conditions in the budget set %) require that on every
subtree the present value of an agent’s debt be asymptotically zero. However,
when markets are incomplete there is no objective present value vector (which can
be deduced from the market prices ( p, §)) for evaluating an agent’s indebtedness.
For this reason we use agent i’s present value vector 7' to evaluate the
asymptotic value of his debt. The implicit prices (7 ), , must thus be added to
the objective market prices ( p, g) to define an equilibrium with the transversality
condition.

Definition 3.2. An equilibrium with the transversality condition (a TC equilib-
rium) of the economy &(D, x, w, &) is a pair

((3.2). (7. §. (F)ie1))
€/ (DXLXI)XZ'XRP*Ex g%/ (DXI)

such that
(i) (x; z)is =, maximal in &J°(p, g, 7', o', &), foreach i € I;
(ii) for each i€l o
(@) #(¢)>0, VEeD, and P'e/H(DXL), where P'=(Pi(¢), (€
D)= (7'(¢)p(¢), E€D), 3
(b) X' is >, maximal in (P, 0)={x'€X'|P(x' - 0') g0},
(@ T(EGE, j)=Lpe T (ENPLENACE, ) +q(E', ), VjE

J(&), VEED;
(i) L, ,(F — ) =0,
(iv) e,z =0.

Remark. Condition (ii) characterizes the equilibrium present value vector 7' of
agent i. (b) and (c) express the fact that if 77‘(£) is the multiplier associated with
the budget equation for node ¢ (for all £ € D), then the first-order conditions with
respect to x' and z' are satisfied. Mackey continuity of the agent’s preference
ordering implies that P’ lies in Z,(D X L), the condition required in (a).
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4. Existence of a pseudo-equilibrium

Equilibria with the debt constraint and transversality conditions are two ways of
extending the notion of an equilibrium with incomplete markets for a finite
horizon economy (often called a GEI equilibrium) to an infinite horizon. As is
well known, even for a finite horizon economy a GEI equilibrium may not exist.
The problem arises from the fact that at a node & the dimension of the subspace of
R*¢) spanned by the columns of the b( £) X { &) returns matrix,

V( §+) = [V( §’! .])] fegt T [P( gl)A(E'a j) +q( gr’ j)}g'c_g* s (41)

jeJ(g) jeJ(&)

can change when prices (p(£'), g(£')), ¢ .+ vary. This creates discontinuities in
agents’ demands which may lead to the non-existence of a GEI equilibrium. The
way to circumvent this problem, adopted in the recent literature, is to introduce the
concept of a pseudo-equilibrium: our objective is to show how this approach can
be extended to the infinite horizon case. In this section we show that a pseudo-
equilibrium exists for all infinite horizon economies; in the next section it will be
shown that ‘for most’ economies a pseudo-equilibrium is a TC equilibrium. The
statement ‘for most’ economies will mean ior a dense rather than a geneiic set of
economies, so that the existence result is weaker than in the finite horizon case.

The idea of a pseudo-equilibrium is as follows: typically if j( &) securities are
traded at a node ¢ which has b( &) successors, then the rank of the returns matrix
V(&Y) in (4.1) is

a( ) =min(b(£), j(£)). (4.2)

However, for some prices (p, ¢) the rank may fall. This statement presupposes
that the securities traded at node & have non-trivial dividends and/or capital
values at the immediate successors of £. In this section we consider only
equilibria in which securities with zero dividends have a zero capital value
(securities are priced at their fundamental values). There is thus no loss of
generality in assuming that once a security has matured, it is no longer traded.
This amounts to modifying (2.2) to

J(E)={j€J£(j) <& and 3¢’ > £ with A(E', j) #0}. (43)

A pseudo-equilibrium is an equilibrium of an economy in which agents are given
an artificial subspace of income transfers of dimension a(£) at node ¢ which
contains the subspace of transfers achievable with the existing securities — but
wiiich is larger when the matrix V(£*) has rank less than a(£).

In the analysis of finite horizon economies, a pseudo-equilibrium is defined
using a vector of discounted date O prices and an abstract subspace at each node.
The subspaces are parameterized in a way that is convenient to prove existence.
Here we adopt an alternative representation which is more convenient for the
passage to the limit from the finite to the infinite case: this representation consists
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in defining the artificial subspace at each node by an orthogonal basis which may
be interpreted as the returns of a(£) short-lived numeraire securities issued at
node £.

Definition 4.1. I = (K, (£(k)) < x> (K(€)); e p, I') is an artificial short-lived
numeraire security structure of subspace dimensions (a(§)); ¢ p if

(i) K= U ,cpK(&), where K(£) consists of a(£) short-lived numeraire
securities issued at node &:

kEK(E)=&(k)=¢ and T(&,7,k)=0, if &&¢or 7+ 1;

(ii) at each node £ the returns of the securities issued at node & are pairwise
orthogonal:

Y F(&,1,k)I(&,1,K)=0, Vk, K €K(£), k+k;
§ve§+
(iii) the payoff on each security is non-zero and is normalized so that
gmax IC(&,1,k)|=1, VkeK(&),VEED.
le§+

Using a short-lived security structure %7 to describe the artificial subspaces of
income transfers available to agents leads to the following definition of a
pseudo-equilibrium. Note that if V is an n X k matrix, then (V) will denote the
subspace of R" spanned by the k columns of V.

Definition 4.2. (%, 7), (B, b, ('),<,)) is a pseudo-equilibrium of the economy
&(D, = o, &) if there is an artificial short-lived numeraire security structure .z’
with subspace dimensions (a(£)); < p given by (4.2) such that

Q) (%, 7), (B, p, 7", ,)) is a TC equilibrium for £(D, =, w, Z);

(ii) there exists § € R?*/ such that

g(¢, Jj) = ;_T—,(]—g)-g’emé)?r"(f’)ﬁ( §')A(ES ),
VjeJ(¢),VéeD,Yiel; (4.4)
(iii)
<[17(§')A(§', ) +a(€, j)]gfeg+> c <[F(f', L k)] pegr >
jeJE) keK(E)
vée D. (4.5)

If, in a pseudoequilibrium, the returns matrix of the original security structure
& has maximal rank a(¢) at each node £ € D, then the inclusion in (4.5) is an
equality. In this case trading in the artificial securities gives each agent access to
the same opportunity set as trading in the original securities. Thus when the rank
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condition in (4.6) below is satisfied, up to converting the portfolios and security
prices from the artificial to the original securities, a pseudo-equilibrium is a TC
equilibrium.

Proposition4.3. If (%, ¥), (P, p, (7)< ;) is a pseudo-equilibrium of & D, x= ,
o, &) that satisfies

rank [ B(&') ACE', j) +3(€', )] pee =a(€), VEED, (4.6)
jeJ(E)

where G is defined by (4.4), then there exists a vector of portfolios for the agents
z=(z'...,2") such that (X, 2),(p, q,(@");c;) is a TC equilibrium of
gD, = v, ¥).

Proof. By (4.4),VjeJ(¢),VéeD, Viel:

7'(£)q(§. J)
1
= L @(E)P(ENVAE . D+ L BE)AE,))
§'E§+ w § )EI'GD+(§')
= X #(E)WV(E, ),
§'6§+

which can be written as 7T'(¢)g(€) = T(EHV(EY), where Ti(&H) =

F'(¢'), &' € £), denotes agent i’s b(£) row vector of present value prices at

the successors ¢*. Let I'(¢%) =[I'(¢, 1, K, e, then by (4.5) and (4.6):
(V(€))=(T(¢)), VéeD.

This implies that the &-budget set &,°(p, g, 7', o', &) and the #-budget set
BI(p, p, 7', w', ) are the same. Note that if z'(£) and y'(£) are portfolios
generating the same income transfer

V(") 2'(§) =T (£)7'(€), (4.7)

M ’
ke K(é)

then
T(E)G(E)Z(&) =T (EIWV(ENVI(E)=T(E)T(£)Y'(§)
=7(£)p(£)7'(€)

so that they have the same cost. Thus, since every trading strategy y' in the
J-budget set has an equivalent trading strategy z’ in the /-budget and con-
versely, the two budget sets coincide. Let Z' be a trading strategy in the &/-budget
set corresponding to ' in the Z-budget set for i =2,...,/ and let z' =X/_, 7",
It is easy to check that (%, 2), (P, 4, ('), ,)) is a TC cquilibrium of £(D, =,
o, &). O
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We now prove the main theorem of tais section.

Theorem 4.4. Each economy &{D, =, w, &) that satisfies Assumptions B1-B6
has a pseudo-equilibrium.

Proof. The theorem will be proved by taking limits of pseudo-equilibria of
truncated economies in which trade stops at some finite date. '

Let &(D, =, w, &)) be an infinite horizon economy: the associated 7-trun-
cated economy & (D, =, w, &)) is the economy with the same characteristics
as &, in which agents are constrained to stop trading at date T. If (p,, q;) €
R2*L x Q is a commodity and security price process, then the budget set of agent
i in the truncated economy & is defined by

gr(Pr, qr, @', M)

r ez Z/(£)=0, if1(¢)2T
pr(£)(x'(£) - w'(£))
={x'eXx| = (pr(€)A(E) +4T(§))Zi( §)-
—ar(§)2'(§), if(§)<T

L (€)= o'(£), fH(£)>T )
Even though the consumption-portfolio process of an agent is defined over the
whole event tree, a T-truncated economy is essentially a finite horizon economy

with T+ 1 periods since an agent’s consumption-portfolio process is fixed after
date T.

o

Definition 4.6. A GEI equilibrium of the truncated economy &,(D, %, w, &) is
a pair

((%r» 2r)» (Pr» 7)) €24; (DXLXI) X Z'XR?*t X 0

such that
() (%i; z1) is © maximal in B (B, §r, ', &), Vi€l
(i) Z,c , (3 - w)=0;
(i) Z,e; Z5=0;
(iv) p(&)=0,if (£)>T, and G (£)=0,if (£)=T.

Since only the prices of the commodities and securities that are traded in &7
are well determined, (iv) is a natural way to extend these prices to the whole event
tree. Since in an equilibrium of the truncated economy the terminal condition
z(£€)=0 for all &, with {(¢) =T replacing the transversality condition of the
budget set B, the present value vectors of the agents do not appear explicitly in
Definition 4.6. However each agent has a well-defined present value vector in an



148 M. Magill, M. Quinzii / Journal of Mathematical Economics 26 (1996) 133-170

equilibrium of &, defined by the first-order conditions of the agent’s maximiza-
tion problem. When an agent’s preference ordering is represented by a differen-
tiable utility function, then the present value vector is simply the vector of
Lagrange multipliers given by the Kuhn-Tucker Theorem. When the preference
ordering is assumed not to be differentiable (as is the case here), the existence of a
present value vector can be derived by a direct separation argument. In Magill and
Quinzii (1994, lemma 5.6) it is shown that under Assumption B3 if
(%7, Zp), (Br» Gr)) is a GEI equilibrium of &/(D, %, @, &), then each agent
i €1 has a present value vector 7)€ R? satisfying

@ FHE)>0,if HE) ST, and FLE) =0, if (&) >T;

(b) %. is 7 maximal in

Pi(x'— @) <0
B,(P}, o) ={xex! .
(€)=w'(&), ift(E)>T

where Pi=(Pi(¢), é€D)=F(&)p(§), £€D)

(C) ?T';(g)ZIT(‘E’ J) = Zf'eg*%';(g')(ﬁT(gl)A(g” J) + aT(g" J))’ VJ €
J(&), () <T—1.

The following definition is the tinite horizon analog of Definition 4.2.

Definition 4.7. (%7, ¥7)» (Pr» Pr)) is a pseudo-equilibrium of the truncated
economy &(D, =, w, &) if there is an artificial short-lived numeraire security
structure Z; with subspace dimensions (a(¢)), ¢ p, where a(¢)=min(b(¢?,
f &) for £€ D!, such that

(i) ((Z;, ¥;), (Br, Pr)) is a GEI equilibrium for £(D, =, w, Z;);

(ii) if 7, is any positive vector of node prices satisfying

mr(€)P(&) =mr(§T)H(E7), t(€)sT—1, (4.8)
and if g, is defined by

Y mr(€)Pr(§)AE ),

'”T( f) £'eD*(¢)

if jeJ(&), éeD™ !,
0, otherwise,

gr(§. Jj) = (4.9)

then

<[ Pr(&') A, J) +a,( ¢, j)]g'e§+> = <[ (1L K)] pep >
kek(¢)

jeJ(§)

vée D!, (4.10)
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Remark. When (4.10) holds, the definition of g, in (4.9) is independent of the
choice of the vector of node prices 7, satisfying (4.8). This can be seen as
follows:

(&, j)=

(D) 2 T NP AL D+ T(€ )

where (a/, k€ K(¢)) are the coordinates of the vector (pr(£')A(¢', )+
Gr(&', Ny on the basis (I(-, 1, k), k€ K(£)). The reverse calculation
with any other vector of nodes prices (7,(&), £ € DT) satisfying (4.8) leads to
(4.9) using the terminal condition §;(£, )=0if «({)=T.

It follows from the extension of the existence result of Hirsch et al. (1990) to
the multiperiod case % (see Magill and Shafer, 1991, theorem 16) that a pseudo-
equilibrium (%7, ¥;), (B, pr))_of the truncated economy &/(D, =, w, &)
exists for every finite 7. Let Z; denote the associated artificial short-lived
numeraire security structure and let I'; denote its (numeraire) commodity payoff
process. Since (X7, ¥7), (Br, pr)) is a GEI equilibrium of &{(D, z, @, Z7),
it has associated with it jresent value vectors and discounted prices for the agents
(7%, Pi),<, satisfying (a) and (b) above, (c) being replaced by (4.8). 77, and
hence P;, can be normalized by setting

Pil= ¥ Pi(&¢,7)=1, Viel VTEeT, (4.11)
(¢, /)eD"xL

where 1 =(1,...,1,...) €Z(D X L) denotes the vector all the components of
which are equal to 1. Let g, denote the prices of the original securities defined by
(4.9). In view of the remark following Definition 4.7 for each i € I

gr(€,J) = ?Tf(g)g'eg(g)wr(g )Pr(£')ACE", J),
VieJ(¢),VeéeD™ !,

which can be written as

‘—I.T( 6’ .l) =

1 }
?r;(g)P;A("j)X””f)’ VjeJ(¢),VéeD™ ! (4.12)

2 This result cannot be derived from the existence result of Duffic and Shafer (1986) for multiperiod
economies which depends on the differentiability of agents’ demand functions — a property which is
not required here.



150 M. Magill, M. Quinzii / Journal of Mathematical Economics 26 (1996) 123-170

Let e; = (%7, V7> Pr» Pr» (F8)ic 1> 1) denote the actions, prices and payoff
process characterizing the T-period pseudo-equnllbrlum Since X, € R2*Lx! &,
€ RP*J*! etc. e, (and hence the sequence (e;); < 1) lies in a space ¥ which is a
product of Euchdean spaces. The discounted prices (P, i € I); . ; can be viewed
as elements of ba(D X 1.) =/, (D X L), i.e. the norm dual of Z(D X L), consist-
ing of bounded finitely additive set functions on D X L. Let || - || 5, denote the
norm of ba(D X L) and let o(ba, Z,) denote the weak * topology of ba(D X L).

The idea is to take limits of e, in the product topology and of (P}, i €1) in
the o(ba, Z.) topology. In Magill and Quinzii (1994, step 1 in the proof of
theorem 5.1) it is shown that the actions and prices (X, ¥7, Pr» Pr» (@5)ic 1)
can be bounded independently of 7 and that for each £E€ D there exists ¢;> 0
such that 77(€) 2 ¢, Viel, VT E€T. By property (iii) of Definition 4.1 the
commodity payoffs I'; are bounded independently of T, | (¢, 1, k)| <1, Vk
€K, VéeD. It follows from Tychonov’s Theorem that (e;); < r lies in a subset
of Y which is compact in the product topology. Since (4.11) implies || PL || 5o =
1,Viel, VT €T, these prices belong to the unit sphere in ba(D X L) which, by
Alaoglu’s theorem, is compact in the o(ba, ) topology. Thus there exists a
directed net (A, 2) and a subnet {(Pf, i€, A€ (A, 2)} such that P} con-
verges to P’ in the o(ba, Z,) topology, Viel. By extracting an appropriate
subnet, e; converges to e=(X, ¥, P, p. (7)<, T') in the product topology.

It is clear that I" satisfies (i) and (iii) in Definition 4.2 and has a( &) linearly
independent payoffs at each node (¢ € D: let Z(£) denote these securities and let
K=U,cpK(§). Then Z=(K, é(k)icg,(K(€);cp, I') is an artificial
short-lived numeraire security structure with subspace dimensions (a( £ Diep It
jollows from Magill and Quinzii (1994, step 3 in the proof of theorem 5.1) that
(%, %), (P, b, (7", ) is a TC equilibrium of &(D, %, w, ). in particular
it is shown that for each i €1, the limit price P’ lies in /(DX L) and that

Pi(¢, )= w'(&)p(& /), V(& Z)eDXL. Since A(-, j))(u+(§)E/(DXL)
and since PT converges to P’ in the o(ba, Z.) topology,

P}\A( *y J')XD*(g)"’PiA('s j)XD*(g)-

Thus (4.1?) implies that Vie I, Vi J(£), VEE D:

(€, ) PAC, J) Xp+ce)

l
7'(§)

1
—_ . - A% ] A ” . .
Tr'(f)g’eo"(g)w(g )B(€') ACE', ))
Let g(¢, j) denote this limit. Then § = (§(¢&, j), é € D, j € J(£)) satisfies (4.4).

Passing to the limit in (4.10) in the obvious way gives (4.5), and the proof is
complete. 0O
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Remark. Note that it is the fact that, for each agent i €I, the personalized prices
P‘ converge to P’ in the o/(ba, Z,) topology and that the limit price satisfies
P‘E/(DXL) and P(¢, 2)=7(E)p(E, £), V(& Z)eD XL, which en-
ables us to show that each security price qT( Jj) converges to the discounted sum
of its future dividends for each agent. This result seems difficult to obtain using
convergence of the personalized prices in the product topology.

5. Existence of an equilibrium

In this section we show that for an economy with given uncertainty and agent
characteristics (D, x, w) and for given nodes of issue and maturity for the
securities (J, (£(/));< ;, (J(&)); ¢ p) there is a dense set of security payoffs A*
such that for all A€ A* the economy &(D, >, w, &), with ¥ =
(J, (€(i))je ;» (J(£)); ¢ p, A), has a pseudo-equilibrium which is a TC equilib-
rium. To establish such a result we first define a set of admissible security payoffs
compatible with a given set of nodes of issue and maturity. More precisely, let
(J, (€())je 5, (J(E)); < p) be a collection of securities, nodes of issue and
traded securities such that J(&) is finite for all £€D and such that the
consistency conditions (ii) and (iii) in Definition 2.1 are satisfied. The set A of
admissible payoffs for the securities is defined by

( A(&,J)=0, if é£D*(&())) )
£€ D(£(j)) and
A={A€/(DXLXJ)| j&I(£)=A(E, j)=0. V§'>§}

) y_ [1, ifEEE, =1
A€ 7 Je) {O, otherwise

\

The definition of A ensures that each payoff process A € A is compatible with
(J, €())jc 4» (J(§) < p) - in the sense that (i) and (iv) in Definition 2.1 are
satisfied — and that Assumptions B5 and B6 hold.

Since A cZ(D X L X [J), it is natural to endow A with the norm topology, the
norm of a payoff process A being defined by

lAll.= sup lA(E, Z, D).
(£.£.)eDXLX]

Note that A is a closed subset of Z{D X L X J).

/

Theorem 5.1. Under Assumptions B1-B6 there exists a dense subset A™ C A such
that if A€ A", then the Iinfinite horizon economy &J(D, =,
w, ) has an equilibrium with the transversality condition.
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Proof. See the appendix.

The idea of the proof is to show that if we pick a payotf process A€A for
which the rank condition

rank [ B( &) A&, J) +3(£'s )] e =a(£), VEED

jeJ(E)

is not satisfied in a pseudo-equilibrium ((%, ¥), (P, p, (7", ) of &(D, =,
w, &) then for all €> 0, there exists a payoff process A € A in the ball of radius
€ around A such that (X, %), (P, p, (F)),c,) is a pseudo-equilibrium for
&(D, =, w, %)) in which the rank condition is satisfied for A.

? Ay

5.1. Equilibrium with a debt constraint and the transversality condition

For a deterministic sequence economy over an infinite horizon in which there is
a market for short-term borrowing and lending at each date, it has long been
recognized that a concept of equilibrium based on a transversality condition on the
indebtedness of each agent — requiring that an agent’s debt grows asymptotically
slower than the rate of interest — permits the link to be made between the
equilibria of the sequence economy and the Arrow—Debreu equilibria (see, for
example, Kehoe, 1989). The concept of an equilibrium with the transversality
condition in Definition 3.2 provides an extension of this concept to the case of
stochastic economies with incomplete markets. When markets are incomplete there
is no unique present value vector (representing implicit prices of income in the
future) which links the prices of the securities to their future dividends, i.e. which
satisfies

7(£)3(€) = Ln(&)(P(E)AE) +3(£)). VEED.
£e"

For this reason the indebtedness of each agen: is evaluated using his own present
value vector 7' at the equilibrium. Some economists may argue that this makes
the concept of a TC equilibrium somewhat questionable as a descriptive concept
of an equilibrium: since agents are assumed to assess their capacity to postpone
the repayment of their debts (i.e. their capacity to borrow from the market) using
their own present value vector, the concept of an equilibrium is based on
self-monitoring rather than some objective market-based scheme for controlling
the indebtedness of agents.

Even for deterministic economies, macroeconomists have typically been more
comfortable with a concept of equilibrium based on explicit debt constraints. It is
thus of some interest that under Assumption B4 the equilibria of an ecoromy with
implicit debt constraints can be shown to coincide with the equilibria with the
transversality condition. This, in turn, implies that the equilibria can be obtained
by imposing an explicit bound M on the indebtedness of the agents at each node,
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where M can be chosen so that it is never binding. Proposition 5.3 below permits
the advantages of each concept of equilibrium to be retained, since for a
theoretical (mathematical) analysis a TC equilibrium is more natural, while an
equilibrium with a debt constraint is more plausible as a descriptive concept of
equilibrium.

Proposition 5.2. Under Assumption B4, if (%, 2),(p, q,(@),;c,) is a TC
equilibrium of £(D, =, w, %), then (§z°) €/(D) for all i€ I.

Proof. Let (%, 2), (B, g, ("), ;) be a TC equilibrium. Pick any node £€ D
and consider an agent who is a net lender at § ie. g(£)z7(£)=0. Agent i can
consider scaling down his portfolio froin node & onwards, i.e. to change z‘ to 7'
defined by

#(¢), if £€D(E),
BZ(¢), if £eD(E),

where B < 1 is the factor defined by Assumption B4. It is easy to check that this
new portfolio satisfies the transversality conditions

lim ) 7(&)q(€)7(¢)=0
T>2¢rens)

for all_¢€ D. With the trading strategy 7, agent i can consume Xx‘(£) if
£€D(E), auleast Bx'( &) if €€ D*(¢) since

p(§)'(£) +BV(£)Z'(£7) - BF(£)7'(§)
= Bp(£)x'(£) + (1 -B)P(£)w'(£) 2 BP(E)X'(£),

and can increase his consumption of good 1 at node £ by (1 — B)g(€)z'(&)
since

(€)=

B(E)(F(E)+(1-B)F(E)Z(E)ef)
=p(€)w'(€) +V(E)Z'(£) - Ba(£)Z'(£).

By Assumption B4 the increment (1 — B)g(£)Z'(£) to his consumption of good
1 must be less than 1 so that

(8)7(8)20~2(E)2(E) s =5

Since X, ,(£)7'(£) =0, agents who are net borrowers must find net lenders.
Thus
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so that

I-1
-(155)sa0E® s 15 vier

Thus for each agent i €1, (§z') €Z(D). O

Proposition 5.3. Under Assumptions B1-B4, (%, ), (P, §)) is an equilibrium
with an implicit debt constraint of gD, =, 0w, ¥) if and only if there exist
present value vectors ('), such that (X, 2), (P, g, (@"),< ;) is a TC equi-
librium.

Proof. (<) The fact that a TC equilibrium (%, 2), (P, g, (7');<,)) is also an
equilibrium with implicit debt constraints follows from Proposition 5.2. Since for
all iel (3 7)e®P(p, §, o', ¥)CBI(p, §, 7', o', &) and since
(%', z)is 3, maximal in the larger budget set &€, it is =, maximal in BLC.
Thus ((%, z), (P, §)) is an equilibrium with an implicit debt constraint.

(=) The main ideas of the proof are as follows: for a complete proof see
Magill and Quinzii (1993, theorem 5.2). Let ((X, 2), (B, ) be an equilibrium
with an implicit debt constraint. Since ¥’ is %, maximal in ZPC(p, 7, o', &),
a separation argument gives the existence of a price P'€& ba(D X L) which
separates the preferred set #'={x'e€/; (DX L)| x' = ; %}, which has a non-
empty interior in the norm topology, from #P°¢. Mackey continuity of >
implies that P! €/,(D X L). Since B C is defined by linear inequalities, Farkas’
Lemma applied to a sequence of truncated budget sets leads to the existence of a
present value vector 7' € /(D) which is strictly positive by the monotonicity of
> ; and satisfies (a)-(c) in Definition 3.2(ii). Since for each i €1, ¥ €8¢ c
B¢ cB(P', w') and since by the separation argument X' is %, maximal in the
larger set B(P', w'), it is also x; maximal in £JC. Thus
(%, 2),(p, g, 79,< ) is a TC equilibrium. [

Corollary 5.4. Under Assumption B1-B6 there exists a dense subset A* C A such
that if AEA", then the infinite horizon economy &(D, %=, w, &) has an
equilibrium with an explicit debt constraint M which is never binding.

Proof. Let A" be the dense subset in Theorem 5.1. If the commodity payoff
orocess A lies in A*, then the economy &(D, =, w, &) has a TC equilibrium
(%, 2),(p. g, (F"),; <)), which by Proposition 5.3 is an equilibrium with an
implicit debt constraint. Any number M > M, where M = max,,
sup; « p | G(€)Z'(£)1, provides a debt constraint that is never binding. 3
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5.2. Generalization to securities in positive supply

Although the model introduced in Section 2 is restricted to an exchange
economy in which securities are in zero net supply it can be generalized to include
securities in positive supply (such as equity contracts) that arise naturally in a
production economy.

Let £(D, x, o, 8, &) denote an economy which is identical in all respects
to that considered in Section 2 except that a subset J, CJ(£,) of the securities
issued at date O can have positive initial supply 6= (8;, j&€J,), where ;=
Yie ,6 and 6' is agent i’s initial holding of security j. (Securmes issued after
date 0 could also be permitted to be in positive initial supply, but this complicates
the notation unnecessarily.) A TC equilibrium of the economy &(D, =,
w, 8, &) is given by Definition 3.2 with the following modifications: the new
budget set BI(p, q, 7', w', 8', &) of agent i is identical to that defined in
Section 3 except for the equation at the initial node which becomes

P( §0)(x‘( &) - “’i( fo)) = q( §o)(5i - Zi( fo))’ (5.1)
and the market-clearing condition (iv) becomes

YZ(&, j) =86, VéeD,Vje], (5.2)

iel

where ;=0 if j & J,.

Securities in positive supply model ownership rights to the income (dividend)
streams created by productive assets such as firms, land or other durable capital
goods. An economy &(D, =, w, 8, &) in which there are securities in positive
(initial) supply thus serves as a model of a production economy in which all
decisions regarding the use of the productive assets (i.e. the production plans) are
fixed: for such an economy we make the following additional assumption.

Assumption B7. If 8;>0, then A(-, )€/;(DXL) and 8/ >0 for all i€ . If
;= 0, then 8'—-Oforall iel.

Thus securities in positive supply represent productive assets with non-negative
payoffs and agents only inherit non-negative initial shares of such assets. For
securities in zero supply agents do not inherit any initial debt (or credit).

Let us show how the above existence results can be extended to such economies.
To this end let *

Q={w=(0',...,0") e (DXLXI)|w'>ml, i)

*For x, ye Z(D X L), x> y means x(&, Z)> y(&, Z) forall (¢, 7)e DX L.
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denote the space of initial endowments of the agents satisfying Assumption B2.
Theorem 5.1 leads to the following result.

Theorem 5.5. Under Assumptions B1-B7 there exists a dense subset AC 2 X A
such that if (w, A) € A, then the infinite horizon economy &(D, =, w, 8, &)
has a TC equilibrium.

Proof. With an economy &(D, =, w, 8, & ) in which some securities are in
positive initial supply we may associate an economy &{(D, =, ®, &) in which
all securities are in zero initial supply and agents have the modified endowments
0'(§) = w'(£)+ L §A(E, J), VEED.
Jj€Jy
If £(D, =, w, %) does not have a TC equilibrium, then by (the construction of
the equilibrium in the proof of) Theorem 5.1 there exists, for each €>0, A'CA”
such that || A —All.<e and &(D, x, w, &) has a TC equilibrium
(%, 2),(p, g, (@), ,)), where g satisfies the pricing equations (1.4). Let us
show that if for each i1
L N=2(C. D)+ 8/, Vjel,
and o' is such that for all i €1
W'(£)+ L OA(E, j) = o(£)=w(¢)+ L 6A(E, j), VEED,
JEJy J€Jy
(5.3)
then ((X, 2), (P, ¢, (7)< ,)) is a TC equilibrium of &(D, %=, ', 8, &'). To
see this it suffices to check that if z'(-, j)=Z'(-, j) + &/ for all j&J, then
(xl'; 51) E.ﬁ@fc(ﬁ, 67, -ﬁi, ‘_‘_)io LW')
o (x's 2) €F1(p, G, 7, o', 8, ).
The budget equations at each node are clearly the same, and if the security prices
satisfy (4.4), then for all j€ J, i€ I and £ € D:
lim X F(E)F(E)
= ¢epie)
=fim X w(E)REAE. ) =0,
E'eD(END(§)
since P'e€/ (DX L)and A(-, j) €Z(D X L). Thus the transversality conditions
for the two budget sets are equivalent since for all ¢ € D:
lim X F(£)F(£)2(8)
TFeen ()
=lim ¥ w(&)g(E)(Z(€) +5)
T Feep (&)

=lim Y w'(£)g(£)7'(¢).

T=*s'eD ()
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Since (5.3) implies || 0 — o' [l £ (£;c ; 81l A= A, (&', A') can be chosen
arbitrarily close to (w, A). Thus the set A of parameters (w, A), such that
&(D, =

9 e ?

w, 8, &) has a TC equilibrium, is dense in 2X A. O

Since Propositions 5.2 and 5.3 can clearly be applied to an economy &(D, &,
w, 8, &), it follows that if (w, A) € A, then any TC equilibrium of the economy
&{(D, =, w, 8, &) can be obtained by imposing an explicit debt constraint M
that is never binding.

6. Equilibrium prices of infinite lived securities

In any equilibrium the prices of the securities g and each agent’s present value
vector 7' must satisfy the equations

7T(£)q(& )= X 7' ()P AE. ) +a(£. 1)),
fegt
VéeD, Viel, (6.1)
which express the first-order conditions for the agent’s portfolio. In a finite

horizon economy, or as here in a T-truncated economy &, ‘integrating’ these
equations (by successive substitution) and using the terminal condition

G:(£)=0, V¢eD,, (6.2)
gives
éT( ‘f'r ..-’)

— Y w(E)VP(E)A(E j), VEED,Viel, (63)
771‘( f) &'eDY(§)

so that the equilibrium price of each security is equal to the present value of its

future income stream for each agent. The expression on the right-hand side of

(6.3) is called the fiundamental value for agent i of security j (at node &).

It is evident that in an infinite horizon economy (6.3) holds for any finitely-lived
security. However, for an infinite-lived security there is no terminal condition
(6.2) that can be added to Eq. (6.1) that would force the equilibrium price of the
security to equal its fundamental value for each agent. This leads to the following
definition.

Definition 6.1. Let (X, Z), (P, g, (7'),< ;) be a TC equilibrium of the economy
&(D, =, v, &). Security j € J is said to be priced at its fundamental value if,

Y e ¥

for all agents i €1,
1 :
- , N = — - r\ - ’ A p, . , V D .
a(¢. J) —w,(g)glemg)ﬂﬂf)p(f) (€. )), VéeD(£()))
(6.4)
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Security j is said to have a speculative bubble if (6.4) is not satisfied for some
agentiel.

It is a natural consequence of the method used in Sections 4 and 5 to construct
equilibria of an infinite horizon economy &, that in these equilibria all securities
are priced at their fundamental values: since in the truncated economies &, (6.3)
is satisfied, this property is transmitted to the equilibrium prices of the securities in
the limit. To what extent are such equilibria typical? Do there exist equilibria ot
&, in which some of the securities have speculative bubbles?

The answers depend crucially on the type of infinite-lived securities available in
the economy: securities in positive supply can never have speculative bubbles,
while infinite-lived securities in zero net supply always admit the possibility of
speculative bubbles.

Proposition 6.2. Under Assumptions B4 and B, if (%, 2), (P, g, (F),c,) isa
TC equilibrium of &(D, =, ®, 8, &), then the price of evey security in
positive supply (8j > 0) is equal to its fundamental value.

Proof. This result could be deduced from Santos and Woodford (1992), but a
particularly simple proof can be given in the present context. Let
((, 2), (P, g, (", 1)) be a TC equilibrium. For all ¢€ D, T, ,5(£)7(£) =
Xje,,d(€, )8, Since Assumption B4 holds, by Proposition 5.2, (3z°) €/ D)
for all i€l. Thus L;c, q(-, ))8;€/(D). By Assumption B7, 8,> 0 implies
4(¢, j)2 0, VEe D. Thus every secnrity in positive supply (j€J,) satisfies
4(-,j) €/ D). Integrating the first-order condition (6.1) >f agent i up to date T
gives
7(E)G(E. )= X T(&)P(E)AL. )
£'eD'(¢)
£'>¢
+ L 7(£)43(¢).
g'eD (&)
Since 7' €/,(D) and 7(-, ) €£AD), Ly < p (77 (£)G(£') =0 as T, Vi
€1, so that (6.4) holds for each agent. O

We now show that the equilibrium prices of infinite-lived securities in zero net
supply are not tied to their fundamental values. Proposition 6.3(i) below shows
that it is always possible to add a bubble component to the equilibrium price of
such a infinite-lived security so that the resulting price remains an equilibrium
price. However, there is a difference between speculative bubbles with complete
and incomplete markets. If, in an equilibrium, the financial markets are complete
even without securities with speculative bubbles, then the same equilibrium
allocation can be supported by pricing every security at its fundamental value;
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removing the bubble component in the price of any infinite-lived security does not
alter the span of the markets and hence does not affect the real equilibrium
allocation (Proposition 6.3(ii)). When markets are incomplete there exist equilibria
in which infinite-lived securities have speculative bubbles that are non-trivial in
the sense that the same equilibrium allocation cannot be obtained if securities are
priced at their fundamental values: the bubble components in the prices of the
infinitely-lived securities affect the span of the markets in such a way that they
cannot be removed without altering the real equilibrium allocation (Proposition
6.3(iii)).

The following preliminary remark will be helpful before stating Proposition
6.3. Suppose (%, 2),(p, §,(F),c,)) is a TC equilibrium of an economy
&(D, =, o, 8, &) in which the price (-, j) of security j has a bubble. If
g(-, j) is the fundamental value of the security defined by (6.4), then both g(-, j)
and g(-, j) satisfy the first-order condition (6.1). Thus the difference p(-, j)
between the two prices,

p(£, j)=a(£, j)—a(£, j). VEeD, (6.5)

called the bubble component * of §(-, j), satisfies the following homogeneous
equation:
w(&)p(£)= L T(&)p(¢'), Viel (6.6)
gle §+
In a deterministic economy (b(£) =1, V&€ € D) in which there is short-term

borrowing and lending at each date, markets are complete (7' =7, Vi€ ) and
the equilibrium short-term interest rate satisfies

1 T
=L wveer.

1 +F7 @
In this case (6.6) becomes p,=[1/(1 +7)]p,.,, Vt €T, which implies p,,, =
alT}_,(1 +7,) and leads to the well-known conclusion that in a deterministic
economy a bubble must grow at the rate of interest.

This property generalizes to stochastic economies in which markets are not
necessarily complete, as follows. The equilibrium short-term interest rate F(¢) at
node ¢ satisfies

Y 7(¢)
1 _ gle §+
L+7(§) 7'(§)

VéeD,

4 Since a bubble assigns a non-zero value to a zero dividend stream, when the price of a security has
a bubble component, the price ceases to be a linear functional on the space of income streams Z(D).
Thus the bubbles that arise in the model of this paper are not the same as the bubbles studied by Gilles
and LeRoy (1992) which come from a pure charge component of a continuous linear functional on
£(D).
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and the product p(&) of the random interest rates on the path [&,, £7] from the
initial node &, to the predecessor £~ of &,

p(&)= [TI (1+7(¢)). VéeD, (6.7)
£'elé.671]

satisfies homogeneous equation (6.6) since, for all £€ D and for all i €1,

L #(€(e)=( £ 7)) T (1+7)

§'ed’ (§ 'egt £"eléo

G )

TUHF(E) prelae]
=7(¢) T1 (1+7(&"))=7(£)p(&).

§"elé.671]

Proposition 6.3. Let £(D, =, o, 8, &) be an economy satisfying Assumption
B6, with at least one infinite-lived security (jE€J(&,)) in zero net supply
(3 0, 8' o,Vviel).
W If (( %, 2, (P, . (T, < 1)) is a TC equilibrium of the economy and if ¢ is
defined by
qC-. =3¢, N+pC), 4C.J7)=a(-.J). J+J

where p=(p(&), £ E€ D) is the bubble component given by (6.7), then § is also
an equilibrium security price vector; i.e. there exist portfolios 7=(Z',..., %)
such that (X, 2), (P, §, (F');c 1)) .is a TC equilibrium of the economy.

(ii) Conversely, if (%, 2), (P, §, (F%),< ) is a TC equilibrium of &(D, % ,
w, 8, &) and if the financial markets are complete even without the infinite-lived
securities waose prices exhibit a bubble, then there exists a vector of portfolios
z=(%',...,2") and a vector of security prices g, under which every security is
priced at its fundamental value, such that (X, 2), (P, §, (@"),<,) is a TC
equilibrium.

(iii) If the hypothesis in (ii) is not satisfied, then the existence of bubble
components in the security prices can have real effects, i.e. there exist equilibria
in which the price of some infinite-lived security has a speculative bubble, such

that the same real allocation cannot be supported by a vector of security prices
under which every security is priced at its fundamental value.

Proof. (i) For a vector of security prices g, let V(q, £*)=[p(&')A(¢’, j) +
q(&"Ns e ¢ je s¢) denote the b(&) X j(£) matrix of returns at the successors of
£. Since p(¢&') has the same value for each successor &' € ¢, the vector
(p(&'), ¢' € £*) is collinear to (1,...,1). Since by Assumption B6, (1,...,1)T €
(V(g. £*)), adding the bubble component to the price of security j does not
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change the subspace of ieturns at the successors of &, (V(g, £*)) =(V(g, £)).
Since g and § satisfy (6.1),

-q(&) N\ _[I —9(¢&)
<[V(‘?e é*)]>_<[V(c?, f*)]>’ véeD, (6.8)

so that the subspace of income transfers is unchanged at each node. Since no agent
inherits debt at date O in the infinite-lived security j, §(£,)8' = §(&,)8', so that
the agents’ wealth at date O is unchanged. Thus B(p. g, 7', ', 8°, A) =
.Z( p, g, @', o', 6', A). For all agents i €1, i + 1, we define the new portfolio
Z' by
—4(¢€) l-, -4(¢) |, .
[V( ,§+ (f) lv(a, §+)]Z(§)’ VgED° \6‘9)

Let 7'(¢)= —Xi_,Z(£), V€ € D. The spot market-clearing equations imply that
7'(-) satisfies (6.9). Thus (¥'; 2') is %, maximal in B(p, 7, 7', &', &', A), Vi
el Since L;.,;Z=0 and £, ,(¥ — ) =0 it follows that
(%, 2XP, §, (), ) is a TC equilibrium.

(ii) Let 7' = 7, Vi €1, denote the common present value vector of the agents
and let g denote the vector of security prices defined by (6.4). Then g(-, j) =
g(-, j) except possibly for some infinite-lived assets in zero net supply. By
assumption, {V(§, £7)) =(V(g, £)) = R¥, Since both g and § satisfy (6.1),
it follows that (6.8) holds. Since 6’ 0 for securities in zero net supply,
B(p, §, 7, o, 8, A)=28(p, G, 7', w', 8, A). By the same argument as in
(i) there exists Z such that ((%, 2), (p, g, (1'r )i e 1)) is a TC cquilibrium.

(iii) When the subspaces {V(§, ¢*)) depend on the bubble compenents of
infinite-lived securities — in the sense that replacing prices with speculative
bubbles § by the fundamental values g of the securities leads to different
subspaces (V(g, ¢*)) - then the equilibrium (%, ?), (p, §, (), ;) cannot be
achieved with prices g and a change in portfolios. This will be shown by two
examples. The first has the merit of simplicity, but does not satisfy Assumption
B6: it illustrates how a speculative bubble on an intrinsically worthless security
can enable agents to carry out mutually advantageous borrowing and lending in
the absence of a bond. Constructing an example saiisfying Assumption B6 is
necessarily more complicated since, as shown in (i), when the short-term bond is
traded, the simplest bubble given by (6.7) cannot have real effects. Thus Example
2, which satisfies Assumption B6, exhibits a more sophisticated bubble which has
real effects.

Example 1. Suppose that the event tree D is such that the only uncertainty is at
date 1, the future after date 1 being infinite but certain. Let (£,, &) denote the
two nodes at date 1, the node following &, (resp. &;) at date ¢ being denoted by ¢,
(resp. £/) for 121 (see Fig. 1). We assume that the two nodes at date 1 are
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Fig. 1. Event tree and agents’ endowments for Example 1.

equally probable ( p(£))) =(p(&]) = 1/2). Suppose the economy has an equal
number of agents of two types and one good (income). Every agent has the same
additively separable utility function (2.3) with

w(x)y=Y p(£)8"®[x(£)]"?

¢éeD
1 €K 1 €K
=3 L&) + 5 Lox(e)] "
=0 =0

The endowments of the two types of agents are shown in Fig. 1: both types have
one unit of income at node £, and if nature chooses node ¢, then type | agents
have 1 — € for ever and type 2 agents have € for ever; if nature chooses node ¢,
then the incomes of the two types are reversed. The financial structure consists of
two securities issued at nede £,. Security 1 (2) pays one unit of income at node ¢,
(£]) and 0 elsewhere and is retraded at all nodes on the upper (lower) branch
(E(&), tz 1)

If the securities are priced at their fundamental values, then the equilibrium
prices are

0
4\( €o) = 3x( 50)='217?’ 0(€)=q0(§) =0, r21,
and the equilibrium allocation is
¥(&) =1 X(&)=F(&)=} F(&)=F(&)=1-¢,
X(&)=%(&) =€, 122
Trading the securities only permits income transfers at date 1, the agents remain-
ing at their initial endowments thereafter.

If there is an equilibrium in which both securities have speculative bubbles,
then the financial markets are complete; the allocation must correspond to the
Arrow-Debreu equilibrium allocation

¥(é)=1, (&) =%(&)=13, r21,i=1,2, (6.10)
and the agents’ present value vectors (normalized by 7 ‘(£,) = 1) coincide with

the Arrow-Debreu prices 7 given by
t

1—T(§0)=l, 1_"'(gr)=ﬁ(§:)=_2'|/_2’ t21.
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Since the prices of the securities ¢ = (q,, ¢,) must satisfy (6.1), we must have

t t+1
9:( o) = |/2(1+q|(§ ) ?V_Z‘Il(fr)=w‘h(§:+l)’ r21,
t t+1

9:(&o) = 2172 (1 +4,(£1)). 5172"1:( &)= ?‘/—2‘12( &), 121,

in which the initial prices of the securities (q,(&,), g,(£,)) are arbitrary. 5
Choosing

- - 1+6 _ - 1
4i( o) = :(&o) = iz 8ives 71(&) =a,(¢&) = 5 rz1. (6.11)
The portfolios (z', z?) that finance the allocation (6.10) must satisiy z2 = —z',
where z' =(z{, z;) is a solution of
1=1+4,(&)z(&) +3(&) (&),
1=1—e+(1+4,(£))z(&) —d(&) (&),
1=€e+(1+5,(£))n(&) - @(£)u(E),
and for > 2:
1=1-€+§(&)2(£-1) —a (&) u(£),
%= 5+‘72( ft')zzl’( §rl—l) - ‘72( fr')zk gtl)’

1—8'
24(&) =(1+8)2(&) +3(;~ €)7—

1-—-6'
u(&) = (1+8) (&) - 8(: —€)7—

Since 7(£)§,(£)=7(¢)G,(£)=1/V2, 121, the transversality conditions
are satisfied if and only if lim,_, z/(&;)=1im,_ . z;(£;)=0. The unique
initial portfolio for which the transversality conditions are satisfied is thus given
by

& (1
Z1( &) = —%(&) = —]—_?(5—6) (6.12)

so that the equilibrium portfolio of agent 1 is given by (6.12) for =0 and for
t>1 by

61+I 1
le(gt) == 1 — (——6) = _22'( ftl)'

o\2

> This is a nominal indeterminacy which has no real effects, since a cha.ge in g;( £,) can always be
compensated for by rescaling the portfolios zj, i=1, 2.
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If € is small (e < 3), then agents of type 1 are rich on the upper and poor on
the lower branch of the event tree, with the converse for agents of type 2. To
finance a transfer of income from the upper to the lower branch at date zero, type
1 agents take a long position in security 2 covered by a short position in security
1: they are thus debtors on the upper and creditors on the lower branch. The
situation is reversed when € is large (> 1), and when €= 3 there is no trade
since the initial endowment is Pareto optimal. The securities enable the agents to
achieve risk-sharing only if they have a positive value after date 1: this in turn
arises only if each agent believes that other agents believe that they have value.
The equilibrium thus depends on the beliefs of the agents, not on the fundamentals
of the securities.

Note that the transversality conditions determine the only value of z'(£,) for
which the asymptotic present value of the debt is zero. If Z}](£,)> —[8/(1 — 82)]
(5 — €), then agents of type 1 pay off their debts on the upper branch too fast and
become creditors at infinity — which cannot be optimal; similarly, if z,'(go) <
—[8/(1 — 82)(3 — €), then agents of type 2 become lenders at infinity (on the
upper branch).

Example 2. Suppose the event tree D is such that at each node there are two
possible events, {u, d} (‘up’ and ‘down’), which can follow, each with probability
3. The initial node £, is event d. There are two (types of) agents (I = 2) and one
good (L = 1) at each node. The preferences of agent i are represented by a utjlity
function

W(x)y= Y (38) P u(xi(£)), i=1,2,
éeD
where v,:R, =R, v;>0, v/ <0, v,(0)=0, and 0 < § < 1. The endowment of
agent | is given by
a'—a(§), if&'=dVEe[§, E]
w'(§)={a'-B(£), if é=uand §'=d,VE'e€[&, £],
al, otherwise,

where [ £;, &] denotes the path from the initial node &, to node ¢ and where a(-)
and B(-) are given by

1
a( &)= —1—_—8,

{6 Yo

P F) E)~1
B(§)=(l+—l———3)(5) ,
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the endowment of agent 2 being given by w*(¢)=a’?+ea' - w'(¢), VEED.
a' and a? are chosen so that '(-) and w?(-) are uniformly positive.

If there is a single infinite-lived security (a consol) with payoff A(£, 1)=1,
Vée D", then it is easy to check that (%, 2), (P, G, (7%),c,)) is a TC equilib-
rium where

#(€)=a' and F(£)=a’, p(£)=1, VEED,

5\/(8)
Zl(g)___ ("2_) ? lf §’=d,V§’E[§0, g],

0, otherwise,

5 1(€)
T:E’f(g) , if §'=d,VE'e[&, &),

q(¢)=

>

—l , otherwise,

%]

1W(¢)
()= —7'(£) and v‘r'(.s)=%2(§)=(5) . veeD.

The structure of the event tree and the price of the consol are taken from Santos
and Woodford (1993, example 6), the price § being a solution of the stochastic
difference equation

q.= aE(l +q1+l I‘g—t)’

where &, denotes the information available at date ¢, which can also be written in
event tree notation:

q( &) =38(1+q(£4%,)) +38(1+q(&4))) (6.13)
(&, €% ) denoting the successors of &. The price § is the sum of two
components: the first is the fundamental value g(¢)=6/(1 —8),Vé€ D, and
the second is a stochastic bubble that grows at the rate (2/8) on the lower branch
[d, d,...] and bursts the first time that event « occurs. To compensate for the
probability of bursting, the return on the lower branch [d, d,...] exceeds the
implicit riskless return 1 /6.

Note that since the allocation (X', ¥?) is Pareto optimal, the equilibrium would
not be affected if the security structure were modified to include the short-lived
riskless bond at each node (Assumption B6): the same equilibrium would be
obtained with zero trade in the riskless bond. However, the equilibrium allocation
(%', ¥%) cannot be obtained if the consol is priced at its fundamental value g: the
only portfolio zZ=(z', z2) that would permit the agents to finance the allocation
(%', ¥2) under price § can be computed by forward induction and it is easy to
check that the transversality conditions (for example, on the subtree that begins
with event u at date 1) do not hold for Z.
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Appendix

Proof of Theorem 5.1 Let (D, z, w, (J, (£());c ;, (J(£€)); < p) be the fixed
characteristics of the economy and let A* CA be the set of commodity payoff
processes for which the economy has a TC equilibrium. For £€D let &)=
#J(&) and let a(§) =min( {(£), b(&)). Let us consider a payoff process A € A
and let (%, ¥), (P, p, ('), ;) be a pseudo-equilibrium of &(D, %, w, ¥))
generated by an artificial security structure (Z = (K, (&(k));c k>
(€ e p» I'), with :

rank[ (&', 1, k)] pegr =a( &), VEED.
kek(¢)

Let g be the vector of prices of the original securities defined by (4.4). There
exists a vector of portfolios Z € Z such that (%, 2), (P, , (7');c,)) is a TC
equilibrium of £(D, %, w, &) if and only if

rank[ 5( £') A(¢', J) +3( €' j)] eeer =a(€), VEED. (A1)

JjEJE)

To prove the theorem we show that if (A1) is not satisfied for A, then for every
€ > 0 there exists a commodity payoff process A €A with || A — Al < e such
that (Al) is satisfied for A, so that A€A*. We show that this can be done
without changing the underlying pseudoequilibrium ((%, 7), (B, B, (7). ,).

Let HCA denote the subset of commodity payoff processes A such that
(% %), (p, p, (@), ;) is a pseudo-equilibrium of &(D, >, w, «)). The
payoffs in H must satisfy (4.4), i.e. for all £€ D,

718 g.e?,,;(g)’—"( £')B(£) A(E')

must be independent of i, and if ¢g( &) denotes this common value, then (4.5) must
be satisfied with g replaced by q. Thus A€ H if A€ A and if for all {ES D,

T(E)PE)AE) 7'(£)P(&) AE)
§’e§*(§) TT‘I( f) g'epz+(§) -7—71( f) ’

Viel,
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=1 "y = " A ”
[5(5')A(£',z‘)+ 5 7'( ¢ )p](f’) (¢") -
§7€D™(£) ™ (¢) jese)
c<[I‘(§',1,k)] Feet >
keK(£)

These two equations can be written with date O discounted prices as: for all £€ D,
> PI(£)A(E) _ > P'(£)A(E)
E'eD*(¢) P'(¢,1) E&'eD*(&) P'(¢',1)

<[ Y PU(&MA(E".))

§"ED(§,)

, Viel,

f'E§+> c <[i_;l(§')r( §'9 k)] g'egt >

jeJ(E) kEK(E)

To simplify notation, if x €/, (D X L) and P €/ (D X L), then we define
Pepx= E P(¢)x(¢)

¢'ebD(E)
and let
P (] §+x= (P .E' x)§,e§+

denote the b(¢) vector of date 0 discounted values of x from all the successors of
¢ onwards. For A € A we define

PeyA=(P - A(-, J), j€I(E)), POgA=[P-p AC-, D]ser

JEJ(E)
Then H can be written as
( 1 - 1 - )
_— P‘ . 1A=__— Pl . IA,
_ P(¢, l)g'g:;'* ¢ P'(¢, l)g'ezg+ ¢
H=1A€A4\ veep vier L
k (P'OpAYC2(&), VEED J
where
Z(£)= <[F‘(§')r(§', k)] eee >

keK(§)

Since A€ H, H is not empty. Since for each ¢€ D the second condition
(-YCP(¢) can be expressed by a system of linear equations. H is the
intersection of a countable collection of closed hyperplanes. Thus H is a closed
subset of A. Since A is a closed subset of the Banach space Z(D X L X J), it
follows that H is a Baire space (Rudin, 1973, p. 42, theorem 2.2).
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For each node ¢ let J(£) be a subset of J(£) consisting of a(£) securities
including the short-lived numeraire bond. For a payoff process A€ A let A
denote the payoffs of the securities in J(£). Let £ be a subset of a(£) nodes of
£" (to be chosen below). Consider the subset of H:

H={4 eH e[ P 0.4] =0).

We show that H; has an empty interior in H. It suffices to show that we can
perturb any A€ H,, A—»> A+ 4A, with A+ AA€EH in such a way that

del[}_’lD§~+(A\+ AA’)] #0. (A2)

Consider changes AA in the commodity payoff process consisting solely of
changes in the amounts of commodity 1 which can be decomposed as follows:

Y ozgflef'+ Z ij.ef'+y"e,§, if jEf'(g),
AA(-, j)={¢<f geend’ (A3)
0, if jeJ'(&).

where J'(£) is the subset of J(£) which excludes the short-lived numeraire bond.
Note that the commodity payoffs are perturbed only at node ¢ and its immediate
successors " and only securities in J'(£) have their payoffs perturbed. For
security j& J'( &), its payoff in good 1 is perturbed by a/, at node ¢’ € £, by
B/, at node ¢’ € £\ £ and by y/ at node £. For brevity we write

a=(af. jeP(£). £ ef)eRran- a0,
B= (Bg’?, jel(¢), ¢'e §+\§‘+) e RUE)= IXB(E)-al€)

y=(v) jel(£)) RO,

a can be chosen so that (A2) is satisfied. To see this, let g: R~ D) 5 R pe
defined by

g(a)=det[§'D£+(/f+AAA)], (A4)

where AA is defined by (A3). While AA is a function of (a, B, ), the
determinant in (A4) depends only on a. A straightforward but tedious calculation
shows that g has partial derivatives of order a(£) — 1 evaluated at & = 0, which
are not zero since P'(¢', 1)> 0, V&' € £*. Thus g is not locally constant in a
neighborhood of a = 0. It follows that there exists a arbitrarily small such that
gla)#0.

If a(¢) < b(¢), then B is chosen to ensure that

(P'O(A+44))c2(¢). (A5)
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Since 2(£) is a non-trivial subspace of R*®), there is a choice of a(¢) nodes
£'c ¢t and an appropriate ordering of the nodes such that (&) can be
represented by a system of b( &) — a( ) equations of the form

Z(¢)={veR"D|[I1|E]v=0}.

The nodes are ordered so that the subset £\ £ constitutes the first b(£) — a(£)
nodes. 7 is the (b(&)—a(£)) X (b(€)—a(€)) identity matrix and E is a
(b(£) — a(§)) X a( ¢) matrix (see Magill and Shafer, 1991, p. 1544). For each
JE J'(£), once a has been chosen, there is a unique vector B/ = ( Bi. &€ EN\
&) e RYUE-4D guch that the vector

vi=((P'(&. 1B, & €NE), (P'(¢' )i, €' £))

satisfies the equation [/ | E]v’ = 0.

If a( &) =b(£), F(£)=RY? so that (A5) is automatically satisfied.

We have to ensure that (P' O £+ (A+44)) cZ(€) is satisfied for all nodes
£+ ¢. By construction, this inclusion holds for all nodes £ which are not on the
path from &, to &. If y/ is chosen so that

P&, )y'+ ¥ P& 1NBI+ X P& Naf=0,
gegn\é* e fr

for j€ J'(£)NJ(£), and if y/ = 0 for j& J'(£) NJ(£), then (A5) is satisfied
for all nodes £€ D. Thus A + AA satisfies the subspace requirements (the second
condition) in the definition of H. To show that the first condition in the definition
of H is satisfied it only remains to show that if Ag is defined by

N 1
Aq(€, j)=== Y w(E)B(E)AAE, ),
(€)ereprcen

Al

then forall i€ 1,

—— L F(&)P(&)AAE, J) = 24(E. J).
7€) pepray

vjeJ(£), ¥éeD,

so that all agents agree on the induced changes in the security prlces Since AA
has only a finite number of non-zero terms this follows from (P'O §‘,AA) c
A E), VEe .

Since @ can be chosen to be arbitrarily small and since (3, y) are deduced
from a by linear relations with bounded coefficients, the perturbation AA can be
made arbitrarily small. Thus for all §€ I, H, is closed and has an empty interior
in H. Since H is a Baire space, the countable union U, pH; has an empty
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interior in H. Thus for all €> 0 there exists an e-perturbation A of A such that
A€ H and

(PO,A)=Z(¢), VieD,

which completes the proof. O
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