


Obspul
-

counterexample for lit and lii) :

let 9=2%2" Xcmntiyzzn] For K=l, 2,3, . - .

glk) = 2
"
→ A as K -> X

.
Thus g is not

bounded on R and g IX) -150 as x → a
.

And 1191 = En? , f 2
"

Xen , at Van ]
= 2nF, 2722N = En?, Kzn < A .

g is not continuous
,

but define f to be the function

which has a triangle under each rectangle of the indicators
in g , whose height is equal to that of the rectangle.
Then SAIL SIGIL ,

and f unbounded
,
f -170 as X -2 a .

D

Now
, assume f ' exists everywhere and is bonded

.

by M .

Iii ) Assume not : then for some E > o , IN C- IN
,
z x > NS.t.lftxd > E .

Then we have SET
""

tflxl I 972M
,
since MVT

will not allow lfcxsl to die below the triangle of area EYZM .

We can find infinitely many of these situations that are

non overlapping
,
she f -170

. Thus SHE E
- EYZM =D

. ⇒⇐
.

D

Ii ) By the same logic
,
fix) -70 as x.→ - x

.

Thus
,
I NEIN s.t.tt X Et EN, N]

,
Ifcxslel

.

And f continuous ⇒ f bounded on C-NSN]
,
compact

.

Hence
,
f bounded on IR

.

D
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(a) We see that ose
-9×2=1 ⇒ '-eI e ¥

This for Ezo , SE '-I dx ESE Ix = - tie = La ex.

Now, by L' Hopital
,
we have

him l-eI=¥yo4×e = ftp.zoye-M-y
.

X-20

1 - e
- 9×2

Thus I E > O S.t. Ta 229 t X Elo, E) .

Hence
,
SF '-I tox = So

' "eIdxtsei-eIIdxa-2yetf.es .

O

(b) Gqyg= figo GHthY# = him
. Eff

'-ei"I7 -

'-e"dx
= Ligo th fore e

- Y X
'

- e
- Yue -hxz
Tdx

= limo 's fore e -9×2 i÷dx
= Side

- ' x' Ligo '-enI dx by DCT

= ST e- 'MIX by L' Hospital

= try f ! e-Mls s - Myx

= rHzrg Is =D dx

⇒ fly ) = VITT t C
.

And fly) -70 as y -70
,
by DCT

=3 fly ) = VITT
.

e-
yxz i-eI z '-eI E i-e-Y7 integrable on loss) by Cal

,

ht h in the sequence ⇒ DCT applies .

lim teL =

'
I:O = his

.

e-
"
=L

.

h -70

D
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( X
,
M

,
m ) v. finite ⇒ T countable partition X=X,UXzU - -

r

sit
.

de ( Xi ) L - ti . Thus Egoroff 's Thm can be

used on an arbitrary Xi . ⇒ a Fine Xi sit.

Al ( Xi - Fi
, , ) L l and fn→f uniformly on Fin .

Then we repeat : F Fi ,z C Kil Fi , ,
sit .

M (Xin Vries Fisk ) L 'T and fn→f uniformly on Fire
.

This continues
,
and for arbitrary j we see F Fi, ; CXilviiiifi.ie

5. t . M l Xin Uriel Fisk ) hit and fn -s f uniformly on Fiji .

Now
,
define Fi ,o:= Xii VET, Fisk = A (Xii Viii , Fisk )

which is a nested intersection
.

And since mlXi'Finks ,
we can use continuity from above to deduce
M ( Fi ,o ) = IIe del Xii Viii Fine ) E 'II- ÷ = O

⇒ At (Fi ,o ) = O
.

Finally , define Eo -

-
= UE , Figo

,
and define { Ei }T to

be an enumeration of the countable { Fi
, .k3i7k=i .

Countable additivity gives MIEO) =D
,

and we've

seen that fn→f uniformly on each Ei
,
izl

.

D
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(a) Lemma : If 9-
' ( la , - J) is open it at IR

,
then

g is 1. S.C
.

Pf : let XE IR
.

let Xn -> X
. Assume Glx) > liminfgfxn) .

Set a EIR sit . liminfgtxn ) < as g. CX)
.

g-
' leases) open =3 g-

'
(Ex

,
a] ) closed

.

liminf gcxn) s a ⇒ F subsequence {Xn , } sit
. linguini ) La

and sit
. glxni ) ca ti

.

Then {xni 's c g
- ' U-x. a] )

⇒ him Xn ; = X E g
"
H- no ,

a] ) ⇒ gas a ⇒⇐ .

D

Now
,
consider f-

"

( la , -7)
.

Let XE f
- ' Lea, - I ) .

⇒ f (x ) > a ⇒ supra fuk) > a ⇒ F K s .t . fklx) > a
.

fu cont . ⇒ F f s .t . fkly ) > a Fye (x-8
,
Xtf ) ⇒ fly) > a f such y

⇒ (x - S
,
xts ) c f

- ' (Ca, -11 .
Thus

, f-
' Clairol ) open ⇒ f I - S.c

. o

(b) Claim : if g is t.sc . ⇒ g-
' (C - x. a] ) closed for aelR

.

Pf : let X. → X in R ,
with His cg-YC-x.az ) .

⇒ gun) sa tf n
.

g 1. S.c
.
⇒ sad E limit glass a

⇒ XE g
- ' LL -x , a] )

This g-
'
le -x. and closed

,
measurable

Hence
, g is measurable

O



Obtal

Let M denote the o- algebra generated by all one -point sets
.

Let N = { X : x or X
' countable }

,
a set

.

Claim : M = N.

First, we prove Ne M . Indeed
,
if X countable

,

then X= UP Exits ⇒ X EM
. And if X

' countable
,
X'EM

⇒ XEN
.

Second
,
we prove MCN . If N is a o- algebra

,
then

Mev since M is the smallest o- algebra containing
all one -point sets .

N is closet under complement : let XEN
.

If X

countable then X'EN since 4=69
'

is countable
.
Otherwise

,

XC countable ⇒ X' EN.

N B closet under countable union : let {Xist e N .

If Xi countable t i then U Xi countable ⇒ U Xi EN
.

If not
,

then for some i
,
Xi
'
countable .

⇒ ( Ux ;)
'
= AXE countable ⇒ U Xi EN

.

o
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E- Co, Dolo , D

Cisse #mean

'

i
Def f -

= ¥
,

f. ⇐ xtydmlxid) = ftp.yf-f.e.ysjf
=
no - X Folland requires

eiis mine:3:
does not east .

. :÷¥÷÷÷a[measurable

Def f=¥y .

f- E Lt CE)

⇒ foefdmcx,yg= fo
'

fjfdxdy
= so 'knextys%y

:&
.

.nu. .ee. ..
E÷¥÷÷¥

[ ythhrlbtf-YJ.to - [ ghost - y] ;
= 2h14 -4 - enlist - [ heh-4-1*01

I.if ylnly) = o . .no gives o

= 21hL - hi) = 2h14 b. (4)
.

o
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Folland 4.21 : X compact ⇐ for every family { For }area
of closet sets with the finite intersection property

,

Area Fo =/ 0 .

A family of subsets of x is said to have the finite
intersection property if Ayers For # O t finite BCA .

To see this
,
look at cost and lool) .

Family { Co
,
"nI3 has finite intersection prop . and nonempty intersection

.

Family { ( o,
'
in] } in 10,1) has finite intersection prop , but empty intersection .

Cost compact
,

lost) not compact.

U> K
, open .

U ' closed ⇒ u
' compact.

⇒ any open cover of AC has a finite subcarrier
.

A > K ⇒ a
'

CK
'
= (NE)

'
= VE

'

,
an open cover of U

'
.

⇒ a finite sub cover {Eie } ? of Uc
.

Vi Eic > Me ⇒ (NY EET cu ⇒ NY Ei en .

Now
,
let Ei

,
Ez be compact with MCE,)=MlEa)= l

.

Then MlEINEN = Seine
,

f = Sx - qeicuezojf = Gf - Seif - Seif

= I - pilei) -MEE) = l - O - 0=1
.

Intuition shows then m (nihil =L .
⇒ MIN - I

,

u
Mlk)= Mf { MIU) : U open ,

ask}

since ar is a Lebesgue - stilts.es [ [ C¢[[ [ ¥3313333measure . ⇒ Mlk) -1
.



08sp.3.fi[Osi] -7 IR f cont. a.e . 3 cont. g s.t.f-ga.ee .

⇒ Let f- = go xecoik ) . •

I XE [1/2,1] Il

Let g :[on] -7113 be set . f- g a. e .

Let XE Costa)
.

Assume gcx) # O .
g continuous ⇒ f E >o

,
I s > o s.

t
. YE (x- S, #8) n CGD

⇒ gly ) E (glxl - E, go #HE ) .

Take E = 1914112
.

Then gcyg # O tf ye (x- S , xts) ⇒ ft g a.e. ⇒⇐ .

So gcx) = O tf XE [0,42)
.

Similarly, gcx) =/ ht XE [ Ya, I ]
.

That is g - f
,
so g not cont.

# Let g= I
.

Let f- { I XEQ
O X C- Q

m ( co, A Q ) = O ⇒ f=g a. e .

But f is continuous nowhere .

Indeed
,

take 8=42
.

There is no 820

sit . YE Cx - S, Xts ) ⇒ fly) E Ck, %)
or fly) E C- 42, Yz) .

D
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f- C- L'CR ) .

Claim:

MKT. Ein If in
"'m

fcxsdxt-llfth.ua ,
.

Hf Huapi , = fine Ifl ,
call this value C

.

50/7e.9 . m⇒ 117,92 ftp.x/tlIYgYifdx/t---tlfqfdx/
.

LHS E thing
. Emin. S!!!n"

m

Ifixsldx
= him
, S !mm"

"'m
Ifixsldx = If lftdx-llflla.cm ,

.

Let E >O. Is LHS s RHS - E ?

First
,
assume g EHR ) cont

.

and vanishes outside bounded interval
.

Define Gm := Examine
"

m I Sittin" 'm ghddxlxer.im
,
uensmi

we see
"mm fpngmlxldx = LHS

.

(with f replaced by g) .
Claim : timm gm = 191

.

Let XEIR . gmlxs = m I SEE;"'m gcyldyl sit
. xE[Kim, Gethin ) .

Assume ghetto 9 cont. ⇒ 7 M large enough sit
. gas ) is the

same sign as gtx) for all g e [Kim
,
lktbslm)

,
and all m > M

.

⇒ gmlx) = m Siiiii
" 'm

19ns > Ily tf m > M
.

By TVT, for each m here
,
I bm E [Klm, CKTDIM) St.

lgcismsl = Im Sittin''m 19cal dy
.

These ym→x as m →A.

Then Iim gmlx) = Iim Ig mil = 19h41 since g cont.
all gm s sup 191 X six :gcxs±oz E L ' ER )

.
DCT ⇒ result

.



Since we have lebesgue measure on IR
,
we can always

find such a g S.t. S tf-91 LE ⇒ Sigi > SHI - E .

We know 7 m sit. Er
.
-7in I SEE'm

''m

glxidxl s Sigi - E
.

E.Em lsiiiii
' 'm

gcxil - lsiiiii''m final
E Erin.im I hittin

''m
gcxt - fax dxl

.

E Examine SKYE
" ''m

19 - ft Ix e E
.

⇒ E.Em lsiiiii
' 'm

fixsdxl > Eminem. is iii'm gcxsdxl - E

⇒ E new l sittin
' 'm

flxsdxl 7 Sift - 3 E
.

Take E
- 70

,
then

timm E NEW l sittin
' 'm

flxtdxl Z f Ifl

⇒ ' im Eniiir I sittin
' 'm

flxsdxl = f Ift
.M D
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R open

R= LUR , URL 92 -

- -
i µMIRI -- MCL) the the IRD R

,

open

= all)tVlRDtVlRa)
Rz open

so
,
if MID -

-
VU)

y
,
- -

-
-then MIR)=VlR) . .

.

And we'd be done
'
,

i

t t

since Blk
') generated .

X
,by rectangles

. Xz

So
,
it's left to show agreement on a linesegment.

let { In } be a collection of

open triangles as here
. yn {

Open triangle

We see that o o

L= AT Ln .

'In { (
eine segment L

.Since
, Ngv finite we

can use continuity from above
to say tht dell ) = limn Mun) -_ "nmvlln ) -_ VIL) .

D
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Consider him ltnx2tn2x4- =
I

n -7ns ( it x 's
"

s

, so use L'ttopital .

=
him x~t2nx4_
MA litxrjnlnlitx'T

= %
use L'Harifal again

=

lim XI
n -70 2kW)

" (enlHxyT=
O

.

So if we can bring the limit inside
,
the value is O .

Q : is the integrand dominated by some g E L' Ceo , xD ?

If so,
DCT tells us we can bring lion inside

.
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-

,
by P, say.

fi IR -> IR bounded
,
measurable function

,
m Lebesgue measure.

Suppose 2- M >o and CE Cosi) s. t.

m ( {xilfcxslzt } ) E Ft ft > o
.

Claim : f Lebesgue integrable .
i.e

.
fritters .

Define fn = Ifl X {xiiflxslz 's }

far fnlxldx = Sqxiifexslzynns If I I Mncp
.

a=m({X: IHXII ? 1133 ) E ME
b=m(Ex : tftxsl ? He }) s me

m ( EX : 43 I HCXIIE
,
423 ) = a - b z M3

'
- b

Imsa '

em
'

also I a- m2
'

e.g , take mFEI . Define f- = § I xe lo
, D

'12 Hat )

Sf = I try +B'this .

. . ( 'b

,

crush ,
Tdk

[ {x : thx) 12%3 181 Z fix
.

. iynz Hing , gym , }
Ifl t Sfx : Ifcxslziln -BHI

£ # lmao - Mcnay) t Men- Iep

=

ninny - ftp..at Men -yep



SHE ,
Ifl E MP Max out on Z1

⇒ fifizy, Ifl E MP t (MT -M) i = M ( Pt 2' - l)
Max out on

⇒ Sissy, THE MLP +2
'
- l ) t (Ms '-M2 ' )E each layer.

= M ( Ptl
'
- It 342 - 242 )

⇒ fifizyc, Ifl EM ( Ptl
'
- It 342 - 242 ) t ( my

'
-Mgc ) 's

= M ( Pt 2
'
- It 342 - 242T 443 - 343 )

Does / -converge ?

Sipilfcxldx = Info
"" '
dtdx ? ✓
in

= Eff"'t lfcx> I
-
I
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4
-

Define To'lgI= sup Ei! , Igcxi ) -gcxi.it/O--XoEXiE---EXn=l
for g :[on]→R .

fn→f AXE Cost]
,
real- valued

.

( i ) claim : To
'

tf) E liminfn To'

Cfn )
.

That is
,
svpexizEi-ilflxis-flxo.it/EtiFinnfIsoPexizEin=i Ifnlxitfalxi..SI
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a) (X, B, M) m tonite . A CB an algebra .

E E 73 approx. from inside by A if V-E>0
,
F AES

with A C E
, m CELA ) L E .

Claim ; ( = { E E 73 i E approx
.

from inside by A } closed under

countable unions .

Let {Ei } ? be approx. from inside by it
.

⇒ if 870
,
7 Ai EA with Ai o Ei

,
N(Eisai ) 2 Ekiti .

Is VT Ei approx . from inside by it ? Fix E >O .

Def Fi = Eis Viii Ei so that UFFE UFEi and

Fi distant.

µ ( NT Fi ) = ETA (Fi ) E MIX) CX
.

ITcan this M .

[ TMI Fi) = tins. Eitimlfi) -- M
⇒ F KEIN S.t. Ei tutti) > M - E .

Define A i= V 'T Ai EA since A B an Algebra .

M ( UT Ei LA ) = EFM ( Fi -Ail t deluxe Fi IA )

E E t E

= 2E

And A C Vi Ei ⇒ VT Ei approx. from inside b A .

O



095pct

b) find an example which shows C need not

be closed under complements
.

( = { E E 73 i E approx from Tryin by A }

Let X = Co , D ,
E -- Cain Q .

With Lebesgue measure ,
we here MCE)=O

.

Let A := { 0,x}
,
which is an algebra .

I 870
,
0 C E and m LE '01=0 SE , so

E is approx. from the inside by A .

But E
'

= Co,BL Q has measure m(E) = I
.

And Xel Ec and m ( Ecu 1=14 E for some E>O .

⇒ E
'

not approx. from inside by it .
D
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f
, g

abs
.
cont . on [a,b]

=3 V-E >0
, F S s .t. A finite unions of disjoint intervals

( ambit , . . - ,
Ian

,
brr) on Carb] , we have

EY bi - ai es ⇒ EY lflbil - florist LE
.

This holds for y too
.

Since Ca
,
b] compact

, fog bounded
, say by M .

a) Claim : ffg) abs
.
Cont. Induct on N

.

First
,
for N -

- I
,

E > 0
,
we want to show 78 site

for any interval Cao
,
bo ) ccajb]

,
we have

b
.
- a
. as ⇒ Iffy ) (bo ) - Cfg ) ICE .

fig abs
.
cont

.

⇒ F Sf
, 8g Sit . for any intern Cao,bo ) ccgb]

too -9028£ ⇒ I flbo ) - flao ) I < Elzm
bo -aoesg ⇒ I glbo) - glaol.IE Elzm

Take 8 = man { So
, 8g } . Then , bo - a. 28 gives

Iffg) Ibo) - ffg ) lao) ) = lflbolglbo) - flao )glad I
= lflbo)g(bo) - Effbog - c) glad for some KK Elem
= I flbo) (glbol - glad) t cglao> l

E lflbolllgbbol-glaolltkllgla.tl
< M 42M 42M M

= E
.

Now
,
assume the result is true for unions of at most

N disjoint intervals
.
Claim: also true for Ntl .

for E>O
,
Z Sw st

. for any union of disjoint intervals

( ai
, bi) , - n , Canion ) on Carb] with ne N we have

EY bi - ai s Sn ⇒ EY ttfgtlbi) - Cfg) Lai> I CE.DZ .

Define 8=8v
.

Then for an union of disjoint intervals
( alibi ) , . . . , Lars , ,bn+i ) ,

with ET" bi - ai < 8
, we have

EY bi - ai s 8 and buy - anti - 8 , giving

EYHIlfgllbil-lfgyaijl-EYHfgjlbij-lfglla.gl t Ilfg) ( bra) - Hg) lantis I
< Efz t Elz

= E
. D
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(b) (fg ) abs.
cont

. ⇒ Scary Hg) 'dx= f-g) (b)- Cfg ) Ca)

⇒ Scary f- g
' t f- 'g Ix = ffb)glb) - ftp.gfe)

⇒ Scab] fg
' Ix = for )glb) - flagon) - Sea,b ] f-

'

gdx
. we

Let f- = devil 's staircase let gel .

Then floJ=0
,
fCD=l

,
but f

'

O a. e
.

Thus
,

But
Scar] f- g'DX = Sco

, ,
f.odx = O

f- ( 1) gli ) - flolgco) - Seo,gf'gdx
= I . I - O - I - Sco;D O - I DX

= I o
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f- iR→R integrable , f-=D outside C- 'si
.

Define fnlx) = fcxtyn ) . Must fn -7 f in measure?

f-
n
->f in measure if de ( { X : Ifnlx) - final > E3) → O

as n -7A
,

for a given 820.

First
,

consider when f- Xea, by far Cgblc Coin
.

fn -z f ih Ll ⇒ fn-s f in measure .

Indeed : f Ifn - fldx = Slfcxt 4ns - fix) I dx
= SIXca - yn , b - kn )

- Xia.by/dX=fXea-tn,ajtXqb-tn,b) DX ,
for large N

= 4h
which -7 O as n -> x .

Now
,

for arbitrary f integrable,
Since we are using Lebesgue measure, for

any E > o
,
we

can find a simple function loud I fix) s.t .

f. If -61 Ix s 813
.

and sit
. 0 is defined on finitely many intervals {Cai,bd3Y'

.

Define On = ¢lXtYn ) .

Then Stfu - Ont tax sets tf n
.

And On → 0 in L
'

since 4 is the sum of

Nl indicator functions on intervals
,
which we know already

converge in L '
. ⇒ SION - lol Ix → o as n-so

.

Thus
,
I N sit. tnzN

,
Ston - 011×243 .

Hence
,
In >N

,
fkn -fldx E Stfu - lonltlon - OHIO -fl dx

C Etz t Etz t 43

= E
.

⇒ fn→f in L
'
⇒ tn -7 f in measure .

O
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MIX) CA . fz O measurable on X .

Claim : f M - integrable ⇐ En -2nA lsrxifcxlzz" 3) LA.

⇐s

'f - - - -

- t - - - - -

-
- -

-

-

i. I't. ! -It
- f -

sIi

Define I = It En -702 " Xqxifixszznz
we see that for any XEX

, we have 2MEftxgczmtt
for some M = 001,2, ru .

Then FIX) = It E.Fo zm = It 2Mt
'

- I = zmtl

=3 fix) EICX) f XEX .

Thus
,
fflxtdxzffcxldx-mlxltEn-%2aekxifhdzzn312.ro

which is to say f is µ - integrable.

¥) for XEX with 2mEfCx) Ezmtt
,
f-ex) =zmH

⇒ FIX) E Zflxs t XEX

⇒ EnFo2^mfLx .

- Hx)> 2^3 ) = fflxldx -MIX) E 2 ffixsdx -MHS CA
.

D
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) Mqlx) =

SUP
y ; ly - also

fly ) z flex)
,

f- EZO
.

.
-

e

j
,

-

and for E
,
2 Ez 20

,
we have

my,
. .

.

{ y ily - XI SE , } > { y .

- ly - xlscz}
g-

⇒ ME
,
ex ) Z Mezlx) .

x

That is
, Me Cx) decreases as E -70 .

Thus
,

since it B also bounded below

by fix) we have time-so Mew exists .
D

"÷:÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷:*::÷÷÷:q÷÷:
•

For a given Ne , LE g:?nzneMHn) Emek) .

"

•

-

a
-

a
. .
.

.
. .

This holds fr any E
.

Thus
,

LE bmg→oMelxJ=MCx) . i

o q .
'

•
'

'

X

.

✓
-
-
'

'

i

•
.

.

"

yn
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Maybe g= UHH)

Does UCFCXD = Stuff It ?
H

"
::::ii:

"

:c.
Soo Ucf#t = 0 but UHH O nee .

¥ NFHS = flex, yews,
↳ 4 of Cx)

= fix) YYFCX) ) •
f

÷

¥ fight It = gcx)

gcx)= f-Cx) U'(Fcxs ) . Y UIFCXD

Use Lipchitz twice .

.hef-TCH

Ff set. Find -Flak sifftdt
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let xn-> X .

"intern -*⇒ → ÷
; !.¥¥;;¥¥¥,5÷÷¥÷÷i⇒or Iftxn ) - fix) ) -70 . =

•Toa
••-• . T• @

XE

XE ly - X) = Xetxly) .

- Oo to Todo OTE

XE ly ) Xerxes ) = Xen@+x)
(Y )

⇒ Spy Xely ) XECY - X) dy = SR Xexetxglg ) dy = ALCEACETX )) .

True for internal la, b ) :
f- (x) = Mccain (atx, btx) ) -

= b- (atx) = lb -a) -X OR O
,

= max { lb-al - X
,
03

.

f-(x)
.

Which is continuous
.

E is just a countable union of open interns . ?



09-fa.lt

Def E (N, E) = { xilfnlx) - fats. E for some news .

Def F = { X : fnlxl -15 fix) }
= { x : for some E

,
ft N ,
I n z N ent . Ifnlx) - final z E }

= Vq { Xi HN ,

'

Afnlxl -fix) 12C for sure nzN}

For a given EW ,
m ( { Xi kN ,

tfnlxtflxl IIE for some new35=0 .

*

For
, consider when this set is not null . Say med) so

.

Then f- N
,
F n EN s t . flfnkl-fhdldxzf.plfnlxl.fm/dx

Z S. E Ix

= E MLB)

But for n large enough , Uri L Embl)
.

limnsup f-

Qihhynl.EE#mtfn--hq4@Bord-catelli-



105pm

Ii) Consider Ea {Xifcx) -a} = f- ' ( e - x. as)

Let XE Ea .
Take E= (a- fW/2 SO .

f- u.s.c. ⇒ 2 8>0 sit
. flyjefcx) + Esa whenever ly -XKS .

which is to say ye Ea as well
.

This Ea is open and therefore Borel measurable
⇒ f is Borel measurable . D

Iii) Define fix) : = McatA) = MUR) -MIHAI)=M(R) -M(xtA 'S .

Claim : f is u.s.c.
,
which implies f is Borel measurable by Ci )

.

Let XER
,
Eso

.



104.2

f-n -> f in measure if M( {Xilfnlx) -fadl > E3 ) -70 as A -7 no

,
tf 8>0

.

Ifnlx) -

foxsth-fhfxp-ZfnhhfcxjtflxMNTSMCExilfnlxf-fixflsc.rs) -20 as n -7A
,
t E>O

.

(a) pukka ⇒ AllExitfncxl - feast .EE} ) -3M(x) as n-so
,
tf E>o

.

⇒ I N sit
. V nz N

,
M(Exilfnlx) - fan LEEDS Mex) - E '. HE' >o .

100 - 99.5 = .
5

tool - 99.52 = toooo - 9900.25 = 200
.

if tfnlx) -fix) ) 21 then ocfwcx)2 - Zfnlxsfto)tfIxR< I

f-next - fight Zfncx) fix) - Zfcxjtl
= Zffx) (fix) - fix) ) t l
in

< e



104.3

f- strictly increasing if F X, y C- Cosi] with Xsy
,
we have fix) - figs .

f- abs
.
cont . if f- Eso 38 sit . for any finite collector

disjoint intervals Lexi
,
Yi )3i the following holds i

EY Iyi -Xi ) < 8 =3 E ? Iffy;) - fcxill LE .

⇐ fix) = f- lost Sff 'IHdt by Fund
.
9hm

,

fl E) = {Hx) : XEE }
e- { Host SF f'Htt : XEE }

-fll)
I ffojt { hit'ItHtiXEE} .

.

-

Mlf IED mlflost { Soxfiltlftixe ETS i
-

a

e a

mlESFf'Htt .

- Xt E3)
.

BE .AM
A

g

d

& a

f-IT
. . . mom . .

-
.

O l



104.4

First consider simple functions defined on intervals
,
ie. a

function 10=2 i Xai where Lai } ,
"
are disjoint intends an co,D

.

Then
,

So
'

Ohn dm = Eike , Sidi Xaihn dm
= Ei di Sai ha Im

consider lsaih.IM/s4n
⇒ faihndm -20 as n -7 .

⇒ So
'

Ohn dm → o as n - > re
.



125 put

/ /
X X

Ftl Gt = { XEX : glx)Sta f Cx ) }
Gt Ift = { TEX : FIX) E th 91×53 Disjoint .

⇒ all lftlft ) U ( Gt ' Ft ) ) - Ml Ft 'Gt)tM(Gatt) .

LHS = Sfsgf- g dart Sgs, g - f dm f
g

NTS Sf>gf-gtae-S.IM/FtiftSdt t

µ ( Ft ' Gt ) = SXX
#Gotta

⇒ SIM lftlttldt = 155×4 ranch dmdt

= 1×15 Xftaeeltdm by Fubini

= Sfs
,

Sgt It dm

= If > g f
- g dm .



12 Sp .

2

7
-

* sin 2X E
'

l H X
.

OE lsiixs 's El FX
.

sixXXXXsiix
(Smx) 's

f 's .mx )" Z Sh ' X ft X because t
"
If

for t on Cosi

↳
x÷⇒%E*÷g=¥×)2

" """ " ""Ttx
.

III. taxi



124.3

A) NTS n'info fgxiifis.ms HI =D for f- E L '

.

We have for any ME IN i

f. Ifl = EH Jex : K - tattle k3 Ifl

= EKE, I { xi k - la Ift e k } Ifl t fgxi HI > my Ift

⇒ '
n'
'

Ip Jex : ifl > my Ifl =
'
mini ( SHI - Erk , fax :*. ,< Hicks Ift )

= SHI - E Ssx .

- K- iclflekrs If I

= S Ifl - f Ifl
= 0

. D



uniformly integrable
un
m

mm

b) hi:X Years Jex : ifreal >mzlfrl
⇐ Iso Max { Feta fax :* .ua , >my Hot , ftp.fexilt.hdlsnylfo/ )
E

n

"

?
.

Feta fax :* .cm >my
Holt 81, Sea. it

.
long Hot

= 0+0=0
.

This tmi:X Years Jex : Hr# I >mzlfrl = O . o



for

C) f. Haltom = fyiifda.mg/frRdatfexiifdsmglfo/dM
for any ME IN . Thus ,

we have tf M :

Sgp f. Holton = 8YISexiitoknslfddmtfex.it/smgIfr/da )
E SF fax : Helen 's Ifat dm t 'Y fgxilfol > my Holdin
E ou M t 'F Ssx: Hol >my Holda

{fo 's uniformly integrable ⇒ 7 ns.t.tkthrsisf#te.

Hence SHS Hd dm is finite ,

o

let fn=Xcm2n3

hiya sun
' Jawf .cm >mztfnl = 0 since

F)
{ a. if .ca , >mylfnl = O t mzl

.

But svnpfffnldm = she n = x
.



-

d) Six- the = 2x
"
' ] ! = 2 Must

fix
- "t' = #anti ) ; =n+ ,

Slfoldaes@ ?

fn ( x) e x
- Nnn

fix , → ¥¥?e .
r #

So
' Hnl → s! HI
=nt , → =D as n-70 ' ✓

x
- ninth

= M

n' is.
"n' le

. . am,
14141 =

x=m
. ""

inn
x
-hint

= snip g !
"""

x
-Matt"t"

=a; minty ;
""

Iim sup Sloman ) → StuffM-7A DEA



⑨ nlltl) E IHH - Iamsu )
d) First, assume fo E L' (M ) . = HI Ismene}

F N sit
. f- NIN

, flfnf IM e f Holda t E

By parts lat and lb)
, using induction

,
we see that

{ fu} into is uniformly integrable .



124.4

a) . dlv
,
X) zo v

• 8=X⇒ t.lv , D= 2 sup IVIE) - HEH = 2 sup 103=0 -

V

LIV , t)
-

- O ⇒ 2 sure IVIE) -HEH = O

⇒ VIES = HE) t E E IM V

• LIV
,
4) = Ily ,

N ) since IVIE)- HEH =/HE) - HEH .

✓
• Nrs LIV , M ) E LIV , Ht dim )

2 sup IVIE ) - NIED E 2 sup INE) - HE) It Zap INE) - MCE) l ?

Yes ,
b/c IVIE ) -MIEII E IVIE )- HEIL t INE) -MIE) / V

U



b)
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Let a > O .

Let N be large enough so that t NEN
,

so
'

I fnlxlldx a 42 AND fo' Ifnicxsldx C Elz
.

Assume 7 n EN
,
Xt [0,13 sit

. Ifnlx)lzE .

t y EX ECO;D
,
we have

$ fnlx) - fnlyjl-lfyfnlttt.tl E Suitfnltldt < 42 .

and t yzx E forb
,
we have

I fnlyg - fnlx) 1=15*4 fnlttdtlefxlfnttlldt 242 .

⇒ Antsy > 42 A YE CUB .

⇒ Silfnlxlldx > 42 , a contradiction .

Thus
,

assumption is wrong .

⇒ f- nz N
,
X Eco , D

,
Ifnlx ) l L E

.

Hence
,

we have shown fn -70 uniformly on co ,D .

O



134.22nF
. an = find. En!o an = fi:. En! So'x÷ sinMdx

.

=

'

n'Ya fo
'

Ennio sineirxsdx

* Does = fo
'

Info , sin era Ix

= fi ¥, a sin tax) dx

sin (Rx) = era - Hzx!÷ t ltg?I - .
.

.



spt3.rs

⇒ :

ht ATM
,

I Safn In -

faflat-lsafn-fd.ae/EfaHn-fIdaeESxIfn-fldae
⇒ quern Ifafndae - Safdar Is Sxlfn -HIM -70 as n-7A

. o

⇐ : Frem ISA farm - Sa flail → o as n → x

⇒ a NS.t.V-nzN
, Gwen lsafndae - fafdael LE

.

⇒ I fqxifn.2fg.fr dm - f {x : fnzfz tall

= I Sqxifnsfy fn -f dm I I fqxifnzfzfn-fddl.SE .

And I S{X : fnefzfn-ffat-fqxifnzfzf-f.fm LE .

⇒ f.* Ifn - f I dm = Sexism> fzfn - f dat fqx:fnsfyf - fn dm
52 E

.

Thus Sxlfn - fl dm → 0 as n-so. o



13 Sp .
4

all d) so

Nld ) -- S, du = See Enda = MH)



13F

Let A be a Borel set and let CE IR
. NATH -

- f
#
Im

we need to show
'I'Ic M ( Atx ) = M late ) =fµ×l%mdm

If we show x''
'

Ic Ml (Atx) Blato) ) = O
,

then
x''Ic ImfAtx) - MIA to ) I = IIE IM UAtxhlAtd) - MHAtoucans) I

⇐
'
II MHAtxh (Atc)) t M LIATCIXATXD

=
'
x'Tu tu ( Atx) blate) )

= O S Xaly -Hla
⇒ IIc M(Atx) = M (Atc )

, finishing the proof .

I:÷÷:÷÷"÷:÷:÷÷÷÷÷÷÷÷÷:÷:÷÷÷÷÷i::i÷÷÷÷:÷M finite ⇒ I N sit . all Vilar, bi ) ) > Mla) - E .
function

.

Then IMCA) -MI UY lai , bi )) I E lakh - Niall t l Mlu) - MCU !Lai,biDl
< 28

.

Now
, M ( VT faith

,
bitx) BUY (aitc, bite) ) EZYmllaitx.bitxsblq.to, bite ))

=EY2min{ Ix -alibi - ai) }
which → 0 as X-7C . Thus

,
we can find a S > o s.t. t XE Cc - S

,
Cts )

M ( NY laitxibitx) b UY lait, bite ) ) e E .

( Atx b VT (aitx, bitx) )
-z

( A AUT lui , bi ) )

-f- (XI '- M (Atx) = fXa*bs ) daily ) = SIT cissxatxossdmcy)
= S DIE (g)Xaly-x) dm ly )

*TrveevenifmlA=x.limitoffinitecaseonFM,M



g. (x) = allAtx)
f- = dens

.

of M f= fam

god = S Xa ly ) fly-x) dm (y )

OR = SXn.ly - x) fly ) dmlg )
.

W
want to approx by a step fun

.

of y-X .

VIX) = S Xaly- x) dm (y ) Cen approx by step function



13fa.ly

First
,
we font the example .

Let f = Xco
, is .

⇒ g. txt Erik , Xco ,
DUH

.

XE ( Yz , I] ⇒ 2x Ct co, D ⇒ 91×5=1 .

XE ( Ys
,
427 ⇒ 3. X El Coop ⇒ gtx)=2 .

This continues and we see that gcx) - Ltx) on 10,13 .
And glxs -- O V X El Coors

.
Thus gta converges

almost everywhere .

But Sgcxs = So' L'z) = Skit 2+5%3 t - - -

=

'th t 43 t '14 t -
-

-

= A . D

Now
,
we prove the result .

Assume g diverges on a non -null set
,
E

Then consider { anx : NEIN
, XEE } ,

call this A .

Claim : Saf = Seg =D .

Seg = Se ET f Cana)

Sglx) = SE flan x ) dx

Shanxi dm =

atnffcxsdmu-qxdu-a.siSITH he



13fa.rs?1SFx-besinxsml2xSdxlESilx-be/dx
U"

a- n Daniel
solution .

F.nl IN Siam
for BEI .

Brat;fEYIx .

es
"

Section by
section

.

[ Mib =
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4
-

f-5 (Fcxta ) - Axs )1x= S.IM/Cx,xtaT)dX
= S

-
I 15 Xeaxtasessdmlyjd.mx)

= f-55.5 Xex.xtai.ly) dmlxsdaecy)

q÷i÷:÷÷÷÷÷
"

:*::÷:

Because YE (x
,
xta]

⇐ XSY AND yes xta

⇐ xsy AND y- a EX

⇐3 XE @ - a , y ) .

J

Because Xcx ,xta]lY) E Lt(Rx R )
and M

, m are o - finite
,

so we can use Tonelli to

swap iterated integrals .



145€

( I) f f- ZIM = fqx ; Ifp, is iz
ftdm t Sgx ; Ifexy , > iz f

-

DM

⇒ Sqxiifcxs , > i } f- 2dm < a

⇒ SHI dat = Sqxiitexslsiy lfldmtfqxiitixs.org/fldM
E M (X) t Sgxilfcxslsizf ' dm < A

. O

Iii) NTS S Ifn -fl dm → 0 as n -2 x
.

% ..
?

A -fix)lE2 Ifcxll a. e
.

M Ssx : fsm } An

Mfa Xgx.tn >my s fit ⑧

( Iii) let fh=nXeo
, .mg ,

f-
n

-s O a. e . But flf. - oldae= I t n
.

So fat> 0 in L
'
. W



144.4

only depots on C .

(a)

Is Kayla

hlltysn , f)
→ SMIT ↳

entity ) Sly C2l.mtqbCEI

{x : smxztz }

boy below by to
pieces of interns of togth Zor .



144.32

First consider a continuous function g that vanishes outside EMMI
.

Do
.

!



14Sp

Assume 7 SE IR s.t . Mtf
- '

(x) ) > O .

f- ex) = gly ) Mx V - a -

e
.

⇒ Mxr ( f - 'A) x g- '( Rising ) ) = Nlf"lx)) . V (g - ' LIR - {Ig) ) = O
⇒ ylg

- ' ( Risd ) ) ) = O ⇒ gly ) = X V - a. e .

⇒ veg - ' ( x ) ) -- VIY) > O
⇒ by the same logic , fix) = X M - a. e .

We get the same result if our starting assumption is

that a ie IR at . veg - ' last > o
.

So
,
what happens if § t s. t . Mtf

- 'All so

or veg
- 'Cx ) ) > 0 ? That is

,
tf It IR

,
tuff- 'HD -- o

and rly
- ' (x )) -- O

.

let E CIR be
a measurable subset .

Mxr ( f
- ' (E) x g-

' (E
' ) ) = O

.

V ECR
.

Mtf
- ' CE) ) 70 for some E CIR ⇒ Hg -'CE ') ) = O

⇒ v ( g
- ' ( E ) ) = SLY) ⇒ M ( f- ' CE' ) ) =

⇒ puff
- ' CE) ) = MIX)

.

Mtf - ' (R) ) - O ⇒ adf.it#RD=aelXl .

7
-

M (f - ' ( IR))= Mff - '(e- x.Mt Mtf -'([o, ) ) =MA)
⇒ one of T-7 = m CX)

.



14fa.ly

First let f = Xena for Cbi ) e Cosi ) .

Then a'Ix fo
'

Xunisexsxsinlax
'

)dx

=
'
a'To Si xsihcaxsdx

=
'

a'
'

Ia - tacos land) ] 's
=

'Iza Falco 's lab 's - cos Lacy ]
And IIa lab 's - costars] I E ta → o as a → ox

.

⇒ a'
'

Ix fo
'

X. unisex) xsinlax
'

)dx = O
.

By linearity of the integral, this is true when
f- is a simple function on sets whrh are

finite unions of open intervals .

Since we have the Lebesgue measure
,
and since FEL

'

,

for E > 0 , 7 such a simple function of with Sjlf- 01 - E .

Then
,

'
a'
'

Ix Iso
'

fcxsxsonlaxylx - sided xsmlanildxl
E a' 'Ix fo't#x) - ¢lxDxsncax'll
2- king, so

' lfix-0lxlldxsin.ae/xshLax4lEl on lool ) .
< a

⇒ 'im lsjfcxxsmlaxsdxl LE
,

and
a-so since E was

abitur
,

we conclude

a'Info fjfcxlxsrhlaxdx = O
.

D



l4ra

f-
n
-2 f in measure ⇐7 M ( { x : lfncx) - fix)lzE } ) → 0

as hero.

NTS µ ( {X : I Fofnlx) - Foflxsl Z E3 ) → U
as a -2A

.

F uniformly cont
.

⇐ He > o
,
78 > o sit . FXEX

,
if

ye ( x - S , Xt S ) ,
then I Flyl - Fadl L E .

I NS.t.V-nzNMCfxilfnlxl-fcxllz 83 ) Z E
.

Ifnlx) - fast Lf ⇒ I Fofnlx) - Fofex> Is E
Thus

,
{x : ffnlx) - flat LS } C {x : ( Fofana) - Foflxsl LE}

⇒ {Xilfnlx) -fcxslzf } > {Xilfofnlx) - Fofcx) l Z E}

⇒ M( {xilfofnlx) - fofcx) IIE} ) EM (Exilfncx) - fondles }
→ o as n -70

.

Hence
,

Fofn→ f-of in measure .

O



14 Fa
.

3
-

him
.
n'in = I

f-n Ix ) > n on a shrinking Megan
,



14fa.tt

a)



15sp.tn
: (HEH = y

'

n'I. In Eth] = Ing

tin
-nln(HE ) = Any

n -so
I

tin hat E ) Tr IX
n -so
- -yn=hy

Ltlopitw : ftp.fq.gl#I=hy IA

th
- In =hg I ex frn -70 ntx

n > l
,L'Hopitv : 17

.

- 4- =hy ⇒ y= e-
×

And hit. cost 't) = cos 4) =L.

Thus if DCT applies then him EfnHdx=fTe_×dx= -e-×]f= 1
.

So let's examine ( lt 'T ) - n
.

We can expand CHI ) " :

(HEY = It n (E) t (E) LE ) 't - - - = It Xtnd Eat . - - = It xt×In t --
-

Z I txt ×Yn ⇒ ( It En )
- n

E 'll txt ×4z5 '

for n > 2
.

= lit Xt Ee - Ean )"

E ( It Xt Eg - Ef )
- I

= ( it Xt 5
'

Il 5's Ya E L
'

.
o



15sp.2.li
) we can constrict smh a sequence. Assume § X St.
Iflxsla I

. then Sf#m z fo
'
dm =D ⇒⇐

.

So I some

x ,
with fox . ) Cl . Now consider (X, ,A) and apply

the same toga to find some Xz C- (Xss) with Iftxzktz .
Then we find some Xz E (Xz , x ) with Iftxz )) LT and so on .

Iii) No .
Consider fix ) = ET Xcmntyzn]

Sff dm = ET m ( En , ntyzn] ) = ET Yan = I s A
.

But f -15 O as X
-> x

.

liii) Assume not
.

That is
,
f -170 as x

-so .

Then for some E > 0
,
F Ne IN ,

2x > N with Ifcxjlz E
.

f- 'Cx> → o ⇒ for some MEN
,
tf x'ZM If 'lxKE .

There exists some x,zM with lflx.pl ? E .
Then

SET
.

Ifl dm 242 because Ifl cannot be less than
the straight line function between the points of

the graph ( Xi , E) and lxitl
,
O )

. for it so

then MVT would be violated
.

We can continue to find points where this is

true ad infinitum .
This ST IHZET 42 =D .

Hence
,

f-→ 0 us x - > a
.



lssp.3-lilEESTae-nax-be-nbxdx-En-F-tne-na.tt
e-nbx ]:

= En?, 0 to the
'
- the

= 2nF, O = O
.

Entire
- nai

= a Emietax ) " = a Ili -⇒ = aEe
U= I- e

- ax

⇒ EEn%fnHdx= J9aeIea× - KIIT Ix aeaiaxdx
x

= bill - e
- ax ) - bill -e-bit ] .

=
'

n'Ins b. It- e-
ax ) - hehe

-

bxSg -HK
=

'

II. All ) - hill ) th ( t - e-
"" I - h ( I - e-a" )

=

'II.- h l'EeEaI = y
, say

I -mm I - e
- blk

k -7- TEE = e
Y

L'Hopital ⇒ dim - blaze
- b'k

k -so EEE
= e

'

⇒
'

II
. bae

"-""'
= e

'

⇒ %= e
's ⇒ y=hlZ)

.

Iii) STEN-7 Ifnlxlldx = -

,
for if not

,

then fnlx) E L
'

(Wm ) where v is the counting measure

⇒ by Fubini 2nF, SF fnlx) dx = STEF, fnlxsdx
,

a contradiction .

D



lssp.CL

Assuming 0/101=0

The fundamental Thm of Calc
.
for Lebesgue Integrals tells us

that ollflxs) is absolutely continuous on Coo D ⇐ 3- get
'(Cosi )

5. t
.
IF gltldt e flex ) ) - OCFCoD = 0Gt) ) - 06) = 0AM)

.

So we need to show Ollflxl ) absolutely continuous
.

F is absolutely continuous by this theorem .

Let a > 0
.

I 8 sit . for a collection of disjoint intervals

on [oil]
,
{ Cai ,biBT we have

*

ETH - ai ) 28 ⇒ EY lflbi) - flail < EIC

10 Lipschitz ⇒ EY I Olflbi) ) - cflffai ) ) FEET clflbi ) -Hail
< calc

= E
.

Thus lftx )) is absolutely continuous as well
.

O

* Note if G- O then LFCXD -

- FIX) and we are done
.



15 Fat-

Consider the interval ( Mq - Yerena)'
,
% t 'leaker)

for PIE reduced and 932 .
Call this set Ema .

Consider Eplq Era .

f. EpjqXEpyq-Epyqfxepgq-Zpgqylqlnqt.VE

Eq7iz4E1@enqy2XtE4EqIYqenqy2LX.N
ow

, consider six C- Cool] : infinitely may he sit. Ix- Plekycqhqgz }

For X in this set Epa Xepyqlx) =D .

This the measure of this set must be null
since Eph Xena is integrable .

*



tFa

Since f non decreasing
,

there are at most

countably many discontinuities
,
Xi , Xz , . .

. -

There are 3 cases of discontinuity :

fi ) f-(x-J L f Cx) = flat )

Iii) fix-I = fade text) data
.lii) text < fox) L flat )

f non decreasing ⇒ f differentiable a. e
. ji

f-nlxt-bi.io
Define glx) = flo) t f Ff

'

A) It
. jilt

This is basically f without the discontinuities
.

nnamdi

ji

nine nine
. " ÷÷÷: " :÷÷÷!

Corresponds to th discontinuity
.

Debo Ha -- E. him

Beth fn = g t Ha

cont
.

bearse y , him continues
. t Earnt

.

is cont
.

fnlx) → flx) ?
-

Simple fwy Currys frm be her , sinter



15fa.se

In ?

Let E > O
.

Then J f so sit . allE) E 8=7 felfnldae EE f n .

fn -s f in measure ⇒ J subsequence fnk -> f a. e
.

And since MHK - , Egoroff ⇒ I set E sit.
f-
me
-sf uniformly on E and NCE ' ) < S

. Check?
⇒ Seo Ifn 1dm EE tf n

.

Then Sec Ifl dm = Sec liminflfnkldmzlimihtf.ec/fnkldm EE
,

fnk -of uniformly on E ⇒ I NKE { nk } sit
. Ifm

,
Ix) - fox) ICE

H X E E . Then Self 't dm e SE Hurtt Edm so
Thus

,
Sxlfldae .- Selfldmt Seo Hida < x .

D

Now
,
let C -

-
= 5×1HIM

.

f-
n
-> f in measure ⇒ for E >o Ml{ xilfnlxi - fadl EE}) -70 as nuns

.

(all this set En
.
Then I NEIN s -

t
.

ht NIN
,

we have

MIEN) E 8 ⇒ In
,

Sen lfnl dm EE .

Thus
,

ht nzN
,

Sx Hn -ft dm = Sen Ifn - fldmtfenolfn-fld.ae
E SEN Hnl dart f.Enffldmt EAUX)
E E t Sent.tn#Ifn.eldmtEHCx)
E E t E t Eaux)

Since E arbitrary
,

linin Gtf - fl da = O
.

D



lsfa.LI

( ii )# Ci ) consider fix)={ 1 if XEQ and g = O .

O if Xf Q

Then f- 49 only on Q
,
which has measure 0. So f-g a. e .

But f B continuous nowhere, since for any XE Eo, B, there

are sequences X.→ X sit . {Xn }CQ or Exide costs Q .

( i )# Lii) consider f- txt. { oifx c- Coins
1 it x C- ( 'last] .

Assume there was some continuous g sit
.
f- g a. e .

Consider XE [0,1/2] If 91×1=10
,
then 1914170

.

g continuous ⇒ I 8 S.t. Hy E (x-Sixth)n[0,42$
,
lgcy ) -gunk 19431/2 .

⇒ 19191170 t y E Ix - S,xtS)n[0,441 contradicting g=f a. e .

since ex- S
,
xts) n Coo is not a null set .

Thus gcxs -- O f XE [0,42]

Similarly gcx) -- I txt ( 42,13 ⇒ g=f not continuous ⇒⇐
.

Thus there cannot be a continuous g sit
.
f- g a. e .



lbsp.lk
Kayla's

Doesnt work

let E -- tx
.

Then fly ) = En YAKE = En e¥¥so
= En i¥E

gcyt.fi?pffx,y)=tI7oEniEF#u=gg(
ne)

SF dy



tbsp .2
-

n (XA * Xcom]) → Xa as n
-sa

n fxalx-DXco.yni.ly ) dy → Xalx)
= n S

"

on Xalx- y ) dy
= n fo" Xx.n.ly) dy
= n m ( x-An co , 'M) E l En

.

Assume not . Assume I set E with MIEL > O and
n (Xa * Xco

,
yrs ) → Xa tf Xt E

.



16 sp .
3
-

a) Assume instead that fat> 0 are. on Coop as n→x .

Then I set E- can] with ml E) so sit
.

fnlx) -120 tf XE E.

So for each XEE
, V- NEIN

,

F n ?NS.t.fnlx ) ZE
,
for a given 620

.

So
'

lfnixlldx Eyrie ⇒ Ent, fo ' lfnlxlldx EEE,
Ym < A

⇒ fo
'

Ent, Ifnhdldx e -

But for each Xf E
, Emf Ifnlx)l E EYE = -

⇒ So'

En-5 Ifncxsldx =x ⇒⇐ . O

b) Consider the scanning function :

Define 91k , e) :=X[ rye , ktyeg for LE IN
,
KE {Osb . -

-sh-B .

Define f
,
= 910,1) .

For fn = gck , e ) ,
define

fat ,
= { 910 , htt) if k=l - Ig. ( ktlgl) otherwise

,

SHI Ya
Thus

, Slolfnldx = Ye when fn=g( rye) .

I 1

We claim PEL t n
.

42

Indeed
,

ned = LITE yz
✓

⇒ in Etat If = 43
'k

i

-
i 43

i ( wit) Hy

ichw in,
i 13,2) 44
-!

£ "")

3=2,2 6=2,3 10=2,4
,

ecefp

"4
"B

n I 44
D= X=[Yn=Yl9=5h#



lbsp.LI

a) f lgcxsldx = SEE , Gn Ix) DX

= S En-5 Influx- rn ) dx
= En? , In S fix - rn ) DX since gn E Lt

= Ent, In S fix) Ix
= 2 En -7 In = 2 L X

.

b) let XE IR
.

tying gigs = hi.7x En-5 In fly - rn )
= Ent, En bi:X fly - rn) by DCT

/, .tt?........ax....... .

i
. .

X- I

let X
,
rn be fixed

.

.

Assume f- (x - rn ) > O ,

y-> X .

fly - rn ) → fix- rn ) .

V
f

Assume f- (X- rn ) = flo) -- O

'÷: "Iii:'m . . ¥
B-Boy p B-

°
rn

I



lbfa.ly

First
, assume fn -so in measure

.

Then for 870, m ( { Xi lfnlxslz E3 ) -70 as n-> a
.

Call these sets En .

Then Sf¥dm= Sen I¥dMtfenos¥dM
⇐ SEN 't dm t Seno E IM
E MIEN ) t Mex)E

So hi?.SI#idmEMCxlE .
And since E was arbitrary

,

his.SE#da-- O
.

D

second , assume n'Into Sf# dm = O
.

Then 7 NEIN S.t. F n z N
, SII, dm CE

, foraging 8> o
.

Assume fn-170 in measure .
Then for some E > 0

,

aelsrxilfnlxl > E3 ) -130 as n -70 .
Call these sets En

.

We know that

Fx ¥,
=*YE=¥y > o for xt - I

⇒ FIZ IT whenever fnZE
.

Thus
,
Sf dm z Sen Iida = MIEN ) # Ho as n→ - .

This is a contradiction ,
so fn -> 0 in measure .

D



16F

Define S := { XE Xi XE Aj for infinitely many j } .
Define Ski- { X EX : XEA ; for exactly k different j }

,
K -- 91,2, . - -

Assume Mls) -- O
.

We know E Eto M CSK ) = M CX)
.

f- Ex> = E ; XA; NB fox) = A on non null set.

f- = En? ntxan SEAT 'T Xan dm = Enfants Xander
= ENI 's M(An)

Minaa -- ⇐ ÷ mean , > g

"⇒ ÷ ' = -
-

1.8



lbfa.LU
Htt → re as t → a ⇒ for ME IN

,
7 TE IN sit

.

H t ET
,

UHH Z M .

Define Ent i= {Xifnlx) 273



lbra.tt?DCTs.-gnD
First, take BED

.

Iim
↳ + f? hK⇒×hlBd×= lim lim f?h¥-d× - f? hI dxGot M→x

=
lim lim

e-so-m.no fil "÷du - f :( "÷du
=

Iim Iim BE hlw)

not mine too a-da - f !µMh¥du
É Lu - =

1in 1in

e-> a-m.no/!hY&#E-fIhYjm-axx--uE=lim1ime-io+m
.>• fLhÑ%-¥ÉÑ_ ↳x=Yq u=XE

B 1in t.vnbu=E " = f
, ⇐ • + µ, hKÑ-h¥# dx
p

*

*

= f
, 0-1101-4

= - hlo)(HIP ) -hlo))= hash /%)
.

If OZB
,

we have Y→o+¥* Spin "¥tu - Sii "÷du
= SE h¥1x = hlo) ( ha -ha))= hlojh (F)

.

☐

* DCT

* hlxlce ) → 0 as E -20 b/c h has compact⇒ bounded support .



17sp.lt
continuous on [0,1] ,

compact ⇒ f has a minimum .

f- positive ⇒ min {fix)} > O
.

Call this l .

Let Eso .

f- absolutely continuous ⇒ I 820 sit.

for any collection of intervals { Cai , bit}
,

we have

{ (bi - ai) s f ⇒ I lflbi ) - flail a El'

Thus for any collection of intervals with Ecbi -ai) 28
,

we also have

{ I ftp.T, - f÷/= { lflait-flb.fr/ai)fCbi)
s { lHai)-fIb#

12

= Yer Elflai) - f- (bi ) I

< E
.

Hence
,

'tf is absolutely continuous
.

D
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)
Looks like

Kayla's works
a) Note f- (X) = SXEIYIXEIY -X) dmcy) = SXE /g) ✗⇐+✗ (9) dmly) = m(En Etx)

.

First
,
assume E- = (arb) is an open interval.

Then flx)=m((a) b) ncatxibtx) ) = Xoe.xes-alhlb-a-xltxa.gs#olx)(b-a+X)
which is continuous

.

Try again .

By linearity, flx) is continuous when E is a countable finite
Union of disjoint open intervals

,
with mCEKx

.

Now, consider arbitrary measurable E with mlEKx.
We can find a countable union of disjoint open intervals St .

U= Ulaiibi ) > E and m(Uh E) < E , for any E > 0
.

For clarity denote f-
e- (x )==m(EnE+x) and fulxt m(UnUtX ) .

fulx) - felt)= mlunutx ) - mlEnEtx)=mlUnUtxh(EnEtx) )
I MCM E) + mlutx \ Etx)
< ZE

.
V- ×

.

This
,
for 2- → ✗ we can make f-

e-
(2)→ felt) ,

since E is arbitrary
,
and fu is canthus b- U constructed as above .

b) 5. = E- E = Uyc.EE - y
.

Try Kayla's
.



17sp.is

Let E > o
. f continuous ⇒ I 8 > o at

.

tf XE Ci- s
, B ,

we have I fix) - f- IDI C E .

Then HIT. So
'

nxn
- '

flxldx = n' 'Ina Si
-

tax " - ' flxldx this Sign xntfcxsdx

First
,
assume ftp. = O .

Then him 1St's nxn
- ' fcxsdxl Entire. Sisnxmlfcxsldx

E E n' 'Ii
.
Sisnxn

- '
Ix

= E n' a x.It's
= E

.

Thus
. Sis nxn- 'ffx ) dx → O = fu)

.

Now assume fu) 20 . Assume we've taken E smaller than HD
.

Then '
n'
'

To Sis nxn
- ' flxldx Elfin -E) him Sisnxn

- '

dx

= fu ) -E
.

Similarly
,

hiya Sisnxmfhdlx EFIDTE.

Thus
,

since E arbitrary
,
Liza Sr 's nxmffxstx = fll) .

This reasoning works when FCDCO as well .

And hire. So
' -snxmfhddx = So

' - ' flx) '
n'7- nxn" dx =D by DCT.

f- continuous on Costs] ⇒ f has a maximum , say at X . Then
,

I nxn- ' = X
" '

t n X
" - '

hlx) = Xn
- ' ( ltnhlx) ) =O when n= Tx

.

So for n > Fa
,
nx
" ' decreases .

Thus f- n
,
nymfly ) s tha ) x

"" - " fix) which is integrable .

Hence
,

him. So
'

nxntfixldx = Ot HD -

- ft )
.

D
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S-8 S l Xiao, Hix) ) - Xetrslscxslldacxldt
= S S-El Xetiolfexs) -Xena,( 91×111 It dread
= S S-5 I Xena

, #⇒
H) - Xena, gcxsglttldt dark)

= S S- I Xcminsfixs , god
,
max { fun , gang) Lt) Lt dm IX)

= S Iflxs - gcxsl Im

we can swap integrals because of Tonelli ,
since I Xct,x,#xD - Xctpjlg.IM/ELtLlRxSL ) .

Indeed
,
this function is measurable because

the composition of measurable functions B measurable .

D .



teal

a) Since dekko
,
F M > I sit

.Mkxilflzm31eE.7.Trve7@FNs.t
. f- nz N, MlExilfncxtfixslz Eliane}) s E

and a (Ex : 19mW-9kHz 443 ) L E

If If ILM , Ifnlx) -Hx)lLE112m2
,
and lgnlx) - ghola 44

Hnslx) - f- ' lxltgnlx) -gcxjlslfncxs-fkxsltlg.nl) -gal
=/ ( fn - f)3t3fnf( f. - f) I + Ign - g I

=/ Hn -f)3t3(ftlfn-fdfffn.tt/tlgn-g/=lHnfYt3f2ffn-f)t3fCfn-f51tl9n-g/
E Ifn-ft t 3M2ffn -fl t 3M Ifn-ft

'
t Ign - gl

L E '/Nmbt3M2Ehzm2t3ME%im4t 44
E 44 t 44 t 44 t 44
= E

.

Thus
,
{Xi ffistgn - f' - g Iz E3 c- {xilfn-fts-4.am} U {Xilgn-912443

U {Xi Ifl IM }

⇒ de ( { X : Haston -f
'
-gl ZE}) E NLEX .

- lfn-flzyizmidtmlfxilgn.gl 2443)
t allExilflzm's)

< 3E

Since he arbitrary
, fn3tgn→ f't g in measure .



b) Consider fnlx) - Xt 's
,
fix) --X on ( IR ,M,m )

.

Let E > 0 . m ( Lxi Ifncxi - ftp.HZE} )
= m( { Xi In 223 ) → 0 as n -so .

Thus
,
fn→ f in measure

.

But
,
fn3CxS=x3t3x2ht3x# t nts

.

Let E > 0 .
m ( { x : Ifn 's ( x ) - f3cx) I say )

= m( {Xi 3x2tnt3x# tht ZE} ) =D
for each n

, since ht XZ nme
,

we have 3×2 's t3xntt # 23h Et 3rd 'T tht ZE
.

Take gn=g f n
,

and the counterexample is shown .



175-2.2

For MEI
,

Sfi
'

En?iHCxtnHdx = En?, Sir
"
lflxtnsl Ix

*

= Ent , Shinn' Ifcxsldx
= 5µF, Iflxsldx
< x

Thus
,
for almost every XE EM , Mtb ,

2nF Ifcxtn ) I c- .
And since M was arbitrary

,

this is true for almost every X EIR
.

O

* we can pull the sum out of the integral
because lfcxtn) l E Lt .



17 Fa .
3
-

M (ENE tt )) = f Xexett dm

= f Xelx) Xelx-t ) dm (x)
= o F t to

.

⇒ S S XE Xettdmlx) dm Lt) = O

= SS XEXEtt dm Lt ) dmlx)
= SXE S Xettdmlt) dm CX)
= f XE Xx- EH) dm It) dm txt
= S XEfx) mix- E) dm Ix)
= MIE) S Xetxtmlx)
= m (E) 2

= 0

⇒ mlE) =D ,



17 Fa
.

4
-

for fixed KENI
fn E snuff fn V NIK

⇒ fxfndae I fxsnhfiefn da tf nzk

⇒ snuff
.
Sxfnlde E f.

× fifth dm

Thus
,

HIT. KEK Sxfndaee HI. Sxfiunfndm = f×fEosn¥kfn da
by DCT

,
since

'n¥kH fn E '
nYkfn and EY fn integrable

. O

a) Consider fn = { Xco.us it n odd

Xcynrs it
n even

.
? These

Then limnsup to Sendai = hmmm I = k examples
Any Si ' imgur.tn dm = So' l dm = 1

.

goof ?
b) Consider fn = Xen ,ntD . supnfn = X corns ] IE L

'
.

timnsrp ST fake =
"

mnsup I = I
. Simpler

f. T "mnnrfn dm = SF o Tae = 0
. then

Kailas .
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Let En {I

bk_
{E ,Vzt
GEL44lb - at
- {E3

4glb{E4
:
I



18spI

let no
,
XE Coil]

. g continuous ⇒ 3 820 sit .

f- ye ( x - sixth n co,D
,

19191 - ghosts E .

f- absolutely continuous and g=f ' a. e . ⇒ on any closed
interval Canseco, B

,
we have Sabgdm = f- lb ) - flat

.

We have flex) = n'iIofHtDjf = in o IS glom

This as the sequence hn -70
,
3 NEIN s.tv

Ans N
,

1h
.

I 28 ⇒ lglxthn) - girdle E tf nzN
.

⇒ (glx) - c) h = Sxxthglx) - Elms fifth g dm s Sxxthglxst Edm = (gutE) h

⇒ gas-Es flex) Egcxtto

⇒ flex) = gcx )

⇒ f 's g tf x ⇒ f ' continuous ⇒ f cont
.

diff
.



18sp.3
-

Consider 5×27 Xa ; dm = E9°MlAi ) since ETO XA ; C- Lt

[Mai Cx) Z 10 a.e . ⇒ S×Ef0XAidMZ 5×10 dm = 10
.

Thus
,
29 detail 210

If Attila 's ti
,
then Eison IAI ) LETO 's = 10 ⇒⇐

Hence Mai ) Z 's for some i
.



18%42

sign ?

J? fhxl-xffxt-fx-goflol-foxgltltt-fgtdtdx.nl
= f : -5514dL ↳
= f :S! - I get)X⇐

.

Htt Lx

= S:S? - I get¥
, ⇒
lxlttdx

= f? - gets f: IX tglxldxdt *

= f! - GH @ It) -hah )] It
= 412 ) f! gltldt

.

* Tone 11 ⇒ S l - txgHIXetn.tw/ldmCtSxdmLxs )
= SF SF I - Ight Xena, ez G) I DX It

= ST l - g CHI SP txxctiatzlxldx It
= bits 5519CHI L -

⇒ - txglt) Xena ,
tzlx) E L ' (mlttxmcxl)

⇒ Fubini may be used
.



18fa.lt
absolutely canthus ⇒ far otaebel

,
7 hell at

.

f- lbs - fla) = Sab htt)dt .

NB a g- EL
'

s -

t
. gcx ) - Scot ff5df .

gtx ) - glo) = So'HxtIdt - fo' floldt
= So'[fixt ) - Hos] It
= So' Soxthlssdsdt
= fo

'

f :X,#slsshlssdsdt SECO,xt] yo?
= So' sixes,× , izltlhcsdtds *sext f
= So

'
his)l - six) IS iztz# 914=96)

&

✓
his)

1=1- I 5=4- UH I
du= - tx I¥X f
I - Ix -_ i

I



18Fa .2
-

S l Snlx) - Six) I dx = frfr EET ftxt In ) - SI" fly) dy f dx
= Spy I IE;

'

ftxt E) - E
, S

"
fly ) dy I dx

= SRI Eino tnfcxtEl - Sittin
'"
flyHy I dx

= f pi IE ; S Yin"" f txt %) - fly) dy I dx

First
, we prove the result for a simple function

,
0 = E

,

"

a- XEi

Sr Isn Cx) - SHH dx = Smfh Eino' EE, Oi XeilxtIn) - f # '

EF
.e- Xeitddyldx

= fr I In E ; -5
'

EEE di Xeicxt In ) - Eiti di m lEin ExtB) ldx
= fr l E i di [ t Eino' XeilxtEl - mL Ein ex ,#BBM dx

I
Xt l

x
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Kayla

wrong ?

i n
!:L ffnlxsgcxltx See,gfn9 -130

.if # 'iii. s .¥i¥"xts.io:X
Frost.ua?iihtSsii.o5ix;#

III. ffnlxlglxstx # I:[ fncx) ↳ doesnt

II. ffnlxsglxkxeh.nf.if.cm
=/ '⑤

'
n'7. ffnlxsgicxvx-nt.7.ffncxsg.MG =/
II.

fifalx1gixIdx-IIofIfnCxsgrlxsdx@fn-XfiaiasnkBCaulyl.f
-20 ee

. bt¥o¥
"

i:÷ . n'is:ftns= !! :X, .gg
=



HI

'
i'÷. Si '-E ix. sit:3. ' Ix by Dcr

= f
.

'

,
04=0

.

DCT :

÷ '
= -e⇒* so V-x.to

,

I - e
-Mi

⇒
*-

z
'

it x #o
, tjzl

.

and tf is continues on E- 1,0) and

( O , I ]
,
with ¥704 - e-

"

4×2=1
.
This

F M sit . ft - e
- " 11×2 EM AXE El , DIED ,

⇒ Si '-eI dxzs.im are
Here

,
DCT may be used

.

-

Fix x . t.is
.

'
=p

Fx j .
Im l - e

- Yi

x.> o Tu
= Of

CH
'
x'To = ko

LH 1¥,o3e-×%tl2xiLe⇒=¥=÷
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For ME IN
, on EM , M]

,

we have

Sun F'Cxsdx = Fln) - FC -M)
.

Assume 5-8 Fkxldx = 020
.
Ko WLOG)

.

Since F' C- L '

,
T.ME/NS.t.V-m2M

,

SIRS Emm] F'Cxldx < 42 .

Then I MZM,

Sfo fllx) DX = Sqm , my Fkxsdxt fpne.mn ]F4Hdx =L

⇒ fam .mg Fkxslx = C - Spnem ,
ns.sfkxsdx

> 42

⇒ Ffm ) - FC - m ) > 42 A MEM
.

Then Smzm Fcm ) - Ff-m) Iman) =D

But Smmzm Fln) - Fi -m) dmcmsesmzmf.FM/tIFtmllE2SpIFlLA ⇒⇐
.



19sp.is

Let hlxs -- he-x ) > 0 tx . Let hcnsznlmlhxilftx.tl > n3 ) tf new
,

with M(Exilfcxsl > n } ) > 0
,

and make sure h is continuous art increasing as 1×1 increases .

Then fxlhofldmzfxlhoflxqxiifcxslsnzlm.seSx hln ) Xqxilfixsl > n } IN
= hlnsmkxilfcxys.ms )
z n F n EIN .

Sit
. Mcniff# Isn's ) > O

.

This
, she fxlhofldm ex ,

There must

be sane a > o sit
. Mlfx .

- lftxsl > a) 1=0
.



19sp.tt

Ci ) Enumerate the rationals : r
, ,ra , . . .

Let fix) -_ En%X[rn
,
rnaqzntyna.at"

Then fix ) = I on a set of measure E EE, Knt ' LE .

⇒ fix) = O on a set of measure Z t - E .

Let ocacb< I
. I ratmw rn at

.
aarn - b

.

Then f ! f- (x ) dx Z Sab Xan
, rntelzntislx) tx

Z min { b - rn
,
Ehret' }

> O
.

Iii) let f satisfy Ci )
. Define hlxS= fifty , dy .

for XE Con]

Then h is absolutely continuous on Con]
,

and

f- (x) = h'CX) a. e . ⇒ h'Cx) =O on a set of meagre ? I- E
.

And V O <acbcl
,

we here hlb)-hla) = Sbafcxsdx so
⇒ h is strictly increasing .
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First, assume f is one - to - one ,

f measurable ⇒ f- ' CU) E M for U mensurable in R
.

Let xc. X
.

f one-to-one ⇒ f- ' (fix)) = {Is
.

{ fix } is measurable in IR
,
and f measurable ⇒ Ex} EM

.

Now assume Ex} EM Axe-X .
let x.y be two points in X

5. t . fcxl = fly) .

M ' -- { EEN : x.YEE or x.yet E3
.

Note x.YEE means Both .

EEM ' ⇒ E
'

EM ' since x. YEE⇒ x.yet EC .

{Eiichi
.

{ A -4A) : A- EBR 's
G- algebra ?

If x. y f- Ei tf i , Hen XD & VEI -
f-yay -

- f-
'LAY ?

otherwise I i sit . x.YE Ei ⇒ x.YE VEI .

X , 0 EM
'

as well ,

⇒ N
'

is a o - algebra ⇒ MCM ' by minimality
.

⇒ Ex}
, {y } EM

'
a contradiction .

This f must be one - to - one
.

Is f mensurable for M
' ? f- '( lb, x) ) z X,y if ae (b.a )

& x.y if
a ¢ (bro)

⇒ f- 'Ilbo ) ) EM ' t be IR ⇒ f measurable
.



Mfa -2
-

⇐ silfnixsldx # So's . itncxydx si
? Seems

⇒ Emf lfncxsl converses almost everywhere
too short.

⇒ lfncxsl -s O ⇒ f. Cx ) -so almost everywhere
.

* we can exchange EE.
and fo' since Hnat E Lt

.

2nF fo
'

lfnlxsldx = 7- En So ' lfnlxsldx
=

'i'Is So
'

En ilfnlxlldx
= So

'

tis. En lfnlxildx by MCT.



19fa.rs?Zeiiny 's
Let G open > A sit . m(GIA)< E. disjoint Union

G- Uilaisbi ) of closet
intervals

.

GlA=(UTlai,bi))lA=Ui( Cai ,biHA )

mllaisbi )\A ) = m( lai,bi)\(Adlai,bi ) ) I ☒= mllhisbi ) ) - m(An ( ai ,bi))
= (bi - ai ) - G

= bi-z
.

Then
,

m (G)A) = ET mlcai,bihA)=ETbI = Em (G)

⇒ EMIG)< E

⇒ ml A) em (G) < ZE
,

which is a contradiction since

M(A) = m(Anton])=tz and I >_ ZE for small E.
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Vflo , x) = sup Z I f- Cain ) - Hai ) I
0=9,2922 - - - Lan = X

f- gabs . Cont. ⇒ f fifteen table a. e . on G. D and f 't L' (Cosi) with
ab flex ) dx = f- ( b ) - fla) for OshEbs l

.

Vflosx) increasing ⇒ discontinuities are at most countable
⇒ Vf '( o,x ) defined a. e

.
on co, D .

J sequence 0=92 -

-
- Lan -- X sit

. Elfcain ) - Haist > Vflosx)- E .
Then

,
for this sequence,

Silfittldt = Effi! ' H'CHIH E ZI
" HASHI = Elfland - flail > Vtlox) - E

.

Since E arbitrary
,

SF H'Cttldt I Vflo, x ) .

For any xcy E Co, D
,
we have Iffy ) - fcxsl E Vfb) - Vflx)

Then for XE Co
, D where flex) and Vf

'

to,x) exist
,

we have If4xH= It'I×f" I = "

y :3, 't%¥ e- ythsxvtthti.TT#=VflCo,x) .

=3 SE H'HH Lt E Sirico,⇒ It E Vfloox )
* since Vf increasing . ⑦fight

.

Hence STH'Hldt= Vfloix ) and If'ltH C- L'Kord)
⇒ Vfloix ) absolutely continuous

.



20gp.lf.IR
→ R strictly incr . ,

cont
.

Ac pp Lebesgue mersrubr then f- ' IA) Lebesguemarble .

False
. Let Coco , D be the center set

.

Let gcxs be
the cantor function . Dehne hcx) = glxstx , hi Lois → Co, 23 .

g
,
X continuous ⇒ h continuous

.

h4xl= I a. e . since gkxt-oa.ee.

⇒ h strictly increasing .
Thus h " : [0,23 → Cord well defies

,

continuous
,
and strictly increasing .

Consider mlhko.DK/)=m(hlUTlai,bi) )) where {Caissons are the intervals

= m ( UT hkaisbi)) )
' fakes out to form C

.

= ET mlhllai , bit ) )
,

sine h strictly increasing
= ET mllhlailghlbil) )
= EF mllglailtai

, glbitbi ) )
= ET bi - ai

,
since gcai) - g Choi)

= mlco.DK)
= I

Thus
, m ( h ( C)) = mkay)-mlhlco.DK) ) = 2-1=1

.

Then
, F non -measurable set E cha)

,
since mlhcc)) > O

.

But h
- ' (E) ch- ' Ch (D) =L,

and set in Lebesgue measure
.

Since Lebesgue measure complete, h
-'CE) Lebesgue mensurable .

So fake f -

- ht
,
with tails that go to ta on IR

,

and take A ⇐ h " ( E)
, Lebesgue memorable.

Then f- ' (A) = hlh - 'LEH = E
,
not Lebesgue measurable .

Nok
,
ht LE) special because it's Lebesgue measurable, but not Borel .

If A is just Boral measurable
,
this is true .



20sp.2-ntim.nl
.;cosixt¥ ↳

? How

= Lifo tf ;coslxthlx-cosx-dx-fjxh.7owskthl-cosx-X.cn
, ,
Ix * by DCT

= So'Txa Ix
= fo

'

-smI dx so
,

since -m contours on co
, D

art ¥70
-sm =

'
x'Ii" = - I

.

*
Let f , = Ix cosHth)h Xu

, ,

By MVT , 16051×+4-19×-1 ⇐ Icosllxthll , for XE Lo
, D

,
h small

.

= If - sin lxth) I

Thus
, Ifaf ⇐ sinYXan, txt (QD , th .

Lingo fhlh ) -- Ysu sinful = links
.
2. sunlit = 2

.

÷ finch ) = th sinned = 2hwsl24-w.sn/2hl- -20 when h >O
,
because

2h cos th ) - Shhh) 20 ⇐ 2h aslrhksihkh)

⇐s talk > 21h

⇐ 2h E lo, Th ) .

So
,
full ) 92 as hls 0 .



Similarly ¥ s.nl#hI=XwsKthl-IsmHD- ( O for xtfo ,

Hence Ifaf E 2 V-xtlo.IT
,
th

.

Which is clearly integrable an CYD
.



Uspd

f .

- IR -SIR
,
Mso

.

Pure (a)⇐ (b) where

Ca ) lflxl-fcy.tl EM Ix - yl t x, y EIR .

(b) f abs
. cont .

with lfyxsl EM K X EIR .

(a)⇒ Cb) : NT5 HE > o
,
3- 8 > o S -

t
. for any finite

collection of disjoint intervals
,
{ Cai , bi ) }

,
we have

[ Cbi - ai ) Cf = E IH bit - flails E .

Take f = Elm ,
then

[ lflsil - fruit ) E EM Ibi - ail = ME Rbi - ai ) < Mf = C

And If 'Cxsl= I '

II. ftp.t#nl=y!7.HYy7IY'- EM
since tHYy¥EM A x. YER .

(b) ⇒ Ca ) : fats cont ⇒ f abs .
Cont

.
onfksk) for any KEZ .

⇒ f diff a. e . on C- kik) and
Sabftcxjdx = Hb ) - feta ) F - KEAEBEK

.

If'lxllEM f- x EIR = > S!f4xIdx E Mlb - a )
⇒ f- ( b) -Ha) E M (b - a)

and fabfkxslxz -Mlb- a)
⇒ flb) -Hai -z -Mlb -a)

Whrh is to say lflb ) - flail E Mlb - al t a. BEEK,k].

Since K arbitrary
, for any X

, ye IR , the result
holds

,
since I KEI , sit

. aye Ek, KJ .
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M Lebesgue measure
,

m * Lebesgue outer measure .

M
*
(A) = sup {mlk ) : KCA

,
k compact} .

Prove m*lAt=m*lA ) and m # (A) and ⇒ A Lebesgue measurable
.

-

m# KA ) = in f- { E bi - ai : Ac Ui%i , bi
.

) }
= Svp { mlk ) : KCA

,
k compact} L A

claim : A is m* - measurable ⇒ A is Lebesgue measurable
.

Claim : tf Ee IR , m
* (E) = m

*CENA) tm# LEAAC ) .
How m

# CE ) E m* ( EAA ) t m # (ENAC) since m* ortrrregre
.

I k compact , { Cai , bi ) } S.t. Ko Aa UF Cai , bi )
and Elbi - ai ) - mlk) s E

.

Let Eck
,

m * (E) = int {E bi - ai : Eo Viola, bi ) }
m* CENA ) = int { E bi - ai : EAA CUTCai , bi) }
m * ( EAA ') = int { E bi - ai : EnA'CUP Lai

,
bit }

F K cannot sit .
mlk) > m*fA) - E

.

K commit ⇒ KE Bp ⇒ km*- measurable ⇒ m*LE)=m*lKAE)tm*lKnE)
.

EAA = (Erik) V ( En larks)
m
# CENA) Em * LEAK)tm* ( EA Calk) ) E

= m* (E)- m*CK 's E) tm*fEAlAik ))

÷ :*:i÷÷÷÷¥i÷:÷÷:{
"" ⑧mbE

"

⇒ m*fEAA ) t m
# (ACA E) sm*lE)tE

⇒ m
* (EAA)t m# (ACA E) Em*(E) Done .



f- ( x ) -- X
.

A- = { finite disjoint unions of h - intervals }
,
an algebra

.

Mo ( Vi (aj , b;] ) = Ei FIB; ) - Hajj = ET bi - ai
,

a premature on A
.

B. as
= Borel o- algebra = OCA )

.

Next (E) = int { ETMoCA ; ) : A ; EA
,
Ee UTA; } , an outer measure

.

= int { ET bi - ai : E CUP Ca;,bjS } .

M = { M* - measurable sets }

Car theory ⇒ M o- algebra
,
M* In complete measure .

1.13 ⇒ Aest ⇒ Bosch

Define Lebesgue measure m = he * In



Fa 20.1
-

fn 20
.

fn mensurable on (X , M ) "

I f. In =L tf n C- IN
.
Claim : lrmsvpnfnlx)

"
El M-a.E .

limsupnfnlxl "' = Klima shirk fnlxs "

f 'II. II.kfnlx) "nd×=
'
ins. I snhfrefnlx)

"
dx

Assume not : assume linsupnfnlx ) "" > I on Eax w/ MIE) > O
.

Then for each XE E

F subsequence nu and 620 sit
. fnr.CH

"" " > HE Hnk
.

fnncx) S (HE)nk

limn ffn dm = I = Slim fn dm not true neo.

take Xcmntis on IR
.

notdomtrh

Slim fn dm El

f. liminffn dm E lininfffndae =/

Root test :
' imnsun.rs/xnl

"
> I ⇒ Elxnl = a f⑧

So limns up fnlx ) " > I on E
,
MCE ) s O

.

Then I fnlx ) = - f X EE

Thr S E fncx ) =D
1in %

9n=¥ tongue gn" e. lmnsnpffnnz)
"' am

n

=
Irm sup fn

nun
= Imap fa

"

⇒ E gnlx ) = a ⇒ SE g. next =D = Efsnkl = E 'T LA.

⇒⇐
.
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fn measurable
,
Z O

. Sfn dm =/ f-NEIN .

Claim :
Iim supnfntx )

"
E l M - a. e .

Assume instead
,

for some e > o , limsupnfnlxs " > HE f x EE
where MIEDO .

Iimsvpn f. CX)
"

= fifty snuff
.

f. Lynn = neo un
-1%+4

"

Let En = { x : fnlx ) " > Its }

E-- limn { x : limsupnfnlxs " > Ite } ?

11

Mr. Uns
.
"
En

II

Mk {X : fnlx ) " s HE ,
for some n ? K }

It

{x : fncx ) " > HE
,
for some hzk

,
t k }

I
{X : tnhrnfnlx ) 'm > ( th }

.

✓

m (E) = m (A , Una En )
= link .> x m ( Vnzr. En ) * ALLEN ) fatten k n

.

⇐ link→• Eh ? K ¥a5
= O

.

Allen ) -20
.Earthy . ⇒ result

,

f- Sfndm = Sen fatal tfenc fatal M ( Un > KEN ) E Enna
.

Hn)
Z Sen CHCH dm + Seno fatal
= lit E)

"Allen) tsencfldoa
E{

nzk ¥n
Z CHEVAL En ) CA

since HE > I
.

So CHEYAl En ) E l f n ⇒ cont
.
from atone



20 Fu
.

2
-

X -- O . ninznz . . . C- Co , D .

fix) = mini @ i ) .

Claim : f measurable
,
constant a. e .

Define fklx ) = fufu . n.mn , - r
- ) = min {ni }

.

'
II. . fklx) = fix) tx .

f-k measurable
,
since fi ' (Edt ) = U CO . nini - - nxooo . - - go.n.m.int ,) ooo . . . )

{hi, Ari. min {ni 's =D }

= finite union of intervals
.

f- k dominated by guk 9
,
integrable

.

DCT → fu approaches a measurable function ⇒ f measurable.

f- ,
(x ) = hi fixe Enix f. ex) ✓

f-z CX) = min {him}
; F ni St . fix -_ ni

Clum : f - O a. e .

Neeson

fr
.
-1403) = U [O . n ,nz -

- -

are 000
. - - go . him . - - (meth 000 . - - ) Tk

in how my of { nitgi ! , is one of the ni 's =O !
' ,9÷it⇒k

⇒ mff#Hoy)) -1-1%1
"

→ I as K -sa
.



20 Fa ?
-

f cont . on Co , D
.

FIX) = Suposy⇐ fly)
,

XECO
, I]

.

(a) Is F continuous ?

limz-sxflzy-I.mx Stpoayazfly)

F is non - decreasing
,
since Np is being taken over a larger

set as X increases .

limzaxflzj-zhfxsvpoeya.az fly )
since f is continuous on a compact set

,
the supremum is

cohered : F CE lo , xD 5. t . FIX) = fled .
If CECO,xS

,

then F NEIN s.t.tn ? N, sup oieyaznfly) = flat -- flex) for zn9x .
If c-- X

,
then since f contours ,

I E. TX f-( Zn) -7 fix)

⇒ sopoiyezn flag) -7 FIX) -_ FIX)
. Similarly F B coitus as ZYX .

This F continuous ⇒ F Borel function
.

Mkt(b) Define S -- Exelon] : fix ) > fly) f- osycx }

notSince F is non - decoys and continuous
,

. -
- - - - to

F
' debut a. e . and ms
-0

Consider F
' ' which is non decreasing

Y ! off, contains me tountmites
, ÷

+
{f- F -- O }

S -- { f- F) IV { F-
'

(4311mF -
' High > 03

Year EF
'
kiss } -- Con]
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4
-

fix ) -- Ent ane
-"× XZO an > O th

,

En-5 an ax . Claim : 2nF nan so ⇐ f- 'txt) exists
.

at O
.

Note fyxts-lyiymxfln.IE#
⇒ f- ' (Ot) = fifo fMg-f

= Info f- ( Emi ane
-n '
- ans

= bmyoyt En anti - e
- ng ) fifty En : ante

" '
- l)

= En-7 an
'jjmotyll - e

- n ' ) *
= ET a. fifteen

'
- l)

= En? , nan
*

= ET. ann exists
,

* per on fnly ) - Tan ( t - e
" ' )

g.e-
ny); lying .em = gtfo -Y£ LESS

-
-

If E . -7 nan to ,
then

Incl - e
- m ) = ye

- ny
> o .#

b- anti- e
- ng ) e Iya.

⇒ MCT
.

bounded for y > E .

⇐ tyanll -e - n ' )= t anti - e
- NY) t yea. ne-ng Kd

= Fane
- n' ltytn ) - '

pan fry as 99 .
= f- an le

-n' ltytn) - ID < O .

f- ED e-" Y ltytn )
' * e÷ghtynI ⇐ em * Ayn

e'* Hx ? ¥ ( l- e - x )
*

lying Ill - e
- n ' ) =

'

yimyo n e
- n '

= n
.

Yes
.

¥e×e
XZ

ex. ,⇒# e'=L =e"I⇒
Itx -- ex ltx



Note ftcxt) = ly 'jm×fWjI
⇒ f ' (Ot) = y

'

o fmg-f
= Info f- LEE,

ane
-n '
- ans

=

'

ymyoyt 2nF, anti - e
- ng )

= En-7, an bigotry ( t - e
- nos )

= En? , n an

e-
nh close to 1

.


