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1. Let Q C R™ be open and bounded with normal vector field v and let ug € Cp(£2) with
ug > 0 be non-trivial. Show that the problem

du—Au=u* in Qx (0,T), (1)
dyu=0 on 90 x (0,7), (2)
u(z,0) = up(z) for x € Q, (3)

exists for at most a finite time 7.
Hint: Show that the mean m(t) = ‘—1| Jo u(t, z)dz satisfies Oym(t) > m2(t).

\.

Solution. Let m(t) = ﬁ Jo u(t, x)dz, using equation (1)-(2) and Holder’s inequality

1 1
= — - A 2
om(t) ‘Q’/Qatudx \Q|/ u + u“dr
1
= — 8udS+— uldr = /1dx/
19| Jan 12| Jo 192

1 / 2 2
> — udzr)® = m*(t
(| wda? = m)
Then we can solve the ODE for v(t) which satisfies
v = v,
v(0) = m(0) > 0.

The solution is v(t) (0) —, which blows up in finite time. By the proof of Gronwall’s

~ (0t
lemma, we know m(t) > v(t) for t > 0, therefore the solution exists at most a finite time. [J



2. Let © C R™ be open, connected and bounded and let R > 0 such that Q C Br(0).
(a) Let v € C?(2) N C%Q) with Av =0 in 2. Show that

max v(z) = max v(x)

zeQ €N
(b) Let u € C?(2) N C°(2) be a solution of
—Au=1 in Q,
u=0 on Of).
Show that
R2 _ ‘.%"2
< < —
0 <u(x) < on
for all z € Q.
Solution.

(a) Suppose there exists a point zg € U with u(xo) = M = maxg u, since v is harmonic in
2 we can apply the mean value theorem for B(zg,r) within Q

M:v(xo):][ vdy < M,
B(zo,r)

equality holds if and only if v = M within B(zo,r). Hence the set {z € QJv(z) = M}
is open, it’s also closed because it’s the preimage of singleton by a continuous function
v. It has to be either () or Q since €2 is connected, it’s not empty because we assumed
at least xq is in this set, then it has to be 2. By continuity of v up to the boundary
we have max,cgn = M. On the other hand, if there is no such zy then maximum is

obtained on the boundary.
2
(b) Let v = u + %, then Av = Au+ 2% = Au+1 = 0 in €, with boundary condition
v<0+ % on 0. Part (a) applies, and we have
R2
= <
R T

therefore, Vo € Q, u(z) + % < g%. On the other hand, let

f(r) = ]gB(x’r) u(y)dS(y) = ]([93(0’1) u(z +rz)dS(z)
then we have

"(r) = w(x +rz) - 2dS(z) = U Y
f@%—ﬁM&UD( T r2) - 2dS(2) f Du(y)
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ou r
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which implies f(r) is decreasing and we also have

u(o) = lim f(s) =l £ a@)Se) = ul)ds)
s 5=V JoB(x,s) OB(z,r)

therefore,

/Or na(n)s" Lu(z)ds > /0’” /{)B(M) u(y)dS(y)dS—/B(m)u(y)dy
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consequently,
u(z) > ][ u(y)dy, for all B(z,r) C Q
B(z,r)

Now we assume there exists x¢g € Q such that u(zg) < u(z), Yz € Q and u(xg) < 0, by
the above inequality we have

w(wo) > ][ u(y)dy > ][ u(zo)dy = (o)
B(zo,r) B(zo,r)

equality holds when wu(zg) = u(y) for all y € B(zo,r), and we choose r such that
00N B(xg,r) = {x1}, therefore by continuity u(z1) < 0 and we have a contradiction.
And we proved u(z) > 0 for all z € Q, combining it with boundary condition we have
u(x) >0, for all  inf.

([l



3. Let u be a classical solution of the following initial boundary value problem:

Up = Ugy, 10 (a,b) x (0,7 (4)
u(a,t) = u(b,t) =0 (5)
u(x,0) = up(z) (6)

where wug is a continuous function.

(a) Show that the solutions are unique.
(b) Show that there exists a constant o > 0 such that

(-, Ol Z2 < e JluollZe.

Solution.
(a) Suppose there are two solutions v1 and v, let u = v; —vg and let m(¢ fab lu(t, z)|>dw,
then m/(t) = 2ffuumda: = —f:|ux|2daj < 0, m(0) = 0 but m( ) > 0, therefore

m(t) = 0 for any ¢, and we have v; = vs.
(b) Multiply equation (4) by u and integrate over (a,b), we have

2dt/ lu?de = — / ug|*dx

Since the domain is bounded and u vanishes on the boundary, we can apply Poincare’s
inequality, there exists constant C such that

b b
/ lul?dx < C'/ || 2 da

Combining above two, we arrive at

m/(t) < —Cm(t).
Using Gronwall’s lemma, we have

m(t) < m(0)e” "

as desired.



