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1. Let U C R™ be an open set and let v : U — R be a harmonic function in U
such that u(xg) +u(yo) = M for some M € R, and xg, yo € U. Show that there
exists infinitely many pairs (z,y) € U x U such that u(z) + u(y) = M.

Solution. Let ¥ C U be a connected open set containing zy. By the maximal
principal, we have maxz u = maxgp u > u(zg) and ming u = mingg u < u(zg). The
equality cannot be achieved unless w is a constant function, in which case the claim
is trivial. Thus, there exists some x;, 29 € £ C U such that u(z;) < u(zg) < u(xy).
Similarly, there exists some yy,y2 € U such that u(y1) < u(yo) < u(y2). As a result,
we have that
u(zr) +ulyr) < My < u(xe) + ulyz).

The intermediate value theorem then implies that there exists infinitely many pairs
(x,y) € U x U such that u(z) + u(y) = M. O



2. Let U C R" be open and bounded and let Uy := U x (0,T). Let u : Ur — R
be continuous, C! with respect to time variable and C? with respect to spatial
variable, in Ur. Suppose that u satisfies

—Au <0 in Ug.
Show that
maxu = max U.
Ur oU x[0,T)UU x {0}

Solution. Similar proof to Theorem 3 (mean value property for the hear equation)

in Evans shows that

2
u(z,t) < // v, vl dyds.
4T xtr) t_ )

Now, suppose that there exists some point (xg,tg) € Ur such that u(xg,tg) = M =

max, u. Take r > 0 sufficiently small so that E(xg,t;7) C Ur so that we obtain

1 |70 — yf
M = u(xg,ty) < — u(y, s)———5 dyds
E(xo,to;r)

Arn (t—s)?
—y/?
< ——dyds =
4T // E(zo,to;r) t - )
where we used f f B(zotorr) |?° u? -dyds = 4r". By continuity, u is a constant in E(xq, to; 7).

Therefore, we may extend thls heat ball so that it reaches to the boundary Uy. The

claim is thus proven. 0



3. Let u be a classical solution of the problem
Ut = Uy in RxR,,
u(z,0) = g(z) for x € R,
u(z,0) = h(x) for x € R,

where g,h : R — R are smooth functions and have compact supports. Show
that there exists ¢y > 0 such that

/ uf(x,t)dx:/ u?(x,t)dx

[e.9] — 00

for all ¢ > t,.

Solution. By the d’Alembert formula, we have

e, =30t + 049G -0)+3 [ Ay

Direct computation shows that

= (o (x4 1) + 'z — 1)+ ho+ 1) — bz — 1)

and

Uy = %(g’(x +1) — g (x — 1))+ h(x +t)+ h(z —1).

It is sufficient to prove that
/ (up — ug) (ug + uy)de =0,

—oo

which is equivalent to
[e.e]
I:= / (¢'(x+1t)+2h(x + 1)) (¢ (x — t) — 2h(z — t))dx = 0.

There exists a constant ¢ty > 0 such that ¢’ and h are compactly supported in [—tg, to].
It is clear that

/ (' + 1)+ 2h(z + 1)) (g (x — t) — 2h(x — £))dz = 0

and
/ (¢/(x + 1) + 2h(z + 1)) (@ — £) — 2h(z — £))dz = 0
0
for t > ty. The claim is then proved. 0



