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1. Let u € C*(U) be a subharmonic function (i.e., Au > 0 in U).
(a) Show that

u() < ]gB(m u(y)dS(y)

for every x € U and r > 0 such that B(x,r) C U. B
(b) Show that if U is open with a C' boundary and v € C(U) then the
maximum principle

maxu = maxu
U ou

holds.
(¢) Show that if additionally v € C?(U)NC(U) is superharmonic (i.e., Av < 0
in U) and u < v on OU then v < wvin U.

Solution. (a) Let

Fr) = 7[%@,@ u)asw) = f ule+r)ds(a)

9B(0,1)

Taking derivative with respect to r, we obtain
F(r) = ][ Du(z + 1) - 2dS(2),
8B(0,1)

from where

, B 1 " Y-z
1) = BT oy P20 5 aE )

ou r
= —dSy:—][ Au(y)dy > 0.
]gB(a:,r) v ( ) v J B(x,r) ( )

In the last equality, we have used the Green’s formula. Consequently, we infer that

f(r) is non-decreasing and thus

u(x) = lim f(r) < ]éB( u)as(s)

r—0

(b) Assume that the subharmonic function u attains a maximum at some xg € U.
There exists a constant » > 0 such that B(x,r) C U and u(zg) < faB(:vo » w(y)dS(y).
However, u(zg) > u(y) for any y € B(xg,r) which implies that u(zg) = u(y) for

1



y € B(xg,r). Using the above argument and choosing appropriate r > 0, we then
obtain maxg u = maxyy u.
(c) Let w = u —v. Then w is subharmonic since Aw = Au — Av > 0. By the

maximal principal (b) we infer that

maxw = maxw < 0.
U ou

Consequently, we have that u —v < 0 in U. 0]



2. Find all classical solutions of the equation
uy — Au = t sin 2z sin 2y
in U = (0,7)* x R, such that

U|3U =11
u(z,y,0) =sinxsin2y — 3sin3zsiny + 11 for (z,y) € U.

Solution. Set v = u — 11. The problem is reduced to solving the equation
vy — Av = tsin 2z sin 2y

in U = (0,7)% x Ry, such that

U‘BU = 0

v(x,y,0) =sinzsin2y — 3sin3xsiny  for (z,y) € U.
First we consider the homogeneous version of this initial value problem without the
source term. We look for solution of the form v(x,y,t) = f(t)g(x)h(y). Direct

computation shows that

It follows that
g(x) = Cysin(kx) + Cy cos(kx)
and
h(y) = Cssin(my) 4+ Cy cos(my),
where A = —k® — m?. Moreover, we have f(t) = Cy e~ * 7 Using the boundary

condition, we infer that Cy = Cy = 0. Therefore, we conclude

v,y t) = Y Come E ) sin(kz) sin(my).
k,m=0
The initial condition then implies that Cq,g = 1 and C’;,yl = —3. Consequently, we

arrive at
v(x,y,t) = e " sin(z) sin(2y) — 3e™ % sin(3x) sin(y).

Now we need to bring back the inhomogeneous term, which relies on the variation of

parameter formula for first order ODE. 0



3. Let u(z,t) be a solution of the wave equation uy; = gy, for (z,t) € R x (0, 00)
such that u(z,0) = g(x), w(z,0) = 0, where g € C?(R) has compact support.
Show that

v(z,t): e4tuxs)ds

~aml

solves the heat equation with initial condltlon v(z,0) = g(x).

Solution. Using the d’Alembert formula, we get

u(z, 1) = S(g(e +) + glz — 1))

Therefore,

v(x,t) =

i Lo i g [

\/R

which solve the one—dlmensmnal heat equation with initial data v(z,0) = g(z).

e4tgx—s)ds



