Geometry and Topology Graduate Exam
Spring 2014

Solve all SEVEN problems. Partial credit will be given to partial solutions.

Swee, lwill.

Prople/m 1. Let X, denotes the complement of n distinct points in the plane R2.

Does there exist a covering map X, — X,? Explain.

Proplem 2. Let D = {z € C;|z| < 1} denote the unit disk, and choose a base

poifit zp in the boundary ' = 9D = {z € C;|z] = 1}. Let X be the space

obtained from the union of D and S! x S! by gluing each z € S' ¢ D to the point

(2,20) € 5! x §'. Compute all homology groups Hy(X;Z).

Problem 3. Let B = {z € R™;|z| < 1} denote the n dimensional closed unit

ball, with boundary §"~! = {z € R™;||z|| = 1}. Let f: B® — R™ be a continuous
5 map such that f(z) = z for every z € S"~1. Show that the origin 0 is contained in

the im;?e(/(B”). (Hint: otherwise, consider 1 — Bn 4y pn {0}.)

Probl 4. Consider the following vector fields defined in R2:
7] 0 7]
W b2 5% X=2g tog, ad Y=g

EYS
ﬁg‘l —Y Determine whether or not there exists a (locally defined) coordinate system (s, ¢)

o in a neighborhood of (z,y) = (0,1) such that

L ool
W < ODE(9 X=g~, and Y:—-g.
<o\ NV\OJ“é 411 os ot
r h,q; v
“_A Proplem 5. Let M be a differentiable (not necessarily orientable) manifold. Show
W\(é\/i(w) v thdt its cotangent bundle
NI T ¢ T*M = {(z,u);z € M and u: T,M — R linear
+ on o
" co is a manifold, and is orientable.
Problem 6. Calculate the integral / w where S? is the standard unit sphere in
52
k ) R? and where w is the restriction of the differential 2-form
\ .
4\60 yn? (@® + 4% + 2%)(xdy A dz + ydz Adz + zdz A dy)

Problem 7. Let M be a compact m dimensional submanifold of R™ x R™. Show
OJ\/A(S that the space of points x € R™ such that M NR" is infinite has measure 0 in R™.
S

’

AN



Spros 21 #

|
© Xn = ﬁl’l'"ﬁvw'b}?ﬂ
Pra 3 o apass g mop X=X Gy ploiae

i RZ et = My > St
2o S20ie}= X = SV

. Clyscl N
<0 VF P- SIS — S I Q@

L%WW :(7,(3'\31/ >
= Pu 5, (SVs' ) e Z w0 1% [W:(ﬁl“’)) - m
%W é"bl;t;m S'(TS.:: OO

*Q

Wt T (¢ ve!) = U

lota % ;Z cannot” e Durrrnf e ro LWJ it a{ <! St

d d Y / < /
gyst an ol @ Lo o;f .

@ D = heleld;
(229) € SF5 Yord U (X, %) .

8\»!":\1"; LN 2.6'eD +o

ﬂ Not te (ot Kav " @ N SZ_VSI

p o [L(SVs) = T (9o k() o (5 pt) 4 (52p1)

WC&/O(QL’O i@&}_}_g S HM,()(): 74 w=0,4L,°%

O elge .




) pn- ogern Ml d [ B R ke embroons

pyehn Hrot )= x Y xe M D 006 /L(B”)_

- S
2 hop0 ¢ ot . Thua §"ery B SR — S
g
R oq*
W fo{t?i‘ = ’/‘C/Sn-, ’> (fafo(/) :’?GL
;" -
fomener 0= Ha (5" =7 HoBY) = 1720
S lrofei) = 0 St Tuws o€ [(8Y
] L 22 2§ )y 2
@ (pwavder X= 9){7‘ Kﬁ; § Qj
dn;(dl

ond difwne » nhver o not I 4 tocal Cj' clafrrnaef LOOY
G .2 V- 2.
(e (G ) ™A pbd of ) 3 X= Tes 1= 3

he svch & Pwﬂﬁtﬁa i .
Thon  we howre oy

]

ﬁﬁ Lof )D()(IJ): (S/’(/)
s- f, § -t

; #
R (xy) ,(Wp[ racCe Yrgds onl fre ﬁwz,ac L )
j*{d (Sf&t/w/ﬁ &P ;!’]z\aa,‘t /ﬁv : TPI/ZZ i Zf /]2
b > b [2) =
Rz —— i : Ce
.f"\/,j) Shere ; [&y ) ' 7
Yo Yy

‘E; = a%x ;/Zy %’(
9%" ;%g %7



Ix '
S X “d
y Y ;)\/ ’Q{ - = §y
= 2f o
AX ;jf;( X 4 7[\/:2)(+ C(y).. 2x 4¢

C;)L’_D ;
A 2h . )
7 :;?7‘/ 5> L=xX Fyrp

ueL ,(’ weli  a /)out il g en Cpl Jed if won (4 - Do (5 Cortro ‘A

~T

I Q&(uccwn . gbme

Newse a VoL
g = §_2+ij-’- j"D
wa{ﬁ,:ZX /[ :é_‘LJZ A

/ILW\ o Locol 00 e [xfﬁ%« we wae N1/ / wt o fr

| R [2 3 _ 2ET
&Lp(%)— QXZJ‘/%;%'Z Fo s %7

f 0o local Jyfuﬂiutﬁbm}

éa o €O ol pruie E/Zijubh .

[0,/) we el {’(/sa;f 77[ 0:2)(./@ = =0 -

= b0 j:‘L

cancliclates lose // | '/a«(.\L/

ol (0, ,) r g( e O



- —

o | - * - )
O CQ[UJGJL / L ) W = C){l - Lr?‘f 29()(6(‘([} A d'zl* / L]d:‘:’h f’(g/\ 4= '(“Ul‘/f .

fl W0 = xdyadz + ydz Ndx+2dxacle
Jro Jrapne vy s

m]s}p/w - /demym.g = s vol (R%)
67,

@ M (/,m/)om‘" W - ditn Subvna /) (L ;% R b
Swaw e wpacew of poinls ve R 5 mMaph jofrvide bas

el O a2

-

2L i M s RMYRT
F:WN | _jlff
m'm

Thon Pomox n sool gp cef U{ cwheel vakne Fug msem

(‘3?/1'0 4 ”Brn? . SV ﬁ/u}/\ [L} X € l'zrm /) M e T G B/ § KMJ/)U(G‘/V (/C'ulbl-f -

WW 704;,,\. TP m - TV' /2%0 s gijg]l);\e ‘—‘;‘ AP C}p,,,o/ P LOC((/%

(!LL/ ﬂ/\«” JYUAL /)/w,/ll;)'l /’/%f.&'}z;z'() X IS &J(QIL} dﬁ@-ﬁhbﬁd)h% [ ///)')
s M f e d) T s ge b= Hlu)= s x

Nowo, ) X3 o clodecl 4y R , 0 1) o elosect n M 2 have
C{/My%/.[{ SI;'C{ /(/(L) é/n//a (} Hovmcnér UZLY v oan £ Covta A\/

LYy
18
Pl s by enplchreas, /mé W wrar s ) e LUy,
. (Z/



Now sie zack Uy =W i Uy Uyp? 2 = M‘/«.:Mya
Masee 3 fuskily oy poimfs i M hboof .

Tiws Jy: (x,ﬂ)é Ml o fde .

I @)&ukm@vb hun (/H(pbtélﬁ Mo hbes a/ all /Uamfﬁ,v p&rh_/f cne 711?1‘%&

S1 Aoy el pov. uh w( m)/ ule f.’b{yw an il af v

lu7 Sad s Jnonwn | gyt ANLSEUE 30
E] ‘



Geometry/Topology Qualifying Exam - Fall 2014

(3 3 l ) ¥,Bhow that if (X, z) is a pointed topological space whose universal cover exists and is compact, then
Q )= W) A7 the fundamental group (X, ) is a finite group.
\\l|l*')

hY

\
./ Recall that if (X, ) and (Y, y) are pointed topological spaces, then the wedge sum (or 1-point union)

/" X VY is the space obtained from the disjoint union of X and Y by identifying  and y. Show that T?

/ (the 2-torus S! x S1yand S!v S'V S? have isomorphic homology groups, but are not homeomorphic.
/ /

3 Suppose S™ is the standard unit sphere in Euclidean space and that f : 8™ —+ S™isa continuous map.

C/V\ONOT '{/\,n :f/ (313 i) Show that if f has no fixed points, then f is homotopic to the antipodal map.
&%&L N it} Show that if n = 2m, then there exists a point z € S2m such that either f(z) =z or f(z) = —.
./--:_‘

M is a smooth manifold of dimension d, using basic properties of de Rham cohomology, describe
on MH/\ the de Rham cohomology groups H}z(S" x M) in terms of the groups H o (M) (along the way, please
R ol explain, quickly and briefly, how to compute Hjp(S .

7 Show that if X C R3 is a closed (i.e., compact and without boundary) submanifold that is homeo-
W ;‘j / morphic to a sphere with g > 1 handles attached, then there is a non-empty open subset on which the
BV'A Gaussian curvature K is negative.

;ﬂ/ Suppose M is a (non-empty) closed oriented manifold of dimension d. Show that if w is a differential
= )“D 144 d-form, and X is a (smooth) vector field on X, then the differential form £xw necessarily vanishes at

-FC/MT'C”‘ ‘+ some point of M.

" Let V be a 2-dimensional complex vector space, and write CP! for the set of complex 1-dimensional
—+1a? subspaces of V. By explicit construction of an atlas, show that CP! can be equipped with the structure
of an oriented manifold.

-~ 4
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GEOMETRY TOPOLOGY QUALITFYING EXAM
SPRING 2013

Solve all of the problems that you can. Partial credit will be given for partial
solutions.

(/ﬂfonsider the form
.- = (P +x+y)dyAdz

on R3. Let §% = {x2 +)2 +2z2 = 1} C R? be the unit sphere, and i: $2 — R3 the inclusion.

(a) Calculate [, w.

(b) Construct a closed form a on R? such that i*a = i*w, or show that such a form o
does not exist.

(2§ Find all points in R? in a neighborhood in which the functions x,x2+y?+7>—1,z can
serve as a local coordinate system.

(3) Prove that the real projective space RP”" is a smooth manifold of dimension ».

(516 (a) Show that every closed 1-form on §", n > 1 is exact.

/

4 (b) Use this to show that every closed 1-form on RP", n > 1 is exact.

(5) Let X be the space obtained from R? by removing the three coordinate axes. Calculate
7 (X) and H,.(X).

(6) Let X = T? —{p,q}, p # q be the twice punctured 2-dimensional torus.
(a) Compute the homology groups H,(X,Z).
(b) Compute the fundamental group of X.

7) (a) Find all of the 2-sheeted covering spaces of S! x S'.

(b) Show that if a path-connected, locally path connected space X has ) (X) finite, then
every map X — §' is nullhomotopic.

(8) (a) Show that if f: " — S” has no fixed points then deg(f) = (—1)"*!.
(b) Show that if X.has S** as universal covering space then m; (X) = {1} or Z,.

Date: February 1,2013.
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Ingerp Ll

Geometry/Topology Qualifying Exam
Fall 2013

Solve all SEVEN problems. Partial credit will be given to partial solutions.

Y (15 pts) Let X denote S? with the north and south poles identified.
(a) (5 pts) Describe a cell decomposition of X and use it to compute H;(X) for all 7 > 0.
(b) (5 pts) Compute 71(X).
(c) (5 pts) Describe (i.e., draw a picture of) the universal cover of X and all other connected
covering spaces of X.

7. (10 pts) Show that if M is compact and N is connected, then every submersion f : M — N is
surjective.

/.{. (10 pts) Show that the orthogonal group O(n) = {A € M,(R) | AAT = id} is a smooth
manifold. Here M,,(R) is the set of n x n real matrices.

4. (10 pts) Compute the de Rham cohomology of S' = R/Z from the definition.

8. (10 pts) Let X, Y be topological spaces and f, g : X — Y two continuous maps. Consider the
space Z obtained from the disjoint union (X x [0,1]) UY by identifying (z,0) ~ f(z) and
(z,1) ~ g(z) for all z € X. Show that there is a long exact sequence of the form:

oo Ho(X) = Ho(Y) = Ho(Z) = Hoy(X) — ...

D @(10 pts) A lens space L(p,q) is the quotient of S C C2 by the Z/pZ-action generated by
’ (21, 22) v (€2™/P2,, €2™9/P2,) for coprime p, g.

(a) (5 pts) Compute m;(L(p, q)).

(b) (5 pts) Show that any continuous map L(p, q) — T2 is null-homotopic.

7. (10 pts) Consider the space of all straight lines in R? (not necessarily those passing through the
origin). Explain how to'glve it the structure of a smooth manifold. Is it orientable?
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Geometry-Topology Qualitfying exam
Fall 2012

Solve all of the problems. Partial credit will be given
for partial answers.

@%note by S' C R? the unit circle and consider the torus T2 = S* x 1.
Now, define A C T? = S! x S! by

A= {(z,y,z,w) € T? | (z,y) = (0,1) or (z,w) = (0,1) }.

Compute H*(T?, A). Here we regard S* as a subset of the plane, hence
we indicate points on S as ordered pairs.

definition of the smash product X AY of two pointed spaces is the quotient

\ /@Denote by S! and S? the circle and sphere respectively. Recall that the
o I
of X XY by (z,y0) ~ (2o, y)-

N&ﬂ Show that S! x St and S! A S A S? have isomorphic homology groups in
XV

3’\)1 all dimensions, but their universal covering spaces do not.

N -

et X be a CW-complex with one vertex, two one cells and 3 two cells
whose attaching maps are indicated below.

. b
a b b a a
h h[ (O :
. N ) b b
1-skeleton 2-skeleton

~n 4

30 Compute the homology of X.
é-u” Present the fundamental group of X and prove its nonabelian.

(Justify your work.)

1 Does there exist a smooth embedding of the projective plane RP? into
R?2? Justify your answer.

r ‘%ﬁet M be a manifold, and let C*°(Af) be the algebra of C* functions M —
. Explain the relationship between vector fields on M and C*°(AMf). If
we consider the vector fields X and Y as maps C®(M) — C*°(M) is the
composition map XY also a vector field? What about [X,Y] = XY -Y X?

Explain.

@/ Let S be the unit sphere defined by 22 + 3% + 22+ w? = 1 in R%. Compute
[ w where w = (w + w?)dz A dy A dz.

2

,?1 Does the equation x? = y® define a smooth submanifold in R3? Prove

your claim.

A )
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Geometry/Topology Qualifying Exam
Spring 2012

Solve all SEVEN problems. Partial credit will be given to partial solutions.

. (10 pts) Prove that a compact smooth manifold of dimension n cannot be immersed in R".

. (10 pts) Let ©; ; be the compact oriented surface with boundary, obtained from T? = R?/7?

with coordinates (z, ) by removing a small disk {(z — 3)*+ (y — 3)* = 15 }-
(a) Compute the homology of 2y ;. '
(b) Let &, denote a closed oriented surface of genus 2. Use your answer from (a) to compute
the homology of X,.

. (10 pts) Let S be an oriented embedded surface in R3 and w be an area form on S which satisfies

w(p)(e1,e2) = 1 forall p € S and any orthonormal basis (e1, e2) of T;,S with respect to the
standard Euclidean metric on R3. If (n1,na,n3) is the unit normal vector field of S, then prove
that

w = mdy A dz — nodz A dz 4+ nadz A dy,
where (z,y, z) are the standard Euclidean coordinates on R3.

. (10 pts) Consider the space X = M;UM,, where M, and M are Mobius bands and M,NM; =

AOM, = OM,. Here a M6bius band is the quotient space ([—1, 1]x[—1,1])/((1,y) ~ (=1, —¥)).
(a) Determine the fundamental group of X.
(b) Is X homotopy equivalent to a compact orientable surface of genus g for some g?

. (10 pts) Determine all the connected covering spaces of RP'* v RP'™.

. (10 pts) Let f : M — N be a smooth map between smooth manifolds, X and Y be smooth

vector fields on M and N, respectively, and suppose that f,.X =Y (ie., f.(X(z)) = Y(f(z))
for all z € M). Then prove that f*(Lyw) = Lx(f*w), where w is a 1-form on N. Here £
denotes the Lie derivative.

. (10 pts) Consider the linearly independent vector fields on R* — {0} given by:

X($1,$2,IE3,1E4) =II}1——‘+$2 +CE3 + 124 8
8:1:1 81'2 (93:3 81E4
Y (21,22, T3, 24) = —mg—a— + zli — mi + :1:3—8—. :
811,'1 311}2 81'3 8334

Is the rank 2 distribution orthogonal to these two vector fields integrable? Here orthogonality is
measured with respect to the standard Euclidean metric on R*.
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