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1. INTRODUCTION

Bewley {4, Theorem 1| proved an infinite dimensional equilibrium
existence theorem which is a significant extension of the classical finite
dimensional theorem of Arrow and Debreu [1]. The assumptions on
technology and preferences are natural and applicable in a wide variety of
cases. The proof is based on a limit argument that makes direct use of the
existence of equilibrium in the finite dimensional case.

This paper establishes the existence of equilibrium under assumptions
which are essentially the same as those given by Bewley, with the additional
assumption that the preference orderings of consumers are representable by
real valued utility functions. This approach is related to the welfare approach
of Negishi [9] and Arrow and Hahn [2, Chap. 5] in the finite dimensional
case and simplifies the approach originally adopted by Bewley [5]. In
addition to making clear the role played by each of the assumptions in
establishing the existence of equilibrium, this approach has the merit of
constructing directly a certain real valued function that is maximised at an
equilibrium, a result that provides a powerful tool in the analysis of
qualitative properties of an equilibrium.

A model of resource allocation in continuous time over an infinite horizon
that may be viewed as an application of the model that follows is given in
[8].

2. THE EconoMY

In formulating the model of the economy I shall follow the notation of
Bewley [4] and Debreu [6]. The commodity space 7~ is the space of essen-
tially bounded vector valued functions defined on a o-finite measure space
U,.7, 1)

7 =257 A) = {CE AN esssup [|&(s)l < o},
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where .#* denotes the space of R*-valued (k > 1), .”-measurable functions
defined on (I,.”"). Prices will be elements of the space of bounded additive
set functions, the norm dual of 77~

7R = (R, 7, ))x

Theorem 3.1 establishes the existence of an equilibrium with prices in 7 *.
The reader is referred to Bewley’s paper [4, Theorems 2, 3] for additional
assumptions ensuring that an equilibrium can be supported by prices drawn
from

7=, 7, )= (ne #*

[ 1@l di(s) < w0,

the space of R*-valued Lebesgue integrable functions on (I, .7).

Each of the n consumers in the economy is characterised by a
consumption set X; <7, a preference ordering z; on X;, and an endowment
of exogenously given resources w; € 7" and ownership shares 6;;> 0 in the
profits of firms. All profits of firms are distributed to consumers so that

i-10;=1, j=1..,m. Each of the m producers is characterised by a
production set Y, < 7. An allocation for the economy is a specification of
the consumption x; € 7~ of each consumer (i = l...., n) and the production
y; € 7" of each producer (j = I,..., m). An allocation will be written as

(x.' y) = (x15'-'s xn, yls---’ ym)'

2.1. DEFINITION. An allocation (x, y)€ 7 '™ is feasible if
wnellxx]]Y; and X=y+w, (1)
i=1 j=1

where x=2"7_,x;, y=2 7y, w=27_,w. If we let M, ={(x,y)€E
7 "™ x =y + w}, then the set of feasible allocations, denoted by .#. may
be written as

m

F = <]‘[ X,.xj}jl Y,)me. (2)

i=1
2.2 DEFINITION. (x,y)€&.# is a Pareto optimum if there does not exist
(x',y') € .F such that
X; ZiXis 1= Lun, X} >, x, for some k.

We let .#* denote the set of all Pareto optimal allocations.
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2.3. DEFINITION. Let (x,p)E€.# and p€ 7 %, p# 0; then (x, y, p) is an
equilibrium with transfer payments if

@) x;zyxivxie{le X | pé<px;}, i=1,.,n,
(i) py;2pyiVy;€Y,j=lL.,m.
The vector of transfer payments 4,=(4,,,....4,,) is defined by
A%, y) = px; — (pwi+ b Hijpy,), i=l.,n 3)

i

i=1

If in addition 4, =0, then (x, y, p) is a competitive equilibrium.

The consumption set, preference ordering and endowment of each
consumer are subject to the following assumptions:

A.l. The consumption set X, is a convex, a(? ', 7 ') closed subset of 7 ', .

A.2. Consumer choice among commodities in X, is determined by a
preference ordering ; which is complete and transitive.

A3. (i) The set {&'e€X,;|E ;& is convex and o(7 ,7 ") closed,
VEE X,

(ii) The set {& € X;|& >, &} is open in the norm topology of 7,
VEE X,.

Ad IféeX;,,z€7 ,z>0,then {+2>,¢

A.5. The initial endowment of each consumer is adequate in the sense
that there exists x} € X;, y, € A(Y), where A(Y) denotes the asymptotic cone
of Y= Zj'.';l Y;, such that

x! <y +w,.

A.6. The preference ordering >, is representable by a utility function

~1

u;: X;—> R so that & z, & if and only if u(&') > u/(%).

2.4 Remark. z > 0 means that there exists ¢ > O such that z(s) > ¢, a.e.
The production set of each producer and the aggregate production set are
subject to the following assumptions:

B.1. The production set Y; is a o(7 ,7 ") closed subset of 7  and
Oey,.

B2, YN (7, — Qs Yi+w)) is bounded in the norm topology.
B.3. Y= Z}":n Y; is convex.
B.4. There is free disposal Y + wO (Y +w)—7 .
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3. EXiSTENCE THEOREM

3.1 THEOREM. Under Assumptions A.1-A.6 and B.1-B.4 there exists a
competitive equilibrium (x,y, p)E 7 "*" X 7 7%,

Proof. Let F,={(x,y)EF |x;2;x},i=1l..,n} and let F¥=

{(x, y) € F*| (x, y) € F}. It is convenient to normalise the utility functions
so that u(x}) =0, i = 1,..., n. Define u:.# - R" by

U Y) = (s Uy (). V(3 ) € F

3.2 LemMAa. Ff+@ and Uf=u(F¥) is homeomorphic to
Vi={v€R} |} i v;=1}

Progf. By A.5 and A4, 0=u,(x)) <uly;+w;) =i, i=l,.,n By B.4,
EA)=Ax) + (L =2)(y; +w), 4, € [0, 1], i = 1,..., n is feasible. Since A.3
implies u,(-) is continuous in the norm topology on X, g,(4,) = u,(E(A})) is
continuous on [0, 1]. Since g,(1)=0, g(0)=1,> 0, by the intermediate
value theorem for any i, € [0, iZ;] there exists 1, such that g,({;) = &;. Thus

Fh=(5, y)E F |ulx,y)=aii,a >0} # @, YZER",. 4)

Let g(7 #*™, 7 *"*™) denote the topology on 7 "*™ which is the product of
the o(7 ,7 ") topologies on 7. By A.l, B.l, and (2), # s
o(7 "™, 7 "+ closed. By B.2 and (2), F is bounded in the product of
the norm topologies. Thus, # is g(77""*™, 7 "'"*™) compact. For u, u' €R"
let u > u’ denote u; > u}, i = 1,...,n. By A.3(i) and (4), for fixed 4 € R",,

€7 (u@) 2 u(@' ), esm

is a nonempty family of g(7 "*™, 7 *"*™) closed subsets of #, which, since
u induces an ordering which is complete and transitive on # # has the finite
intersection property. Since # is o(Z "*™, 7 '"*™) compact there exists
7€), ez €EF|u(z) > u(z’)}. Since utility is disposable by the argument
given above, we may assume u(Z)=dau for some & >0, so that
€. FiNF¥ Let (i) denote the ray from the origin through i; then
@ N U # @. Thus the map f: UF - V¥ defined by

fy=A,  Aw)=1 / Y, (5)

i=1
is onto. By (5) and the definition of U¥, f is one-to-one. Since } [, u; >
min{#a,,..., 4,} >0, Yu € Uy, f is continuous. For u, u’ €R" let u>u’
denote u > u;, i = 1,..., n, u; > u; for some j. Let {u"},‘f:, be a sequence in UF
such that u¥—u and let u* € (W) UF. Suppose u* # u. If u* < u, then
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u* > u* for some k contradicting u* € U¥. If u < u*, then u* < u* for some
k contradicting u* € U¥. Thus U# is closed. Suppose U¥ is not bounded.
Then there exists {u™}%_, cUf cR" such that [|u”|— co. But this
contradicts .# F+# @. Thus UF is compact and f is a homeomorphism. [

3.3 LemmA, If  (x,y)EFF, then there  exists p€E€Ill=
{p€ 7 4 ||l plls = 1} such that

(i) px; < p% i u(X) 2 uix) i=1n,
() py,2prify,€Y;,j=1..,m
Proof. Apply the standard separation theorem [7, Theorem 14.2, p. 118]

to Y+w and .7, where Y=3,"Y, and S=37, 7,
A= 1x%; | udX;) 2 uy(x;)} noting that .»* and Y are convex (A.3(i), B.3), the
norm interior, int(Y+w)#@ (B4), and FNin(Y+w)=g, since
(x,y)€.F¢ Thus there exists p' €7 ™* satisfying (i) and (ii).
Assumptions A.4 and A.6 imply p’ >0, p’ #0. Let p=p'/||p'll5x- B

Consider the correspondence 7:.# ¢ — II induced by (i) and (ii) above:

px; < px; if u (%) > udx), i= 1., n
pyi2py if FEY, j=l.,m i

nx, y) = 317617

Recalling 4,(x, y): 7§ - R defined by (3), let A(x, y): # ¥ > R be defined
by A(x,y)=1{4,(x, )| p € n(x, p)}. Define y: Vg >.7§ by y(v)={(x,y)E
FE | f(ulx, y))=v} and let t: V¥ > R be defined by 7(v) = 4(y(v)). Note that
since .# & and IT are norm bounded subsets of 77"*™ and 7 *, respectively,
there exists a > 0 such that if we define

n
Y =03 |t|<aj,

i=1 i=1

T= JtER"

then t(F¥) < T. Let v: V& X T V¥ be defined by

max(0, v, — ¢,/8)
2 - max(0,v;,—t;/B)’

with v(v, £) = (v (v, £),..., v, (0, 1)).

a<ff<o,i=1l,.,n, (6)

v(v, ) =

3.4 Lemma. (i) v(u,t): VEX T VY is a continuous function on
VEXT.
(il) (v): VE— T is an upper semicontinuous convex valued correspon-
dence.

Progf. Part (i) follows by noting that for all t&€ T, 37, (4,/8)<
2= (4l/B) < @/B < 1, so that
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T ,._i) y (._i): N4
;:_lmax<0,L, 3 >N (v, ; 1 :1/),>0 €
forall (v, t)EVEXT.

(ii) For fixed v € V¥, let (x, y), (x, ¥') € p(v); then p € n(x, y) implies
pEr(x',y") and 4,(x, y)=4,(x', y'). It suffices to note that px; < px; for
some i and (or) py; > py; for some j contradicts p(x —y) = p(x' —y’') = pw
implied by (1). Thus n(x, y) = n(x’, ') and ©(v) = A(x, y) for arbitrary fixed
(x, y) € y(v). Since n(x, y) is convex, A(x, y), and thus z(v), is convex.

Let {(v, N2, c %, ={v1)|t€1(v),vE VE} such that (v°,7°)— (v, 1)
as s— o0. Since V¥ is closed, v € V¥ and it remains to show that 7 € r(v).
By definition (v%,7°)€.%, implies that there exist (x°,)*) € y(v’) and
P’ € n(x’, y*) such that

m
t=pxi-p (w,- + ¥ Hijyj->, i=1,.,n
Jj=1
where ° = (1],..., 7},). Since {p*}X , < I which is 6(7 *,7 ) compact, there
exists a subsequence | p*}% , = {p*}%, and p € IT such that

(p—p*)|->0 as k-oo, VLET (8)

It suffices to show that if (x, y) € y(v) then p € n(x, y) and

T, =pX;— D (w[ + S 9,-jyj>, i=l,..,n 9)
j=1

Since f:U¥- V¥ is a homeomorphism, v*—v is equivalent to

pr=f ) f(v)=u Let p=(u,,...u,) and let X,E7 satisfy

u;(X;) > ;. Since u,(-) is continuous in the norm topology there exist ¢, € R,

e,— 0 and & € 7 such that

u &) zufs & =%l < (10)
so that
|p%; — P& < (0 — ") 5| + | PXE = €D - 0 (11)
by (8), (10) and || p*|lx = 1. Since p* € n(x*, y*)
prE > pixf =1t + p* ( wit Y 0y yf)

j=1

m

S 9:‘;‘%‘)-

J=1

>th 4 pt (w,.+
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Taking limits of both sides and using (11)

m .
pfi= lim phet> lim (et 40" (i X 0, )
N 0,-,y,->. (12)

i=1

=T;+p (Wi+

Since 37, ¥ =0, t* - 7 implies }7_, 7, = 0 and since p(x — (y + w)) =0, it
follows that > 7_, (px; — 1, — p(w; + 2_/L, 8,;;)) = 0. Thus since u,(x;) = u,,
(12) applied to x; gives (9). Then (9) and (12) imply

px; < px; if u(X;) 2 uy(x;), i=l,.,n

0, py;=px; — (f.~+p (w,- + X O, y,) ) 20,pv; V¥ EYj=l..m,

r£j

since 8,; > 0 for some i for each j = I,...,m, p € n(x, y). |

3.5 LEMMA. The correspondence ¢(v,t)= (v(v,t),t(v)): VEXT—
VE X T has a fixed point (v,t). For any (x, y) € y(v) there exists p € n(x, y)
such that (x, y, p) is a competitive equilibrium.

Proof. Since V¥ X T is a nonempty compact convex subset of R*" and
since ¢ = v X ¢, as a product of upper semicontinuous mappings of V¥ X T
into V¥ and T, respectively, is an upper semicontinuous mapping of Vg X T
into V¥ X T [3, p. 114, Theorem 4’] such that ¢(v,t)# @ and convex
Y (v, {) € V¥ X T, by Kakutani’s theorem [3, p. 174] ¢ has a fixed point (v, ¢)
so that v=w(v,!), t € 1(v). Thus ov,=max(0,v,—t;/f) i=l,.,n where
o=>"T7_max(0,v,—¢,/8)>0 by (7). If v(v,t)=0, then r,=0; if
v,(v,£) > 0, then ¢, = f(c — 1) v; so that ¢; have the same sign for i=1,..., n.
Since t€ T, Y7_, t;=0 so that ¢, =0, i = 1,..., n. Consider any (x, y) € y(v).
Since 0 € t(v) = 4(y(v)) there exists p € n(x, ) such that 4,(x, y) = 0. Since
PEAN*={pE7 *|pr<0, VyEA(Y)}, by AS there exists
(x} s x0) € TT7- | X; such that

px}<p(yi+w)<pw,<pwi+ D 0;py;=px;,  i=l.,n, (13)
i=1

since ;>0 and py; >0 by B.1. Suppose for any i= l,...n there exists
& € X, such that u,(&) > u(x;) and p&; = px;. Let x;(A) = A& + (1 —A) x!.
Since u,(-)} is lower semicontinuous in the norm topology (A.3(ii)) there
exists 0 <A <1 such that u;(x,(4)) > u,(x,). But (13) implies px,(4) < px;.
contradicting p € n(x, y). Thus (x, y, p) is a competitive equilibrium and the
proof of the theorem is complete. [
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