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Problem 1. Assume that f is a positive absolutely continuous function on [0, 1]. Prove
that 1/f is also absolutely continuous on [0, 1].

Solution. Since f is absolutely continuous and strictly positive, it has a minimum f(z() =
d > 0 for some zg € [0,1]. Namely, for all z € [0, 1],

f@)>a = <

1
flx) ~ a

Now, let ¢ > 0 and § > 0 such that for all {(a;,b;)}", finite collections of disjoint
subintervals of [0, 1],

Zn:(bz —a) <6 = z”: |f(b:) — f(a)] < e
i=1 i=1
Then,
11| & fla) - fb)
; f(bi)  f(ai) ; f(i) f(a;)
S NIUENT
i=1
< ;20425 =c
SO % is absolutely continuous on [0, 1]. ¥
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Problem 2. Assume that E is Lebesgue measurable.

(a) Suppose m(FE) < oo, where m is the Lebesgue measure. Show that

f@) = [ xewxsty - 2)dm(y)

is continuous. (Here, x4 denotes the characteristic function of a set A C R).

(b) Suppose 0 < m(E) < co. Show that S=FE — F = {x —y: x,y € E} contains an
open interval (—e, ) for some € > 0.

Solution.

(a) Suppose m(F) < oo. First, we note that y —x € F if and only if y € E + z. Therefore,
1@) = [xew)xe(y - 2)dm(y)

= [ xew)xea(y)dm(y)
=m(EN(E+x)).

Now, since m(E) < oo, then for all € > 0, there exists
A= U (CLZ‘7 bz)
i=1

a finite union of disjoint open intervals such that m(EFAA) < e.
Thus, if g(z) = m(AN (A + z)) is continuous, then because
19(2) — ()] = (AN (A+2)) = m(E 0 (B +2))
=mANA+z)NE)+m(AN(A+x)NE°)
—m(EN(E+x2)NA)—m(EN(E+x)N A9
<|mAN(A+z)NE)—m(EN(E4+x)NA)|+e
=|mANA+z)NEN(E+z)+mAN(A+z)NEN(E+x)9)
—m(EN(E+x)NAN(A+z)—mEN(E+x)NAN(A+1)°)]+¢
< 4e

so f(x) must also be continuous.

Now, g is clearly continuous since A is a finite union of intervals so

lim g(x) = g(y)

T—Y

for all z,y € R since we can make the difference |g(x) — ¢g(y)| as small as we like by
making |z — y| small.

Namely, f is continuous.



Kayla Orlinsky
Spring 2017

(b) Suppose 0 < m(F) < co.
If m(E) < oo then g(x) = m(E N (E + x)) is continuous by (a).

Now, ¢g(0) = m(E) > 0 by assumption. Therefore, by continuity, there exists € > 0
small enough that g(z) > 0 for all z € (—¢,¢).

Let z € (—¢,¢) and z ¢ E'— E. Then there does not exist z,y € E such that z =z —y.
Namely, for ally € E, x = z+y ¢ E. Therefore, EN(E+z) = @som(EN(E+z)) =0.
This is a contradiction of g(z) > 0 so no such z can exist. Namely, (—¢,¢) € E — E.

Now, if m(F) = oo, because R is o-finite, £ C R is also o-finite. Namely, there exists
{E)}32, where Ej are disjoint and m(E}y) < oo for all k and

E=J B
k=1

Therefore,
(—e,e) € By — E. C E—E.
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Problem 3. Assume that f is a continuous function on [0, 1]. Prove that

1

lim [ na" 'f(z)dr = f(1).

n—oo Jo

Solution. Since f is continuous on a closed interval, it is bounded and so the Lebesgue
integral and Riemann integrals are the same.

Therefore, letting u = 2™, we get that du = nz" 'dx and so

1 1
lim [ na" 'f(x)dr = lim [ f(u")du.

n—oo 0 n—oo 0
Now, we apply DCT.

1. f(u'™) is measurable.

2.

n—0o0 n—00

lim f(u'/") = f <lim u”") = f(1)
for a.e. u € [0, 1] since f is continuous.

3. f(u/™) < M e L*([0,1]) where M = max |f(x)| for a.e. u € [0,1].
Therefore,

lim 1nx”_1f(:v)d:v = lim lf(ul/”)du — [ lim fu™du = /Olf(l)du = f(1).
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Problem 4. Let (Q,F, 1) be a o-finite measure space. Let f, g be measurable real
valued functions. Show that

J15=gldn= [~ [IasoF@) = Xoor(g(a))| dutz)dr.

Solution. Note that for fixed ¢,

f@) >t,9(x) <t = X,00)([(7)) = X(t,00)(9(7)) =1

and
f@) <t g(z) >t = X(t00)(f(7)) = X(too) (9()) = —1

all other cases make the integrand 0.

Let
E={z|f(z)>1t=g(x)}

Therefore, by linearity of the integral we get that
/ /’X”O ~ X(t.o0) (9 (w))‘du(x)dt
- /_OO [E X(t,00) (f () = X(t,00) (9(2) ) dpa() i
B /O:o e X(t.o0) (f (%)) = X(t00) (9(2) ) dps(z)dl
I/Oofldu:cdwr/oo/ Vdp(x)dt
_/ /X(g (@) ()@ dt+/ / X(f(@).g(e)) (x)dp(x)di
_/ / X(g(w). s () dtdp(@ +/ / X (7(a).g(a)) () dtdp()

_ / / dtdp(z) + / / dtdp(z)
_/ f(z x)du(x +/ z)dp(x)

=/X|fw—gxlu(x)

with (1) since €2 is o-finite and the integrand is clearly in L™ (x x m) so the integrals
can be swapped. ¥



