PDE QUALIFYING EXAM-SPRING 2019

LINFENG LI

1. Let Q be a bounded domain (open, connected) in R”. Suppose that v € C?(Q)NC()
is a solution of

Au + Z ag ()0, u + c(x)u =0
k=1

where ag, ¢ € C(Q) and ¢ < 0 in Q. Show that if u = 0 on 9, then v = 0 in all of
Q.

\. .

Solution. Assume u # 0 in all of €, since u = 0 on I, there exist some point zg €
such that u(zp) attains maximum or minimum in Q. Without loss of generality, u(x¢) is a
maximum, then Du(z¢) = 0 and D?u(xg) is negative definite. From the equation,

Au(zo) + c(zo)u(zo) =0
but Au(zp) <0 and ¢(z) < 0 and u(zg) > 0, we have a contradiction. O



2. Solve the equation
O+ x0pu +u =0

with initial data u(0,x) = f(x), where f is a compactly supported smooth function
on R. Sketch the graph of u(t,z) as a function of z for a non-trivial compactly
supported initial datum of your choice for t =0, t = R and t = —R for R large (what
happens to the support and amplitude)?

\.

Solution. This PDE is linear and has the form
F(Du,u,z) = b(z) - Du(z) + ¢(x)u(z) =0,
where b(z) = (1, z), Du(z) = (Ou, d,u) and c¢(x) = 1. Then the characteristics are
X(s) = ((s),2(s)) = (1,2(s)),
2(s) = —c(x(s))z(s) = —2(s),
therefore, we have the characteristics emanating from (0, zg) is
t(s)=s+1t(0)=s
z(s) = z(0)e® = xpe’

on which we have u(t(s),z(s)) = z(s) = z(0)e™* = f(xg)e *.
Consider the bump function

1
e 122 |z <1
fla) = o <1
0, otherwise

which is a smooth function with compact support. Then for ¢ = 0, u(0,z) = f(x) and for
t = R for R large, we have

u(R,z) =

exp(—R — m), lz| < ef
0, otherwise

which has bigger support than |z| < 1 and smaller amplitude. Similarly,

u(—R, ) = exp(R — —5=m), |z <e ™,
7 0, otherwise

has smaller support and bigger amplitude than initial datum. O



3. Suppose u(t, x) is a function on R x R? that satisfies the nonlinear wave equation
(02 — A)u = u?.

Assume that u € C2(R x R3) and that u(t, z) is compactly supported in x for each ¢.
Define the energy

E(t) = ;/Rs(wu(t,x)ﬁ + (Buult, 2))?)de.

(a) Prove that
O E(t) = /3 u(t, z)30su(t, v)dz, and that 9, E(t) < 10w (t)]| L2(w3) - ”U(t)”%G(R3).
R

(b) Prove that there exists a universal constant C' independent of u such that
OE(t) < CE(t)%

\

Solution.
(a) Since u is compactly supported in x for each ¢, then u(t,z) vanishes outside some
Bpg(0) for each t, and

E(t) = Vu - 8;Vu + dpudiudx
R3

= Opu(—Au + 0Fu)dr = / u(t, z)2Opu(t, z)dx.
R3 R3

By Cauchy-Schwartz inequality, we have
E(t) < [|10qu(®)] 2es) - ut)l|76 sy
(b) By Sobolev inequality, there exists constant C' such that
lullLs < CllDull 12,
so by discrete Young’s inequality,
E(t) < [10qu(t)l| 2 [u®)lfs < Cllowut)ll 2| Du(t)]7

|l 72 1 Du(t)llza

4 4/3

< C( ) < CE(t)2.



