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1. Suppose f is a compactly supported smooth function on R3. Prove that there is a
unique smooth function u on R3, such that

—Au=f, and lim wu(z)=0.

|z| =00
For this w, find the value of

lim |z|u(x).
|| =00
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Solution. First of all, suppose there are two smooth functions u; and us satisfying both
conditions, let v = u; — uy then

—Av =0,

lim v(x) = 0.
|z|—o00

We have that v is harmonic and bounded on R3, by Liouville’s theorem v is a constant
function. lim,|_,o v(z) = 0 implies v = 0, uniqueness follows. To show existence, define
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where ®(x) = mﬁ is locally integrable, since f is a compactly supported smooth

function, we have that ® x f is smooth. Now suppose f is compactly supported in Bgr(0),
then for |z| > 2R we have
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where constants above are absorbed into C. Furthermore,
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where
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Also,
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Combining (1)—(3), and letting € — 0, we have that —Awu = f. In addition, for |z| sufficiently
large, \xi_y] f(y) — f(y) pointwise since f is compactly supported smooth function, by

dominated convergence theorem
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2. Consider the following one-dimensional heat equation:
O = 0%u, (t,x) € (0,400) x (0,1),
{ u=0, (t,z) € (0,+00) x {0,1}.
Find all solutions that have factorized form u(t,z) = a(t)5(z).

Solution. From the first equation, if we have the solution of the form (¢, x) = «a(t)5(x),
then we have

o (1)B(x) = a(t)8"(x),
suppose a(t) and §(x) are not zero, then
O F)
alt)  B(z)
since the identity is independent of ¢t and 2. To solve the «, we have a(t) = «(0)e“*, and

for 8 we need to solve second order ODE, and the solution 8" = Cf3:

casel: If C > 0, then B(z) = c1eVle 4 cze_mx, plug in the boundary condition we have
u(t,x) = 0.

case2: If C' =0, then «(t) = 0 and S(x) = c1x + c2, plugging in boundary condition we
have 5 =0sou=0.

case3: If C < 0, then B(x) = cjcos(v/—Cx) + casin(y/—Cxz), plugging in boundary

condition, we have

=C

u(t,z) = CeFmt sin(kwz), where C is any real number and k is any integer.



3. Suppose u solves the following initial-boundary value problem:
O*u = 02u — ud, (t,z) € (0,+00) x (0,1),
u =0, (t,x) € (0,400) x {0,1},
u(0,x) = up(z), xz € (0,1),
O (0, ) = ui(x), xz € (0,1),
where ug, v are smooth functions.

(a) Find an energy E(t) which is independent of ¢.
(b) Show that w is bounded for all (¢, z), namely |u(t,z)| < C for some constant C
for all (¢,z) € (0,00) x (0, 1).

Solution.
(a) Let
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E(t) = % /0 i (@)dz + /0 Opu(a)2da + /0 Opu(x) 2z,

then we have

] 1 1 1

E(t) = 2/ udoudr + 2/ Opu0Opudx + 2/ Oyulyudx
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= 2/ Opu(u® — 02u + 02u)dr =0
0
(b) From part (a) we have E(t) = E(0) = %fol |u0(x)|4dx+f01 |8xu0(x)|2dx—|—f01 lup (z)|2dz <

C since ug and wu; are smooth functions on compact set [0, 1]. For any ¢ > 0, by fun-
damental theorem of calculus,

u(t,x) = u(t,0) + /Ox Oru(t,y)dy,

therefore, using Cauchy-Schwartz inequality we have
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u(t, )] < /0 Bzu(t,y)ldy < ( /0 12dy)( /0 Bpu(t,y)2dy) < C,

where the last inequality follows from E(t) < C.



