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Problem 1. Let A C R and suppose that for each € > 0 there are Lebesgue-measurable
sets £, F with E C A C F and m(F\FE) < . Show that A is Lebesgue measurable.

Solution. First,
A=FEUANE‘NF)=EU(AN(F\F)).

Now, for all n, there exists F,, and F, Lebesgue measurable with m(F,\E,) < % and

E,CACEF,.
Let - -
E:UEHCA and F:ﬂFnDA.

Then, let '
E! = U E,
n=1

so Bf C B}, C --- and so
A\E] D A\FE5 D ---

Furthermore, since
m(A\E}) < m(F\E}) = m(F\Ey) <1 < oo,

by continuity from below,

m(((A\Ey,)) = m(A\ [ Ey)
_ 1 '
= lim m(A\Ey)
< lim m(F\E,)
< Jim m(Fo\En)
1
< lim — =0.
n—oo n,

Thus, since m(A\E) < m(A\E,) for all n, we have that m(A\E) = 0.
By a similar argument, m(F\A) = 0.
Now, since

m(F\E) = m(F\A) + m(A\E) =0+ 0 =0

1



Kayla Orlinsky
Spring 2011

we have that

A=E||(AN(F\E))

however, since AN (F\E) C F\E which is null, we have that AN (F\E) € £ since m is
complete and since E € £ by assumption, we have that A € £ since it is the union of two
measurable sets. ¥
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Problem 2. Let f > 0 be a Lebesgue-integrable function on [0, 1]. Show that

1
lim — c_1)d :/ log fdm.
al\r,%a [0,1}(f Jdm [0,1] 0 fdm

Here m denotes Lebesgue measure. HINT: Decompose f (or log f) into two parts.

Solution. First,

li = li =1
5l>r(§l+ € z5i>07L ng
for all z by L’Hopital’s Rule.
Now, let
E={xe€][0,1]] f(x) > 1}.
Then,
e _1 e _1 e
/ dm :/ / dm + / 1dm.
[0,1] g E e Ec £

Now, we let € = % and

() -1

() = n(f'"(z) — 1).

ERC IR

We would like to use Monotone Convergence Theorem.

1. {f,} € L*. Since f > 1 on E, f/* > 1 and so n(f'/" — 1) > 0 for all n. Furthermore,
fn is measurable since f is.

2.
L fula) = =1 (7" og £)(~1/m)
n
Con(fYm—1) = fY"log f
o n

Since, f > 1, fY/» > 1 for all n and so for large enough n, the derivative is eventually
positive and so, after perhaps removing the first N terms, f, < f.11.

3. fn—logfforall x € E.

Thus, by the monotone convergence theorem, we may bring the limit inside the integral
on .

Now, f, < 0. However, by the same argument as above, for sufficiently large n,
fl, <0. Thus, —f,(z) > 0 and —f/ > 0.
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1. for f <1, f, is negative, so {—f,} € L.

2. Using the same derivative as above, since f/® —1 < 0 and f/"log f < 0 for all n on
E° we have that —f/ > 0 for sufficently large n. So —f,, is eventually increasing.

3. —fn — —log f for all x € E°

Thus, by the monotone convergence theorem we can bring the limit inside the intergral
on I.

Finally,
i, foy e tm = [ - -]
EIE(% 01 € dm = lim, Efn Ee Jn
= J, Jim fudin — [ Jiw —fudm
:/ logfdm—/ —log fdm
E Ee
= /log fdm.
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Problem 3. Suppose f € L' is absolutely continuous, and

f(x+h) = f(x)
h

lim
AN\O JR

dz = 0.

Show that f =0 a.e.

Solution. Let h =1 and f,(z) =n(f(z+ 1) — f(z)).

Jim [ 1fa@)ldz = 0
implies that |f,(z)] — 0 in L.
Now, since f is absolutely continuous, f’ exists a.e. and f,, — f’ where it exists.

Thus, since f, — 0 in L', there exists a subsequence {f,, } which converges to 0 a.e.
However, since f,, — f’ a.e., this implies that f' =0 a.e

Finally, since f is absolutely continuous, by the Fundamental Theorem of Lebesgue
Integrals, on any closed interval [a, b], we have that

f(@) = fla) = / Pt =0 = f(x) = f(a) for all & > a.

Similarly, we have that f(z) = f(a) for all x < a. Thus, f(x) = ¢ for some constant a.e.
Since f € L', and
/ le|ldx = oo forall c#0

we have that f =0 a.e. Y
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Problem 4.

(a) Let (X,JF, ) be a measure space with p(X) = 1, and suppose Fi, ..., F; are 7
measurable sets with p(F;) > 1 for all j. Show that there exists indices i; < iy <
13 < 14 for which F;, N F;, N F;, N F}, # @.

(b) Let m denote the Lebesgue measure on [0, 1] and let f,, € L'(m) be nonnegative
and measurable with

/ fodm > 1/2
0,1/n]

for all n > 1. Show that [ [sup, fu(z)lm(dz) = co. HINT: Part (b) does not
necessarily use part (a).

Solution.

(a) Assume not. Then
7
i=1

for all z € X. (Else there exists x € F; for at least 4 of the F}).

Now,
/éxﬂ(m)dﬂ < /3 =3u(X)=3

however,
7 7 7 . 1
/ZXFi(x)dM:Z/XXFi(ZL’)dM:ZM 25 !
=1 i=1 =1 Pt

Thus, there exists some x such that for some indices 11 < iy < i3 <4, x € F;;, N F;, N

(b) Let M > 0 be large and

E:{xe [O,H |fn(x)>M}
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Now, for all n > 2M, we have that

1

3 < [ St

:/ folx dm+/cfn(x)dm

</fn ydm + [ Mdm

S/Efn(x)dm—l—]\;l m<[1,71l]>:71l

</Efn(:v)dm+;

Thus,
/ fn(z)dm >0
E

for all n > 2M so f,(z) > M on a set of positive measure for arbitrary M.
Thus,

/[071] [SlTle fo(@)m(dz) =

since f, grow arbitrarily large near 0.



