[ Peal am/vﬁi’i/( @Ear;rcs ¥ imsup x, = é»_}f[n ¥ 5\;,) /
By - ek by spen ety fiminf x, = & (,L.-F 7») |

E,p\ o}yamuw ‘La "fe‘“‘\b" clovec) Ll o fReu "”{' Yan ¢ Y‘( clafed S/‘a\j
CM"’\MM!(&/[ Lo 66(0“) k, §E’ZC ﬂ—::') "(UL‘U> & (L\M ((. ) )

{ ) 1! -«Q-w E':Ezj ""aac.! U {E,S-c:m ".:=> 6[((’?6’) /VM 1[&")
MWL@LC Meature = all subsely of woll fels cve wecsaeile (@ (,M/g(etz)

XY Mgaf'gm() 9:) £7E) 1eer. Lor all wews. & cy.

(?" ‘s"e? y&?mwﬁwmmfé honchoes => §-T S z\aﬂf{ fms.g <, n-f-if«

me‘b(@

</7 %

jf o mjilefe ! (a] fmr Foo € 9 2 mwcr

| /MWJ(;\ > 06 hees, g—)(z r . z) L oecar,
/r/é /MJM) UE, Uspens & M/F) Stfj.,,(k) ke kcp—‘-?
{ EBF ~[E\BU(AE) ¢ L
,?C/Rmeqfa/qd/a(@(m = FA : umazo /W//fl &iif/w{'ézlﬂ)«g ¢ o
[

WX@JW»’%&@ @rplm“f 20 —99%) ’M/@ﬂdfgd S A?C

il O Sy posantense  quct f oL ] o cos
taple = 4 £ w&wz )c (alcz
\ lihot cmGa @ brear Gral, = ) Mpte s OS¢y lc. 3

w%, Q %q.ﬁ /)/'A/u’f) ? __>95¢4n/, ow sel ,,d{,-q/

___lf(ﬁn\)CU" St 'p(f{,g \(; === flw/l £, = :w g.gﬂ
("‘Mrou 4oce = j/m.wc G & hmmt (¢,

[« b Wl $qFae i, <= MT
Tl &l sb Wl sg o v <= Slw 6, = lun CC @
Corollogses » (D ({,JCL“' = [ef, - s:ff

g -‘L(M/J/

Y30 sy
m__ﬁwm%m £ K*Cw)bJ—*@ aock F(,6): X > C ibegeable
() TF b i) [A?E(,/a/ atd /éﬁ/éyfj Aoty ) W, e F56la,6]

/1 fﬁx,&)o(/,«bg Y.C(x)-to\al/u(k) A Z‘% 7%/ ol ﬁr &r//)?’
- fll’a‘ J,b/d} jff AL 24 ez
(b7 -%ew'&f LR I P e )

[ f Flod) hulhr) = f #@v"‘} /\/ng .




Al e ‘g

i

M@L h oo

TRSSrALT ——

» Gpiivemprl m wearwe . fa cask T Jf—“%w/"' (51400 -fl243) = 0

Graveoyuin L ¢ for euh ¢ 90, Tas s w2 pl = L1t doa <
Unife tovedunl . Lo ecabr 39 TN s Aol = IF-£, | <t (unif-=> pliase’)
I i ’ s L x

6"'6,.—9)0/;,L’ = 4 SL  rmeacure
o LooL th wewrere = §u6rgei -(;,J. cs hvergiug o £ ae.

A/WW%MM%J (X, ), (Kv) C-Fuit
(D Teselli - £ (X0 y) s Hen [ o) = [ [Edaty)]duld) = [ [ (£4,00)dd

@4‘:‘,‘&(2-"'-;«"3&LI4&1¥0) I sanse

* jqz g &,F CEUF=X, E& Fﬁ‘“ﬂ} /w/é'/)»”"a‘, Q[F)‘?'O
Tcden ecamp - V= V=07 sk VLV, botly pocilet (1l =vt+v-)

P

P<kn : nlF)=0 = J(€) =0 ( £nui] selt /mf S {uull sels 03 | |
I Thewerd: V<cm <= ky each €20 , 3870 st (€)' <6 f“’) /V/é}/("?

[V Gite, p pesit< ) f
/5()/ Hotn C(Wr%ﬂ. 17'«/ |

o

suvereet =

@wi Y &'%V‘-(ﬁ)) /Vl) A l)oﬁfj \7{4/1/‘« .
@ gél'lo) = %gﬁeu(@ awd Jgdo< I

-
@ V«'z‘ atndd %:’C/V% | ___J



(Lebeggre Dlforemtatird 1L S =2

7 O il B | i

Jr 2 S -twldg <0 3 b o fo )y =R

ﬂv é”“f#j}' ‘;’iwwﬁ? {’f}) féizhégzﬂ mte@ i w :
« B-N Ar qamplex: V Coplee, J,m.lu, . IAERU) ot ,J_é,«., ¥ lp ;JJ.;:.%
vV Nﬁ.ﬁﬂbm@(cs(\mmla(e)e (?v‘re( wuza.f J du=dd+ 'Fo(m LA o cung
/ﬂe"’! féﬁ%y‘%é%): )0(9() %/ 67 {£/W74y W'ff% ¥ A,.e,J
F70¢ Lelergve: F:laf]—C TPAE:
(«) & abs. cant. o2 {ab]

() F0 - Fla) = (XE) 04 K sane LU ((0)3)
0 F 0 are. ia04] ond FCO-F0I= |* Firp)ar

70 ’M(@#-g for ecclh Do 35% b by l<§ = M) 4y (< o ol 7
e el f [ ecdegro, TEv0 b S(hi-a )< = Z ) At <g

| £ Lpthbe &3 Lali.cont # Sesnade baot ave.
Chohgler Ae(P  fewifor avo, Yol 5(%%3)?
Mindisly: £ g6l Sittgly 5 4N +dyt,
Holdey o Ft) : %

4 J 7 ?af/ ‘6‘(‘7@' ’?Mé‘:%! =) //%!fz = f/pﬁj !\/j{’%

l

e e g e

NN

T k.

/Ih/’ft)f &y = () U &, =§S<.’ x€E, o ,u{q.'l;ljf

/=0 ) /" v d k=1 =Lk éﬂaaﬂ 9
2 A _____-( : "y = 1) = K v
R R Bl T Ay
n i de. Mocgan ¢ =
(/\/7,‘9)‘1: 2; (kag“ -—————'—3—" (ASZA @) A’Q E;(

(0,80 = €




g.s.c.® h)vls: -100%) SO - yay .
o €70, @570 S} I><~g!<2 = %’[g)({é@)ﬁ’i

LA # o

e fﬁx)(ﬂ? open o AR as i

As€ e £RIC (v b £0%) P
Y) o €30, 9800 Ft x-ylcE => "ﬁ()

0 j{lk)<al vpen fr atl acIR

[ Sop £l = t\mc Sop (0

Y = (¥-a]<
£l - sop [ inf £
tﬁ;@ﬁ $J70 (l;z«d(a )

—

Finile Minechs pop fg{gKeA 5 () %»‘#) ,{;,_gmu f@fh Bfﬁv

Eﬁz X ey <= eewy ﬁ*&@% ;‘ofii ;uﬂw% (B2 Wi a‘im-»wwmm By
[} 0( ’ E

it o et e

eL‘/A) © €20, I mb cmple G F=2a 3’5 s¥. H’@@,ﬂ?ﬁ
(1€ Ind Stnple fmchons zm& deage w (1)

@/V\ L@b'&"ﬁdﬁfaﬁi’w’ '}f = e wmonry yeu M

e 3 toatr g Wl bdd sopper 4% M<i L Cis. dense
Bipea ot Wl 4815 (" 14 )

e

lwmf7o/4w] 2 hm;j,vmmy,) (cond Coni beloy)
M[‘lmlm[/‘m) W (m mf m({%ﬂ Covf (M ﬁl’u/c>

A 00

A= §A fufx’)%gfw)}; Az = f/ﬂ,w f(,al?i ﬁvswn/NS

B

o A= U (A, = b

_ é‘?/o M=y

Thon for €20, 95’{;%

Mm ’ (X)<oo u/%——%* wrtr i Tom
M(C‘}ez %01 /4 >/ «Mgfdm X\E

’ /f-. k ’/ r f nr‘ T ' - e .
Z/L IR j v ( L . -,\\‘ B ‘_1\', \ ) 4 1 £ : f ?
e i 3 \ . A ! j -5 (5

= N TRV 4
rr-. -/ L N — 4




>

Z

FALL 2003 REAL ANALYSIS (MATH 525A) QUALIFYING EXAM
WEDNESDAY, SEPTEMBER 24, 2003

DIRECTIONS. Do exactly four of the following five problems. Start each prdblem
on & fresh sheet of paper, and write on only one side. When you have completed
the exam, be sure your name is printed on each page. You may keep this printed

Pﬂgﬁ’;
Prob

1 }Let; £ be s Lebesgue-measurable subset of R which has the property
z € B,y € E, z # y implies that (z+y)/2 is not in E. Prove: E has Lebesgue
easure zero.

Hint: Show that for an interval (a,b), for a fixed z; € {a,b) N E,

350+ 3 ((0,6) 1 E)
is a subset of (a,b) which has half the measure of (a,b) N E and is disjoint from
(a, b)NE, LZonclude that the measure of (a, b)NE therefore does not exceed 2(b—a).

em, 2.
+ {#) Show that the class of all step functions, i.e. those of the form i1 G X (g bs)
with a;, by finite, is dense in L'(u), where 4 is Lebesgue on R. [Hint: why
M the corresponding statement true for simple functions?]
S

uppose f € L}(u). Use the result in (a) to show that
limy [ ife-+ 1) ~ f(a)]da =0
em 3. A function f: R — R is said ta be “lower semi-continuous” if
hﬂlgf f(zn) 2 f(z) whenever z, — z.
Pr at a lower semi-cont;i'nuous function is Borel measurable.

blem 4. Show that'for a > ~1

1 00
f 2%(1=z) 'lnzdr = — Z(a + k)2,
o ke=1
being careful to justify your calculations.
lem 5. Let f: R — R be defined by
+% sin(tz)
f(z)_f_m ot dt

Prove: f is continuous on R.
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REAL ANALYSIS QUALIFYING EXAM

7y SPRING 2004
Aunswer all four questions. Start each problem on a frésh sheet of paper, and write on only
one side of the paper.
7 Show that 1 osa(z4) @)
A cos(z + 7) — cos(z
An /1 3 72 az
exists.

4 )¢ Buppose faun=1,2,..., and f are non-negative measurable functions on a measure space
(X, M, i) with f, — f a.e. and

/ Ful2) du(z) — / f(2) du(z).
X X

Show that
[ @9 ) = [ fia)ate)dnte)
X X

for every bounded measurable function g. [Hint: use Fatou’s Lemma).

. Let f € L)(R9). Evaluate

lim [ 17 +2) - f(a)lds.
[Note that the limit is NOT as y — 0]

ﬂ Let B, be the set of all f € C({0,1]) for which there exists zo € [0,1] (depending on f)
Tuch that

@) - fea)l <nlo—zo] forallze [0,1]
(i) Show that E,, is nowhere dense in C([0, 1)).
(ii) Show that the set of nowhere differentiable functions f € C([0, 1)), is non—em}ifﬁy.
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REAL ANALYSIS GRADUATE EXAM
FALL 2004

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of paper, and write on only one side of the paper.

/fet; f :{a,b] — R be continuous. Prove that

1/n

toy ([ ) " = s s

z€ia,

-

//;/
/{ Let f: R — R be an integrable function. Prove that

o0 [ )
g(w) = Ef (2"$+ 1) ((0 .[l‘.l-(! f*?'l \ s‘!.\ ,%e

=l L

is integrable and

[ s@te= [ fayan

%
/8./A Lebesgue integrable function f defined on the interval [0,4] has the property that
Jg f(z)dz = 0 for all measurable E with m(E) = . Must f = 0.a.e.?

4. Let f(z) = 2®sin(1/x?) and g(z) = z®sin(1/z) for = # 0 and f{0) = ¢(0) = 0.
(i} Show that f and g ate each differentiable everywhere (including = = 0).
(ii) Show that f & BV([-1,1]).

(iii) Show that g € BV([-1,1)).
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REAL ANALYSIS GRADUATE EXAM
SPRING 2005

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fuilly solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
scare. Start each problem on a fresh sheet of paper, and write on only one side of the paper.

1. A function f : {a,b] — R is said to be Holder continuous of order a if there is a constant
L such that :
/(@) - fWI< Llz—y]*  forallz,y € [o,b].
(] Show that if f is Holder continuous of order 1 then it has bounded variation.

iLet o € (0,1). Give an example of a function which is Hélder continuous of order o

dogs not have bounded variation. _
Give an example of a function of bounded variation which is not Holder continuous

for any a > 0.

=> et f € L}([0,1]). For k =1,2,... let fi be the step function defined on [0, 1] by

G+1)/k
AL kf Flt)dt fork<a:<'7-;;1

Show that fi tends to fin L! as k — oo.
(Hint: Treat first the case when f is continuous, and use approximation.)

. Suppose that f,, n = 1,2,..., and f are complex valued measurable functions on a
measure space (X, M, u}. Define the terms

(1) fa converges in measure to f,

(ii) fa is Cauchy in measure.
Show that if f,, is Cauchy in measure there exists a subsequence ni and a measurable function
g such that f,,, converges to g almost everywhere, and §, converges to g in measure.

. Let a),02,... > 0. Prove that >, a; = 00 is a necessary and sufficient condition that
there exists an enumeration of the rationals

Q = {rlyrﬁw' i }

such that

20

U(r.- —a,ri+a;) =K

i=1

Ca«yém 6 MJrZL
37
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REAL ANALYSIS GRADUATE EXAM
Fall, 2005

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of paper, and write on only one side of the paper.

{ (X, B, ) be a measure space with u finite. For all A C X define
w{d) =sup{u(B): Be€ B,BC A}, ps(A)=inf{u(B): B € B,B D A}.

a) Show that 1, (A°) + pa(A) = p(X) for all A C X,
Let A= {A C X : n(A) = pa(A)}. Show directly from (a) and/or the definitigns
that A is a g-algebra. :

_' _. -': Suppose p is a measure on [0, oo) satisfying
/ €** p(dz) < oo for some a € R.
iulw)
Show that the function 0 7h
we)= [ e udz)
J10,00)
is infinitely differentiable on (~o0, a).

uppose (X, B, u) is a measure space, 0 < f < oo is a measurable function, and dv = fdu.
{a) Suppose y is o-finite. Show that v is o-finite. HINT: You must deal with the fact
that f is not assumed bounded or integrable.
(b) A measure p is called semifinite if for every measurable set E with p(E) > 0, there
is a measurable F C E with 0 < p(F) < 00, Show that if 0 < f < o0 and v is semifinite,
the y is semifinite. (We do not keep the assumption made in {(a) that p is o-finite.)

) Suppose (X, B, 11) is & measure space with u(X) finite, {f,} are integrable functions, and
Jo— fin LY

(a) Show that f, — f in measure.

(b) Show that the measurea dv, = |f,| dp are uniformly absolutely continuous with
respect to 4. NOTE: This means that for every ¢ > 0 there exists § > 0 such that u(F) < 4
implies v, (E) < ¢ for all n. Absolute continuity of each v, individually is a standard result
which you may meke use of.
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REAL ANALYSIS GRADUATE EXAM
Spring 2006

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged ontissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of papeér, and write on only one side of the paper.

Suppose f : R — R is continuous and in L!(R). For each of (i) and (ii) give & proof 6r a
Zcounterexample. i
4TS it true that f is bounded on R? Fa LS € |
(ii) Is it true that f(z) - 0asz — 00? FALSE
a% How do the results for (i) and (i) change under the additional assumption that f’ exists
everywhere and is bounded?

For y > 0 define

01 _ ,—yr?
o) = [ 15— ds
o €T

(a) Show that this integral is finite for all y > 0. .
(b) Show that G is differentiable, and find an explicit formula for G'(y) and G{y). HINT:
You may take as given that [;° e~ ds = /7/2.

/}% (X, M, u) be a o-finite measure space. Let f,, f be real-valued measurable functions
an

d suppose f, — f a.e. Then there exists a partition of X into disjoint measurable sets
Eo, Ey, Ey, ... with p(Eg) = 0 and with f, — f uniformly on E; for each ¢ > 1. HINT:
Egorofl’s Theorem requires a finite measure space.

%unction ¢ : R — R is said to be lower semi-continuous if

liminf g(z,) > g(z) whenever z, — z.

(a) Suppose that fi,k = 1,2,3,... is a sequence of continuous functions, and f(z) =
SupPg>, fi(z) is finite for all z. Show that f is lower semi-continuous.
(b) Show that a lower semi-continuous function is measurable.
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Real analysis, Graduate Exam Fall 2006

Answer all four questions. Partial credit will be given to partial solu-
tions.

_% / Find necessary and sufficient conditions for a subset X C R to
belong to the o-algebra generated by all one-point subsets of R.

/Jet (X, 1) be a measure space. Which of the following implications
are true?

a. u(X) < oo and f € L?(y) implies f € L(u).

b. 4(X) = oo and f € L%(u) implies f € L!(p). f"‘]se

c. u(X) < oo and f € L' (u) implies f € L?(u).

d. p(X) =00 and f € L'(u) implies f € L*(p).

Give proof or counter-example in each case.

-— Tet f: R? = R be given by
e~ =1 ifr >y,
f(ll:ry)= 0 if$=y,
—e~-2) ifx <y,

,343 f Lebesgue integrable?

. Is it true that

[: ([:f(w,y)dx) dy=.[‘: ([:f(z,y)dy) dz ?

/m,t f € L(R). Show that for each n = 1,2,3,..., the function
falz) = f(z)(sinz)"

also belongs to L'(R) and that
OO0

lim fa(z)dz = 0.

n—co f_
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REAL ANALYSIS GRADUATE EXAM
SPRING 2007

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score, Start each problem on a fresh sheet of paper, and write on only one side of the paper.

Let {1,} be a sequence of measures on (X, M) with p;(E) SpE)<...forall E € M.
et u(E) = lim, u,(E). Show that p is a measure.

Suppose (X, M, p) is a measure space with u(X) < 0o, and f € L(u) is strictly positive.
t 0 < a < u(X).
/(a) Show that

inf{/fdp.:,u(E)Za} > 0.
E
(b) Show that (a) can be false if we remove the assumption u(X) < .

Let f: [0,1] — R be a continuous function. The graph of f is {(z, f(z)) : z € [0, 1}.
Show that the graph has two-dimensional Lebesgue measure 0.

. d) t n > 1. Show that the function

W) — wﬁ_ui o = \ ‘ /
Y N Nl ek

is differentiable in (0, 1).
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REAL ANALYSIS GRADUATE EXAM
FALL 2007

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of paper, and write on only one side of the paper.
In questipns 3 and 4, |A| is used to denote the Lebesgue measure of a measurable subset

. By differentiating the equation

o _
/ os‘”ada:=‘/-7£ t>0
=00 1

/oc M= dp = 2n)l/m /

show that

| ~ = i
for n > 1. You should be careful to justify your calculations.

<> 2. (aYConstruct a sequence £, of Lebesgue measurable functions on (0,1) such that f,(z) —
0 26 n — oo for each z € (0,1) and

1
/0 |fal@)] dz = o0

Give an example of a continuous function F : [a, b — R which is differentiable almost
evefywhere in [a,b] with F’ Lebesgue integrable on [a, b] and such that

F(b) - Fla) # / Pty

et gr, k= 1,2,..., be a sequence of nonnegative measurable functions on a measurable
ubset £ of RY. Suppose that

{z € E: gi(z) > 1/2¥}| < 1/2¥ for each k > 1.
Prove that Y 7, gx converges almost everywhere on E .

1

et g € LP(R?) and define

pt) ={{z € RY: |g(z)| > t}| fort>0.

Show that =
/ lo(z)P dz = — / 1P du(t).
R¢ 0
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REAL ANALYSIS GRADUATE EXAM
SPRING 2008

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
ut. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
tart each problem on a fresh sheet of paper, and write on only one side of the paper.

/ Let m denote Lebesgue measure on the unit square £ = [0,1] x [0,1]. In each case
47 determine whether the integral exists:

(i) /Isaé—;dm(x, ¥), (if) /Emiydm(m,y).

- Let f be a nonnegative measurable function on [0,1] such that fol f(z)dz = 1. Define a
measure g on [0, 1] by

w(A) = /A f(z)dz. Ae B(o,1).

Let K be the intersection of all compact subsets E of [0, 1] such that 4(E) = 1. Find u(K).

3. For a function f :[0,1] — R determine whether cither of the statements

“f is continuous almost everywhere on [0, 1]"

and
“there is a continuous g : [0, 1] — R such that f = g almost everywhere”

implies the other one. In each case justify your answer with a proof or counterexample.

Suppose that f € L(R). Prove that

m? (k+1)/m
tm 37 | [~ fw)ds| = Wl
m—og k/m
k=-m?
**W?*":____'jf’;g}_ =
R
.......,*-—--A.-——
b |
Y C—— T

PR
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REAL ANALYSIS GRADUATE EXAM
Fall 2008

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of paper, and write on only one side of the paper.

Let u, v be finite Borel measures on R? such that u(B) = v(B) for every open triangular
region B in the plane. Show that u(E) = v(E) for all Borel sets E. [Note added later: This
is a modified version of the problem actually asked, which was inappropriately difficult, with
balls iy place of triangles.]

Show that
ool 2 2.4 .
lim +nz? + nz . e /2 O‘

n—oo Jo (1+z2)»

exists, and determine its value.

Let f : R — R be a bounded measurable function and let m be Lebesgue measure.
7 Suppose there exist M > 0 and c € (0,1) such that

m({z: |f(z)] >t}) < —tAg- for all ¢ > 0.

Show that f is Lebesgue integrable.

- @ Let T5(9) = SUByero<oy<can=b i1 19(Zi) — g(zi-1)| denote the total variation of a
function g~ [0,1] — R. Suppose that f,, f are real-valued with f;(z) — f(z) for all

f) Show that T3 (f) < liminf, oo To(fn)-
) If we also assume each f, is absolutely continuous and T3 (f,) < 1 for all n, is it
nécessanly true that T (f) = lim,_,o To(f,)? Justify.
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REAL ANALYSIS GRADUATE EXAM
Spring 2009

Answer all four questions. Partial credit will be awarded, but in the event that you can not fully
solve a problem you should state clearly what it is you have done and what you have left out.
Unacknowledged omissions, incorrect reasoning and guesswork will lower your score. Start each
problem on a fresh sheet of paper, and write on only one side of the paper.

r;%d{Let (X, B, 1) be a measure space, with u finite, and let A C B be an algebra. A set F € B is
cdlled approzimable from inside by A if for every € > 0 there exists A € A with A C E, u(E\A) <e.
Show that C = {E € B : E is approximable from inside by .4} is closed under countable unions.

Find an example which shows C need not be closed under complements. HINT: Consider
the rationals and irrationals in an interval.

- )Zﬁ;et f, g be absolutely continuous on [a, b].
Wa) Show that fg is absolutely continuous.

er) Show that the integration by parts formula is valid:
[ 14 &z =100 - f@s@) - [ g do
[a,b] [a,8]

Show by example that the integration by parts formula need not be valid if we only assume
[, g differentiable a.e. (that is, we do not assume they are absolutely continuous.)

ﬁ) Suppose f : R — R is integrable and f = 0 outside [-1,1]. Define fo(z) = f(z + —,,1;) Must
fn — f in measure? Justify your answer. HINT: What about convergence in L*? Also, first
consider a special subclass of the specified functions f.

‘),«{) Let u(X) < oo, and suppose f > 0 is measurable on X. Prove: f is u-integrable iff

VE/@O : f\CJ/vK“’ :}Z 2"u({z: f(z) > 2"}) < co.

n=0 —".
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REAL ANALYSIS GRADUATE EXAM
Fall Spring=2009

Answer all four questions. Partial credit will be awarded, but in the event that you can not fully
solve a problem you should state clearly what it is you have done and what you have left out.
Unacknowledged omissions, incorrect reasoning and guesswork will lower your score. Start each
problem on a fresh sheet of paper, and write on only one side of the paper.

et f be a bounded function on R" and for € > 0 let M(z) = SUPy.jy—z|<e f(¥)-
(a) Show that M(z) = limo M(z) exists for all z.
(b) Show that M is upper semicontinuous, that is, lim supy_,, M(y) < M(x).

Let m be Lebesgue measure on [0, 1], suppose f € L!(m) and let F(z) = Jo f(¢) dt. Suppose ¢
is a Lipshitz function, that is, for some M, |¢(z) — ¢(y)| < M|z — y| for all z,y. Show that there
exists g & L'(m) such that o(F(z)) = [; g(t) dt.

Let xg denote the indicator function of a set £. Suppose E C R has finite Lebesgue measure

f(z) = /R xE@)XE(y - ) dy.

) Let m be Lebesgue measure on R and let f,, f € L'(m). Suppose there is a constant C such
that |[fn — fll1 < 5 for all n > 1. Show that f, — f a.e. HINT: Consider the sets

{z : |fa(z) — f(z)| > € for some n > N}.
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REAL ANALYSIS GRADUATE EXAM
Spring 2010

Answer all four questions. Partial credit will be awarded, but in the event that you can not fully
solve a problem you should state clearly what it is you have done and what you have left out.
Unacknowledged omissions, incorrect reasoning and guesswork will lower your score. Start each
problem on a fresh sheet of paper, and write on only one side of the paper.

/-

) A function f : R — R is said to be upper semicontinuous (or u.s.c.) if for all z € R and all

€ > 0 there exists 6 > 0 such that f(y) < f(z) + € whenever |y — z| < 4.

(i) Show that every u.s.c. function is Borel measurable. HINT: Consider {z : f(z) < a}.

(ii) Suppose p is a finite measure on R and A is a closed subset of R. Using (i) or otherwise.
show that the function z + p(x + A) is measurable. Here s + A= {x +y:y € A}.

7 J Suppose {f,} and f are measurable functions on (X, M, u) and f, — f in measure. Is it
?ﬁ /”‘:_‘ff’-fr P w2 necessarily true that f2 — f2 in measure if:

J 5 '--'“‘—}':“;(a) wX) < o0
' ’;,/;’/l/f“"? () w(X) =00. —=> (fevalevee (4 - [ F, 2

L y . P 7
Ardp0 / In each case, prove or give a counterexample.

&

j{ﬁasuppose f:[0,1] — R is a strictly increasing absolutely continuous function. Let m denote
[ehesgue measurc. If m(E) = 0 show that m(f(E)) = 0. —~
: ) N duse Ham |.1g

\/ (4) For n > 1 define h,, on [0,1] by

n
ho =3 (~1Y Xz 4
j=1

Here xg denotes the characteristic function of E. If f is Lebesgue integrable on [0, 1}, show that

lim fhy dm =0.

n—oQ [0‘1]

HINT: First consider f in a suitably smaller function space. A T) (p o - Ld/ ﬂ,{m 2' é

lofl 9/16/11 3:43 PM
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