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Spring 2005

Compute Homology of

T - K

t.EE#--F--=w?fIB:f.f-~Vis '

3,¥_~D:{arts} - Vis ' Asserts 'UV, 's '

s.io#--t:f*e::O=:0----.-- Vis '

.
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Fall 2005

Claim : complement of a finite set of points
in Ri is simply connected if nz 3

.

Rn - { P , , . . . ,Pm3_~ B
"
- { Pym, Pm} _~ Vi!, B

"
- {Pi}=Vi=? 5^-1

Thus
, it,lR^- { Pi , . . ,Pm}) = * A,(5^-11=0 if nz 3

.



Fall 2005 #5☐
Claim : for any space X

, we
have

Hilxxs ') = HIGH ④ Hi -10)

let ✗ ✗ S
'
= ✗ ✗ [0,1] /~ where (x,o) nlxsl)

let A := ✗ ✗ [4,3-4]
,
B := ✗✗ ([0,43]U[43,1] ) /~

Then A and B deformation retract to ✗ and

ARB = ✗ ✗ ( [I
, 's]u[3,2,] ) defrmrtrn retracts to XUX.

Then ,
MV gives

< -
. → Hi /A)① Hi (B)→ Hi(✗ ✗5) → Hit / An B) → - - -

Hill)④HiK) Hi-11×1+01-4=1×1

Consider Hit /An B) Hi-11A)④H;→lB )
.

[did] t> [0+0]
,
Gtf]

this has kernel { (63-83) } = Hi
.
,(×)

so image of Hicxxs ' )-> He ,( Ars) is Hi-11×1 .

②

And the image of Hi(AnBi*→Hi(A) ④Hits) is { Koko] )}ñHi(×)
.

so the kernel of Hilal①Hits )→ Hicxxs ') is Hills
.

$ =) Inge of Hila)tHilB)→ Hicks
' ) is the remaining Hill . ③

⇒ Kew of Hill's
')→ Hi.ilAnB ) is Hild

.

①

①+② Hilxxs ')= Hills ④ Hi-11×1
.



0→ Hills Hilxxs ')→ Hi .im -30

splits because

A -4> B

Kele)④Iml④

o→krÑA-Émoe→o
splits?



Spring 2006 #3☐
IT ,(X) where ✗= 5

"

/ {qr,s}

✗ = snvs 'vs
' % • rgn
"

So it, = IT,(5) * Ails ')*p,(sY
;

Pils ')*Mls ') ifn > I
t={ñ.CH#r.lsD*MlsDn=1

•
r

n> I={E¥E*
9,5

I



Spring 2006 #6☐

Unlink := two unknotted circles in 53 contained in

two disjoint 3-d balls in 53
.

Hopf link .

-

= two unknotted disjoint circles in 53

where each circle meets a disk boundary the otter in one point .

Drawn here is R?=s3_{x} 00 $
Unlink link

Ui= 53 - unlink
,
Hi -_ 83- Hopf /ink . Compute Homology of Utt.

Let A := the two disjoint 3-d balls containing the unlink
.

SZA = 5314 points} = 53hrs1

so Hnls? A) ~~ÑnlsYA)=Ñn(s3vsD=Ñnls3)④Ñn( s ')
.

ÑnG3)={ 2 n=3

oeise ,
Hits'k{%¥e

.

So Hn( 53A)={Zn=h30 else

so HNLU , A- unlink)={
2h43
0 else by excision . ⑧

We know A- unlink = 5hrs1 WSZVS '

and Ttnlsvs ')=ñnls4 ⑤ II. (8) = {
2*1.2
0 else

so Hn(A- unlink)={ 2+02 n=0ii20 else

Now we have

- - • → Hn ( A- unlink)→ Hnlu)→ Hnlu , A- unlink) -> HIA
- unlink)

no ID I 0 0

a- I 102 I 2+02



0

2 2+02n=2 2102

n=3 0 0 21-02

MVitlnln.no )→HnlA)①Hn → Hnk)

Let us be small tori neighborhoods of the unlink .

and let Uzq be a slightly larger one
.

Then the and 53- ha cover 53
, and MV gives

^ . . -> Hn( thank - Ual)→ thlkalttt.IS?Ua)-zHnCs3)→ . . .

Haunts } - Uele TUT ⇒ Hnluea.ms?UaD-- {¥¥Z 1¥12
0 else

Uzq= SUS
'
⇒ Hnlaze) = { 2+02 a- Oil

0 else and Hnls ')={ 2^-0,30 else

so we get :

Hnluvunlss- Ual) → Hnluza)④Hnls?Ua)→ a. (S3)
A- 4 0 0 ④ O o

n =3 0 0 ④ 2

n=2 2+02 0 ④ 0

n=l I
" 2+07<0+2+02 0

n=0 2+02 2+021-02 I → 0

Since Hz( 53=1-11153--0 ,
H

,
lazars

"
- the ) ) ~~ Hickel 1-1,63- the)

so 1-1,153 - he)x 2+02

We Know Hols ?- Ua)=Z since 53- he is connected
.

We see that the image of Hsls
')→Hz(keen little))

cannot be 2+02
, so the next map cannot be the 0 mass

.

Hence
,
An /5- Ua) -10 ,



If I Hn I 2 then 2×-0>2+02 then Z④K ?

then ?=Z④I

0-72=-72×-0> 2+02=-72+02 → 0 fire
.

2B (b) h :S "-75
" embedding

Hen Hits " - hlsk)) = 2 for i=n - k - l and 0 otherwise
,

•

Yasmin :Dk→sn , II. (5-HID
"))=O vi.

5- h(8) = S
"

- {2 points} =D
" '
- { I point} = Sn -1

⇒ Ñ( Sh - hlso) ) = Hi (5^-1)=2 for n - l and oothrwse
.

✓

Inhofe:

SK = DIUDI hemispheres
.

A := 5
"
- hlD¥ ) B=sn_ HIDE )

→ iii. ( An B)→ II. (A)⑦ HIB)-→ Hits
"

-16¥ →
11

It:(5- hlsk)) 0 tri

by (a)

⇒ It:(5- hlsk))=tTi+,( S "- his ""))

I Ñi+k(s^ - hlso)) =L for i+k=n - I

i=n - k - I
✓



First
,
let's compute Hn(5- S

')
.
View 53 as ☐3125s

Then

this
= "Gps = AV

53-5=5
'

.

So Hals
'
- 5) = { ⇐ n=Q '

0 else
.

Now
,
for 53 - unlink

,
we use MV .

Let A
,
B = hemispheres of 53=03/203 each

containing one circle
.

Then An B = D2/202=52 ⇒ H
.
/AAB)={ 2^-420 else

.

A = B
}
- S

'

e SVS
'
⇒ ÑnlA)={ In-12oeise

⇒ that)={Zn=Qszoelse

The game applies for B and we get a sequence :

• . . → that)④Hn /B) → Hn(5- unlink)→Hn+( AnB)→ - . .

r=4 00
0

n⇒ 8 µ# an

h=2 2+01 → I !→ 0

A- I 2+02 → 2+07<08×-0> 2

h=0 2+02 I 0 ①
larger

•

A-⇒ inner sphere
"

fgpp B. = 53 - smaller inner sphere

AAB -~s2

A -~s2vs1
Be isis '

/2D3



(D) 1)→ I (2,21--26,1) +249=4
( 1,0) → 1

(x, -74→ O

'

= =

'st⑧
•In

goa
B✓



Fall 2006

9751×5
'

torus
.

Di ,Dz closed unit disks in 6
.

For integers pie define Xpqi= 92ND, WDZ/~

where ei0~ (ein , 1) and ei ~ ( bein)
in A

8D ,

^

2 Dz T2
T2

compute it, (Xpq ; Xo)

Let xo= (1) 1) C- T
.

Let's farm Xpq as a CW complex.

e. =Xo .
ei= 51×43

,
ei={13×51

.

ei determines a loop a
' with bnsex.

and of determines loop b with base Xo

To obtain Xpq , we attach 2-cells

ezo , eight along the following paths :

a. b. a-
'
b- 1

,
aP
,

be

Hence we get :

ITIXpqt-fa.to/aba-'b-1=aP=b9-#T



Fall 2006 #3☐ $✗ simply connected
. f

, g :X→ S
'

Claim : f 59 .

✗ f-> s
' -8>✗

MIX ) MAY ⇒
XO XO



Fall 2006 #④
Calculate Hnls 'xD2, 51×202)

thts '×D4=HnlsY={Zn=G10 else

HnlsEdñ)={
2^-92

2+82 de

② 2x

i. → Hn( 2x)→Hn(×)→ Hncxidx)→Hn+(2X)→ . -
.

Form >_ 3
,
we have

0→ Hilxidx)-> Hnylax) → 0

implying Hnlx ,2X)~~Hn→(2X)

so HnlK2D-{zn$0 nZ4 a

→ Hztdx)→HzH)→Hz(X,2X) -71-1,12×3 -31-1,1×1×-0>40,2×5-7
I 0 2+02 I 0

Hoax)E> Hold Holxidx>→ O

I I 0

Hoax)i*→ HoH) is an isomorphism$
So the maps before and after are 0- maps .



Since Hok)→ Holxidx) his imze 0
,

Ho(×i2× ) -70 has kernel 0
,

which

mens Ho(x,2
Consider H ,

(2×11*-71-1,4)
.

Two generators for

21-02 I

1-1,12×1 are a ,b
,

circles around the torrs with one

going through the hole
.

i* sends Gob)i→ b and

is surjective . This Ker ( H.CH -71-1,1%2×11=1-1,1×1
so it is the 0-map

.

This 1-1,142×1×-0>1-1012×1 is

injection implying H,lX,2×)=O✓
The kernel of i* is { la,o ) }

,
so {Got} is the

inn of Hzlxisx)→ 1-1,12×1
.
And since that =D

we knw tb me is injector
. Hence Hz%X)=#T

All together, we here HnHM={%%seZ①



Spring 2007 ☒
Define def

.

retraction .

of X onto A.

Let A be the knot in the solid torus ✗ = six D2 as below

✗
Claim : no def , ret. from ✗ to A.

Assume there is such a def.net
.

which is a homotopy between the identity

prep on ✗ and a retraction onto A
,
call it r :X-7A.

with A fixed . Let the def. ret. be Fi ✗ ✗I→✗ with

fix,o)=X and Flx, D= rlx) C- A. and Fla,t)=a V-aet.tt .

Theres not even a retraction onto A.

For it so
,

then there is an induced injedne homomorphism

IT, LA ;xo) it, lxjxo)

I ¥
However

, a loop going once around A is a generator
for MIA ;xo) but gets sent to He 0 element in

IT, lxixo ) by i* because A ☐ nullhomotopic MX_ .

Thus i* is the 0 map contradicting injeotirity
.

Hatcher 1.1.16 (c)



Fall 2007 when is

✗ path connected
. Hplx, 21=0 OLPEN . path connected

compute Hp ( ✗ ✗ S
"

; 2) OLPEN . Used ?

✗ ✗ {xis is a retract of ✗ ✗ S "
, so we get a split SES :

0 → Hp(✗ ✗ {xis)→Hp(✗ ✗5)→ Hp(x☒S^ , ✗ ✗ {ao} ) -20

ftp. Thus , Hp (✗ ✗5) = Hpk) ⑦ Hplxxsn , ✗ {ao} ) ftp.

Let A and B be viper and hare hemispheres

that cover sn
.

Then At Be DIE. }
.

and AaB - 5^-1

Relative MV then gives

-
.
.
-7 Hp (✗ ✗ 5^-1

,
✗ ✗ {a. 3)→ Hp (X ,×) ④ He#→ Hp(X×S ,̂x×{%})→ . . .

The middle term is 0
, so we get Bomorphb.ms

Hpcxxsn
,
✗ ✗ {ao}) I ftp.ilxxsn-1,Xx{a. 3)

By induction
, Hplxxsn, ✗ ✗ {a.3) I Hp-nlx) =D for OCPEN .

Here Hp(Xxsn)ñHpH)=0forO<PENI-
.

sn

What about when p=n ? ;i↳n⇒
do we get Hnlxxsn,x×{his)=Ho(xuxsx)

✗ = Hokuto}) so perhaps

I HoH)④z ? Ifor f- n .

For p=n we get Holxwx ,x)ñHolXU{ais)xtToH④z a HoH) ✓



Fall 2007 why in R
'

?
different if

C
, .cz disjoint circles in R ? circles linked ?

A. = SIX [Oil] cylinder .

Attach six {0 } to C , by a homeomorphism f
,
:S

'
→ S

'

and six { I} to Cz by a homeomorphism fz :S '
-2s

'

Compute IT
, (X) for this SpaceX .

As a cell complex me have 2 o - cells :

e9=f , / DEC , ,e:# (1) C-Cz ; 3 1-cells e !=C , ,e'z=Cz,ej
which goes from e°

,
to e% . and one 2-cell e2

The two cell is attached based on the degrees
eioff, art fz .

• >
• j :e'

3L

%ei
•

•

ein
•

•
he's

IT,(X)= ( a ,bf adeglfilbdeylfa)) .? • z
e :



Spring 2008

fix→✗ null hwnotopic

Mf= ✗ ✗ [0,1]/~ where lxso)~(fix;D .

Compute Hn(Mt) .

We can view Mf as ✗ ✗ [Oil] where we attach

✗ ✗ { o} to ✗ * { 13 via f. Since f is homotopic

to a constant map Cxo ,
we can say Mf

is homotopy equivalent to Ms
'

=X×[0,1]/~

where tho) - ( Xo > 1) . This is precisely

✗* [011]/ ✗✗ {oisvcxo;D .
This is equiwet to

the cone cx with a
line going from a

single point xo in th base to the tip
.

since CX is contractible we may collapse it and

conclude Mf _~ S
'
.

=

.

= =D
MH

Here HnlMt)={%%





Spring 2009
✗

✗ = surface of genus 2
.

A = simple closed come

CommteHnHsA)n>#
Hnlx, A) ~~tTn(✗A) ltn since ↳ A) is a good pair.

✗/A = TVT for the torus T.

tTnlTvH= the) Hit)

ñn={%÷:I n=2

So
,

Hnlx, A) = {
2 " n=1
2+02 n=2

0 else



Fall 2009#
S= surface of genus 2 ink?

W= solid 2- torus
.
Halwa ?

µn(w)~~Hnls'rs " = { % "%e
because

2+02 n=l

homotopy invariance

tics 'vsY= t.by/-Hnls')-- { E④Kn=10 else because

HIS '

)={Zn=l0 else
:

Hnls)= {
an-0,2
7<4 n= I

0 else . Since S is the surface of genus 2
.

Then we get a LES :

- . . → Hnls ) Hnlw) Hnlwss ) -2> Ha ,
G)→ . . .

For nz3
,
we have

→ Hnlw)É*> Hnlwss ) -2> Hails)i*→ Hnylw)
0 0

which implies Hnlms)=Hn -115) n >_ 3

so Hnlms)={ 2 n=3

0 nZ4



0 0

@tOimj*=ke0= Hocus) Ker i*=imi*=Z ⇒ J* 0
⇒ imj*=OHolw) 2

z
E Ker i*=0= imy ⇒ 2- xo

Hols)
×, =Ker2=imj*=0 into

HiW%xt.in/z..a...#.,sw;.-ii*--%eei*=o...o.o}±⇒,this )
Ker 2=0 in 'd = Keri#

T.at#hs-QKim2=z+zHzlwiDZtOI@Hzlw) 0

Hzls )
"

In sum
,

'

HnlHs1={Z⑦ZnHslwis) I 0 else



Fall 2010 #①

✗
, = % ✗z= .

Compute their fundamental groups

Ñ=µF =
.

= ☒ = shivs '

Thus IT
,
(4) a. IT,(svswsl) = 2*2*2

the free group on 3 elements
.

And
,

☒•

= •É=•☒ ← sivsvivs '

so ñ
,
/Xz ) = it, /SVSWSVS

')= 2*2*2*2

the free group on 4 elements
.



Fall 2010 #2☐
P, ,Pz,Pz distinct points in 52

.
X=S4{RvEuB}

Compute Hnlx :L) .

Pl
•

✗ =5vs'vs
'

__--

↳
•

% /pµqop
,

Hnlx;D)=Hn(5vsvs
' ;D

I ' ⇒ ilnlx ;z)=Ñnls:# His ! ;z)①tIls:D

Hits :H={ 3%2
Ra this 'iH={FILE
1. Put}

⇒ Ttnlx ;Z)={%①k÷!fue z n=2

In --0,2.; ⇒HnHi⑦={zo0 else

ti

-•÷E



Spring 2011

f :X→ Y continuous
. Cf ( (✗ ✗ [on]) WY) /~

where lx, 1) ~ f- (X) V- ✗ EX and ⇐oJ~(xso ) FX,xEX .

Claim : 7 LES

- - - → Hinks Hit,lY)→Ñi+ , (G)→ Hill Hick> - -
-

~

Hit ,/(f) I H~it.LY/fCx))~~Hiti(Y,flX))

we have a relative LES :

• . . -7 Hit ,lfKD*> Hit/ ( Y ) Hi+il4fH)) -2> Hilflx))^¥Hi(Yt¥ . .

ff* 9µF ff*
Hink) tix (G) Hill)

✗ _f> fcx) _i> Y

Hit, (X)
-f*

> Hit ,(HH) Hit,lY)



WEEK 2



Fall 1999

we In / Rn
"
- {0}) closet . i. e. dw=O .

i*:R^( Rnt
'
- { o} ) - > In Isn )

homomorphism induced by inclusion I :S
"

-7$
"

:{o]
.

Claim : W exact ⇐ Ssn i*1w ) :O ,

w exact ⇒ I ✗Earn
- ' ( R "

'
- {03) st .

H=w
.

Stokes

⇒ Ssn i*lw)=fsni*ld4= Sgndli *a) IS, ,i*a=f¢i*_- 0 .

Conversely , assume Ssn #(w ) =D .

Hails
" ) ¥→ Hpilpi

"
- { o})

(w]EHÑ( Pitt - { 03) NTS [w]=O .

Claim:[i*lwDEHoils4mi*> [w]
and [i*lwD=O

.



fall 2000 ☒
WER

'

( S2 )
.

W invw.at unter rotations
.

i. e. * w=w V. C- 5013 )
.

Claim : W= 0
.



fall 1000 #①
f : RPL> T2 continuous

.

(a) prove f* it,
/ IRBY -711-103 trivial .

(b) Prove f _~ constant map .

as
ppl

ab"ab -1=1
an Va

ab
- '
= but

%

IT , / RIP)= (a)blab
-
'ab-1=1> a. Galati)

it,( T ) = ( Gd / Cdc
- ' d-1=1 )

f.
*
(a) =L

,
f-
*
(b) =D ⇒ f*( ab-iab-Y-c.li'd - ' =/ ⇒⇐

.

f-* (a)=L
, f*( b)=c ⇒ f-* lab- 'ab-if-cc.lu -1=1 ✓

p :5→RÑ loves me 2- sheeted
.

p*:ñ ,
(5)→ FIRM) since 52 is a 2- steeled
" Cover , I is a subgpof
'1-

IT,lRP4 of index 2

⇒ / it, /RIP
') /=L ⇒ T.IR/PD--2121

.



IT
,
( RP ') :{oil}

.

f-
*
(1) = C or f-

*
(1) =L or f-

*
(D= 0

-1*(1+1)=040/-5*(41112-+04)
⇒⇐

,

⇒⇐

Hence
,

f-
*

must be trivial
.

H p :Pi→T covering map
.

pi P*(AIRY )=P*(01=0

JP f-* IT, /RPY) = 0 CO

⇒ 171mg criterion
RP
'

_f
> T2

⇒ I F- : RPL> R2 s.t. poI=f
.

pot _~ Cryo) ; since -5=00
.

and Poco = Cplo) '



Spring 2002



Spring 2002#
Mln ) = { nxn matrices} identified with Rm

01ns = { orthogonal matrices } cmcnj

= { A- c- MIA : AA
-

=Id}
Claim : 01ns is a svbmfd of Min)=R

"

claim : TINY = { antisymmetric matrices }

= { A-cmlnt.AE - A }
.

Let f : Mn)→ Mln) map At> AAT

Then 01ns = f-
'

(Id)

dfa = 3I÷ -
-
. 3¥.:|÷

. . . :¥.
f- iJµ= ai.aia-fx.tk#*iKA ,

to

④

I

31¥ = ortisj ¥=xie
3I÷=×ie



Spring 2002 #3☐

f :R3→R3 flxiy.tt/--(oxtBy,8xtfy,Ez)

✗ S - py=1 .

Find matrix of f*:ÑR3→j4R3

associated to basis

dylde-sdzldydxrdy.fr#lw)(V,,Vz)=W(dfplVDidfpv)V,--X,,Y.,Z
,

[ftp.R3 V2 -_ ✗
2) Yz

, Zz

Hp =

( f ? 8) lfpM=f 'M)

O O G FUK )

f3(4)
.

f-
*

(dyndx)(v , ,vj=1yndn( Apart , dtplve))

= Jet ( 8×11-89 ,
8xzt8y

,

DX ,tPy ,
✗ xqtfsy)



Spring 200211=40

(a) compute IT
, / RPZ- {x}) .

(b) fi IRPLSRPZ not surjective .
Claim : fe constant mop .

(Hint : use a covering space ) .

(a) Claim : RPZ - {×} def
. retracts to RPI

.

RIP
'
- {x} = ( 5% ) - six} = (5\{Ms}) /~

in

Lnortht South poles
,

send a point in 15 - {Ms})tr down the

meridional line to a point on the equator.

Its antipodal Point will be sent to the

antipow destiulm on the equator .

Thus the image is s
'

/~ or RIP
'

.

Hence IT,(RIP
'
- {✗3) = IT

,
/ RIP '

)=☒
.

(b) Let ✗ C- RP2\f(RPD be outside the image of f.

Then f : RP2→RPh{x} .

g
'

f-
*
:ñ

,
/IRIPY→ IT, / RPZ

- {xD

.

.

.

. Ia
RP

'

RIP'→ RPI

Rpt' § ,

rot



Spring 2002#

✗ = 5032 211=51×51
.

Compute Hnlx, 2×1 .

Relative Homology LES :

r
- - → Hntdx )→ Hnlx)→Hn(X,2X)→ . - -

✗ deformation retracts to s
'

⇒ Hnlx)=HnlsY={Zn=
" '

o else
.

I n= 0,12

Knox)={¥%isÉ
Thus for nz3 we have

0 → Hnk , 2×1→ Hm
,
/2X)→O

⇒ HnHN=Hm(2×)={ an
=3

o n > 3

Than he have

1-1,12×5→ that> Hzlxidx) -91-1,12×1
-¥H

, A)
z 0 2 2+02 2

¥1414K) Hoth)¥> HoH)±'> Hoax)→O
0 2 2

i*( 1491 -0

i*( to,Dl=1
⇒ Kerli:*)={ la ,o)}=im(a) ⇒ Hzlx, 2×1=2

since 2 injector .



Kerli*)=imli*)= I ⇒ j*= 0 - map

⇒ 2
'

injeetre .

Hulxidx)=Z since path connected
.

i*
'

is an isomorphism ⇒ 2
'

and j*
'

are

0 - maps .
Thus 1-1,142×1=0 . And since

imli* ' )= Hok,BX)
,
we see Hoax)=O .

Here µn(xioH={%%



Spring 2002

✗ = SUS
'

. p :Ñ→X Covering space srt
.

I connected and p-11×1 b- ✗ EX consists of 2 points .

Compute it , (E) ,

let v be the vertex in X .

Then p
- 'Lv) is two points. That mens Ñ

has two vertices .

and since there are
2 edges in X, there

will be 4 edges in Ñ
.

This Ñ is a graph with 2. vertices and 4

edges
.

Collapse one edge ⇒ I - sirs 'vsl

⇒ ii. 1×7=2*2*2 .



Spring 2002#⑦
What are the compact connected surfaces 5 for which

there exists on immersion s→s what is

not a diffeomorphism ? Hint : Euler choaoteistiz .

Call the immersion f :S-75

ftp.Tps → Tps injector . Same dimension ⇒

surjection ⇒ submersion ⇒ local diffeomorphism .

f- is a covering mep .

✗ (Mg ) -_ 2- 2g

✗ ( Ny ) = 2- g



Spring 2003 ④
Man compact orientable mfd (w/out bdry)

w symplectic form on M : WESLZLM) s.t.ws?.nw-
does not vanish at any point

.

Claim : Hirlm ;R ) -40 by showing W not exact.

WA .
.
- AW nonvmish.mg ⇒ Wh .

.
- AW orientation form

⇒ Snwn . . -AW -1-0
.

if W =L for corrector d

then Sudan . -Ado -10
.

But dGn¥et-don;-n - Yanni
= t.at .

- - Add

so Sudan . -
-Add = Sullavan . - - Add)= Spoken . -nw=0

by stokes
,

a contradiction .

Thus
,

w not exact .

Hence [w] =/ 0 C- Hjelm ;R )

⇒ Hirth :B ) -10 .



Spring 2003 #2☐
Show that sun ,R) of nxn matrices with let =L is a mfd

.

what is its dimension?

Mln ,R )
,

the set of all nxn matrices is

a nxn dinersnew mfd
,

since it is homeomorphic

to Rn
"

.
We know that the determined

is a smooth map from Mcnish) → R
.

If I is a regular value of def
,

then

det
- ' (1) = SLLMR) is a submanifold and therefore

a manifold
.

Let f : MIMIR)→ R map ✗ ↳ delta
.

for ✗ in Sun,R)
Then dfx : T×MlmR)→ TMR

dfx = [ 3¥ , . . . . ¥
.

, .
. .

,
. .
. ,¥m] for ✗=L?

"
" "
"

a- . .im:)
f-(X) = ✗ , , detcoftxn)) - Xi , tetlcoflxnl) t - - - I X.ndetkoflx.nl)

2¥
, ,
= bet lloflxu)) , 3¥ , =

-detkoflxnf)
,

- - -

,
3¥ = t-detlcoflx.nl)

.

If 3¥.in, 2¥ all equal 0 then fad =D
,
a cortmtnlm

.

This dfx =/ 0 ⇒ 1 regular value ⇒ fun,R) submfd.



Spring 2003 #3☐

WE STIR
")

.

w=dx , Ads . tdxzlldyz .

f- smooth fvnetn on Pitt
.

✗ = ?¥¥ - 3¥, ÷
,

+
21-2

Jyz -2×2
- ¥×z÷

,

rect
.
field

.

Compute [
✗
W

.

Cartan's Magic formula : [
✗
W = ✗ cow) + d(X - W)

low = 0 ⇒ ✗ -44=0

☒ - w)(v)=W(×, D= (tardy , + dxzrdyz) (KV)

=
dx

, Aly , 1kV ) + dxzndyzlx, V)

dx , ( x) dx.lv)= &t( dy
,
µ, ↳ (g) +61-(1×-4)

1×214

dy~cddy.lv)

= fy ,
Vy

,
- tfx

,
Vx

, ) 1- fyzvyztfxzvxz
⇒ ✗JW = fx ,

d ✗ iffy
,
dy

,
+ fxztxe + fyzdyz

d(✗ UW) = fy,×#x,

tf-x.dz#fyix,dyz1dx,:-::-::::.-::::::-::-I::::÷:÷
, fÉtf%xzd%H,



Spring 2003

M compact oriented n -mfd (w/out bdry)
,
n > 1

.

Claim ; F differentiable map f : M→s
" of degree 1

.

Hatcher 3.3.7fµf*w= ksgnw

,
Let U be a chert of M

, an open nbd homeomorphic

to an open nbd of R "
. Let f- map this

chert to 5^1 {N}
,

the sphere minus the north pole
.

Then send Miu to {N } th north pole
.



Spring 2003 #5☐
two coverings P : →X

, P
'
: I'→✗ are equivalent Tf

F homeomorphism U :X-> I' S.t. ploy =p .

✗ = S
'

✗ S
' torus .

Determine number of equiv .

Classes of all coverings p :X
->✗ S.f.

p
- Yxu ) consists of 3 points (for arbitrary Xo )

.

2 generators of 2×2 as/ when

an we send them in Ss ?

,



Spring 2003 ☒

Compute Hnlx;z ) where X=Rs- A
,
where A- = 4 points

.

IRS- A = Ds - A e s"Vs4vs4vs4

where Ds is a 5- dim 't ball
.

Indeed
,

the first e is a def
.
retract

.

To obtain the second =
, consider Ds with

one point of A Tn one hemisphere and the other

3 points in
the other hemisphere . The 4- dime disk

cutting the ball in half is contactable
,

so we

may collapse it
.

Then this space _~ to YVZ

where Y is a 5-d.mil ball minus a point and Z B

a 5 knit ball mins 3 points . Then Y def
.

retracts

to 54
.

We do the same to the other three

points and get s4VS4vs4vs4 ,

Herc : Ñnlxik)~_ tints "v . . .rs " ; 2) = the " ;⇒
+04

= { 2+04 n=4

0 else

thus ,Hnl×iH={EÉ":;



Spring 2003 #⑦
fi B^→R

"

continuous
.

ftx-xfx.ES
" "

.

Claim : f- ( Bn ) contains B
"

If not
,

then I XEB
"

sit
.

✗ ¢-11Bn)

i. e. V-yc.ba
,
fly ) # X .

Then f :B
"
→ pi\{x}

and Rn - {x} bformtrnretnebto S
" "

g :B^→5
" retraction ⇒⇐

.

9*:Hp(B^)→ Hpls
" " ) svrj . ⇒⇐

.

roi : It ⇒ r*oi*=Id

⇒ r* srrj .

i*inj .



Full 2003 #

✗ = 51×52
.

Y= S '

Us
"

WS
}
/ {Pipe , pig for pnesn

a) compute Homology
bl compute fundamental groups
c) ✗ EY homes ?

g) 4=5 'v5vs3 ⇒ Ñn(Y)=tI(sD①ÑnCs9⑦F,(s3 )
= { 2 n= 1,43

0 else

Lemmer : Hals '×Z)= Hn(ZJ④H~
,
(z )

,



Spring 2004

Let W =

×dY^dz 1- ydzhdxtztxt.ly
c- RYR3_ {03)

.1×21-542-21312

If i ; 52--42+44-22=1} →pis inclusion
,
compute fsz i*w .

Compute Ssri
* W

,
where j :S↳ R } maps try,z)→ fsx, 29,8£) .

gw = lxm-YHZYY.gg?fyy;t5tZH*-dxrdyhdz
+ lñtsHz4"¥,y3¥itZY" dyndztldx
+ lñtñtz4"¥y?¥¥YZY dzrdxldy
= 3kty4-EYY.jp?z!g;t5+ZT#txndyhdz-- 0
Let ☐3={54-54-2-251} so 203=52

.
Stokes ⇒

?
f.gzi*w = Sgp, i*w = Sp ,dli*w)= Spy , i * (dw) =⑥ Why

is this

similarly Ss, J*w=⑧ . wrong ?



Spring 2004 #3☐
Consider XCR " defined by +2+5-2-2- WZ =/

and Xztyw =L . Is ✗ a smooth submanifold of pit ?

2-

✗ it plane : X2-2-2=1
,
xz =/
--

*
,



Spring 2004 #5☐
let 51={+4-541,2--0}

CR
}

Calculate it, ( IR
'
- SY

R
'-5 ' deformation retracts to DIS '

where

☐
3 is a ball of radius 2

.

☐
3 deformation retracts to the sphere of

radius 2
,
52
,
union the line segment going

from north to south pole on the z-axis
.

This is homotopy equivalent to SZVS '

since the arc along 52 connects the poles

is contractible . Visually ,
&

☒ = -- = --- =•0
•

Hence
,
IT,( RIS

' )~~ IT, (5451×17,15)*1961)=z☐



Spring 2004#
Claim : Hp (SXIZ)~~Hpaf×j2) for PZZ

.

Compete Ho and Hi

SX= (✗ ✗ [0;D)/~ where (4014*50)
and (x, 1) ~ (x;D FX, X'EX .

Let A- = (✗ ✗ (E) D) /~
,
8=(4×(0,3/4)) /~

Then AnB=X ,
A contractible , B contractible

Thus
,

by Mayer - Vietoris we have a LES :

- -→ Hpfan B)→ Hp(A)①Hp(B)→ Hp(s×)→ . - .

For pzz this gives

0→ Hplsx)→ ftp.i/AnB)- 0

since A , B contractible ⇒ Hp (A) , HplB) =D for pzl
.

Hence
, Hplsx)= ftp.i/AnB)~~Hp.,lx)

for pzz
.

Otherwise we have

0-71-1,6×1 → How→ Hola)⑦HolB)→Ho(s×)→O

and for n path components is ✗ (note SX is path connected) :

O-sHilsxc-szni-sz@z-Z-solan.yan1l-slE.ai,&ai)



Kerli*)= { Cain . ,an ) Earl ,Éai=o} = in (2)

⇒ imfd) a 2^-1

And since 2 injection
,

we conclude 1-1,15×1=2^-1 .

In summary, for ✗ with n path components
,

Hplsx ,2) = {
"P-142 ) pzz

2z^"Pp



Fall 2007 #①
✗ path connected

.
Hp(Xi2)=0 t OGPEN .

Compute Hp(x+S^;2) it OLPEN .

Let A- = ✗ ✗ (SMN) and B= ✗✗ (5^-5) for Ms

the north and south poles of sn
.

Then AAB=X×(s^ - {Nis } ) def. retracts to ✗ ✗ 5^-1
.

A
,
B def retract to ✗ ✗ {s} , ✗ ✗ {v3 both - X .

.

- . → Hp(An B)→ Hp(A) ④ HplB)→ ftp.lxxsn)→ . -
.

ss ss is

- - .

→ Hp (✗✗5)→ Hp(⇒④ Head → Hp(✗✗5) → -
- -

so we get for 1 < psn

Hplx)④HpH)→Hp(✗ ✗5)→ ftp.ixxsn-Y-sltp.ilxlttk.CH
0 0

implying Hplxxsn)= ftp.lxxsn-YV-kpsn .

Thus Hp (✗ ✗ 5^1=1-1
,
( ✗ ✗ Sn

- Pti) If lspsn .

We have

1-1,1×1+01-1,1×1 1-1,1×+5
" - P ") -0s Hofxxsn

- P) How)④HoH)

0 {
Rockin 22

22 p=n

a 1-7 ( a, a)

{ laid → (atbsatb)



kerb =imj* =
0 ⇒ 2 injective .

im > = Keri * = { 0
• < ran

2 p=h

⇒ 1-1,0×5
- P ") = {

0 o< Pen

2 p=n

Hence
, Hp ( ✗ ✗g) = {

0 •<Pan

I p=n



Fall 2007

Cooh disjoint circles in R ? A=s'x[ oil] cylinder .

✗ = RP WA gluing 5×103 to co and

b' ✗ { I } to C
, by homeomorphisms fu ,f ,

,

compute it, G) .

Let U= 033
,
✓ = G'UCIUA V8

'

for 8 a path

connecting co and G
,
and Gili

,
8
'

small enough

neighborhoods to manton distinctness of Cosa ' and

keep V open . Then it ,V , UAN path connected

AN open ,
and UUV =X

.
Hence SVK gig

19,1×1=19,11197 * ñilciuciuttur
') / ( ilwjjcw)

-1 >

for weñiltlnv) , i : Milan ) ↳ ñilu)
,
jilt, /unite> ñ.lv)

the indeed inclusion reps
.

it,lÑ)= 1
.

Ciuc , 'uAU8
'
e SVS '

so

it,( D= 2*2 .

al un es 'VS
'

so ñ,
/ UAV)=I*z

.

Let aEñ,( UAV) be a loop around co
.

and let b. Eltham)

be the loop 8.4.84 . Then in Rs these loops

are contractible
,

but in V
,
a is sent to one

of the generates C of it, (v) .

b is sent to

dcd -1
for goats 91 of ñilv) . Hence

MIX)= 2*2/ (cited -15=4,1 / c- dad
- ' =D



Fall 2007 #3☐
Mn( R) vector space of nxn matrices w/ coeffs in R

.

det :MnlR)→R .

Compute dldet)In for INEMNIR) identity
.

µ
"

- - - Xin

÷
,

. . . ijnn)← (✗" s - -
- skins . .

- ,×m ,
. . . ,Xnn) E R

"

d"¥=[÷¥l . -
- - ¥÷k

.
]

det /A) = Ej? , 1-
Di"Xijdet( Ai;^) for any

i C- {t.sn}
,

where Aj is the matrix minor leaving out the ith

row and jth column . Let ( In 1=0 unless i=j

since Inij has a row and column of 0 's if i=j .

And dettnii ) =L tie { Is . - in}
.

This 39%-1, = {
1 it i=i
0 else

(Xu - - - Xin

Thus for any A- C- TÉNMNIR , with A- = ÷
,
. .
.in;)

dldet.IN/A)=Ei-Ixii--tr(A) .

Hence dldet)In:TqMnlR)→T±R is the trace

ss Ss map .

MNIR)
→ µ

A 1-7 trot)
.



Full 2007 #

M compact, orientable n - dime mfd

f :2MÉ> 5-
'CR

"

. F : M→R
" continuous

with ftp.m-f .

Claim : FIM) contains the center 0

of 5^-1 .

Assume not
.

Then FIM) deformation retracts onto SM
.

Call this retractor r
. Then

,
we here

sn-1€> 2M£> M-F> Pi - {03-1>5^-1
where i is the inclusion

. This composition B

the identity mp give rlflilf-Y~DD-rlflfY~ID-rtxt.ir
.

Then the indeed homomorphism (rofoiof-1)* : Hmcs " ") -21-1+(5-1)
is the identity map . But Hn

.
,( 2m ) -i*> th.IM)

is the 0- men, so this is a contradiction
.



Fall 2007 #5☐
D= {KYSER

'
: KEHYKW} w= ×¥,¥¥-

a) Show w closed in 5h .

b) show W not exact in R .

a) dw=d(¥+yt)ndy - d(¥+y.)nd✗
= "É¥¥ dxndy - "

YI.IE#disndx=-4YII+,IY--idxndg--0 ⇒ w closed inn .

b) Consider ellipse E : 4×21-92=8 CSL
which is parametrized by µHis) = (Rose, ZRs.no )

Then dx =-D sired -0 and I y=2kcosQdQ

so w=4É¥ = I do

Thus
, SEW = 5%110 = IT -1-0

.

If W exact in E
,
then w=H and Stokes gives

SEW = SE do = Syed = ↳
* =D

,
a contradiction

.

go W not exact in E
. And since ECR ,

⇒ w not exact in I.



Fall 2007 #6☐

Y : 1R2→ IRPZ Gifts line passing through 149,1)
.

C- { 199) c- R
'

; y? ✗
3-×}

.

Claim : NCT diff
.

sub .mfd of RIP?

Let f : R2-> R send CX,yj1→ -×3+x+y2

Then G- f-
'

(o)
.

Is 0 a regular value off?

dfp = [¥,|p ¥y|p] = [-3×2+1 2y]p for PEC .

29=0 ⇒ 4=0 ⇒ -xstx = 0 ⇒ ✗ C- {-5%1}

⇒ -3×21-1 C- {-2,1 } ⇒ dfp -1-0 it pec .

Hence C is a submfd of Pi by regular Val. Thm .

We see he is a diffeomorphism onto its image QCRY

and HURT = RP? Hence 4K ) is a

submanifold of YURY and ted is a

submanifold of HRT = RIP?

? Does the last part work ?



Attempt #2

4 : 1R2→ IRPZ Gifts line passing through 149,1)
.

C- { CYBER
'

; y?x3 - X} .

Claim : NCT diff
.

sob.mx of pgpz .

¥=× - É
E-vx-I-nstasx-x.tl/c)--{ [x.y.DE/RP2:-x3tx+y2-- 0 }

= { [4%7] ERP ' :-(E)' 1-5=+115--0,2-1--0}
= { [4%2] GRIP :-X> +2-2×+2-92=0 , 2- =/ 0}

Consider { [xiy.EE/R1P2:-x3+zZx+zy2--O } .

Then 7=0 ⇒ ✗=D ⇒ [On ,o] is the only e. tenet

of RIP with z=O in this set
. Hence tho]

set = Uk)U{ [0h01}
.
And it is f- " CD for

f : RPZ-> IR teethed by f- ([×,y,z]) = -x3+z2xtzy2
,

which is well defined since each term has degree 3 .

Ndu { [0,1 ,☐} is closed since it R the Prinze of

a closed set {o}cR .

And since it ☐ the smlkst

closed set containing 414
,
it is ☒

.

Is 0 a regular value off ?

dfp = [ -3×2+2-2 Zzy Zzxtyofp for PE f-
'

( o)
.



dfp =D ⇒ 2zy=O ⇒ 9=0 or 2- =D
.

4=0--7
5=0 ⇒ y=o

and

7=0 ⇒ -3×2=0--7/2--0
.

But [90,0T¢ RPZ ⇒⇐
.

9=0 ⇒ 2z×=O ⇒ Xorz=0 ⇒ 2-2 or -3×2=0

respectively ⇒ 2- or x=O respective . But again [0,0N]¢RP?

Hence dfp -10 Hp c- f-
'

lo) and therefore

Ñ4 is a diff
.

svbmfd
.

Of RP?



Fall 2007

MIN compact, connected , n - link mfds

f- in-7N continuous . Half) : Hnlm;2) → Hn(N;2) nonzero
.

f-* : IT
,
/Miko) → IT,

IN
,
1-1%1)

.

Claim : f-* (Atm ;xo ))

has finite index in it
,
/Niftxo ))

.

Hint : covering of N
.

Hatcher Thm 3.26 ⇒ Him :D , Hnlni 2) = 2 if M, N orientable

or 0 if nonorientable
.

Since Hnlf ) -1-0
,
it must be that

AN orientable
.

Thus we can let K= deg (f)⇐ beg (Hnk) :z→z)
By classification of covering spaces, F covering

P :Ñ→ NS.t . p*(tilÑ)) = f*(Film)) SITTIN) .

Thus
,

we want to show that p*(HTIÑD has finite

index
,
i.e. Hit P :Ñ→N is a finite-sheeted covering .

Assume not
,

then Ñ not compact ⇒ HNCÑKO
.

But then Hnlf)=Hn(Pot)= Hnlptotlplf) : them)→HnCÑ)→Hn(N)

must be the zero - mere
,

a contradiction
.

- ,
moment ⇒ I :M→Ñ not surjective .

then let It Ñ - films .

F nbd U of q

that doesn't intersect ICM .
Let w be supported on U

.

Then fµI*w =D ⇒ degli)=O
.



Spring 2008 ④
Pi I→ ✗ covering .

✗ path connected
.

G automorphism group , consisting of homeomorphisms U ;Ñ→×

S.t. Poll =p
.

Xotx
,
ÑOEÑ

,
P(Ño)=Xo

.

For my two Ii , Io
"

C- P
- '

lxo)
,
-1 REG s.t.tl/xF4--x5

claim : F exact severe

1-> it,lI ; E) MIX;xo)→G→1
.

Assume I path connected
.

Let [8] C- IT,(Xixo ) .
V lifts uniquely to a

path Ñ that starts at ÑOEÑ . Ñ ends at

some Ii EP
" /Xo)

.
By hypothesis , I homeo EEG

s.t.tl/io)--Xi
.

This is unique since deck transformations

are completely determined by where one point is sent
.

Thus
,
we can define a map f : IT,(X;xo)→G

that sends [8] t> be as above
.

This is a homomorphism : f( [8 • 89)=Y'o4
'

?

8 lifts to a path from Ño to to'

8' lifts to a path from Eo' to IF

⇒ Y sends I. to Ño '
,
Y
'

sends Ño' to Io"
.

8.8
' lifts to a path from Io to Io"

and V04 sends Io to to" ⇒ flair'D=Y'oY .



What is Im (f) ?

Let REG
.

Then 41×9 )=X% for some ÑOEP
- '(Xo)

.

F path from Io to Io' which is mapped to

a loop 8 at Xo by P
.
f-Ur]) =p

.

So Im (f) = G=ker(G→D .

What is kelf ) ?

Let [☐ c- IT, lxixo) Srt
. HID)=Id

,

whrh sends Eto E.

Then 8 lifts to a loop Ñ from XJ to Io
.

Hence Kar /f) = P*lMÑiXo)) = im p*
.

Thus the sequence is exact .



Spring 2008

VCR " vector subspace , ñiR^→V orthogonal projection .

Morn submfd .
Claim : Mm :m→V immersion

⇐ Innit -103 if XEM .

M

"

*

Kerlditx)={ VEIN : drier)=O }

WLOG take V to be IBM ✗ {03
"-MCR?

Then ñ(Xi , . . . ,Xn))= (Xi, -→
Xm
,
0
, -→

0)
.

and V1 = {03m ✗ Pimm
.

If Txmnvt -_ {o} then f vETxM
,
F Vito

coordinate for it { 's - -om} . Then
, dñ×(v) =/ 0

.

Hence
, ker(dñ×)=0⇐> dry injectnettx EM

⇐> ñln immersion .

And kerld.rxt-OV-xc-M-sditxlvt-OV-xo-M.V-vc.IM
⇒ v¢ Vt ⇒ Txmnvt ={ 03 V- ✗EM

.



Spring 2008 #3☐

f :X→✗ f=Cx
,

constant map
.

Mf = ✗ ✗ [Oil] /~ (X,o)~( fix;D .

Compute Hnlmf ;D .

By Hatcher example 2.48
f-(X) contractible MX ?

I t.ES :

Not
→ → HnKÉ¥HnlH→HnlMf)→ . -

.

necessarily :
and since f- Cxo

,
we get

a LES :

- -
→ that that> Hnlmf)→ . . .¥For n >0

,
11 -Cxo*=I

and for no 11 -Cxo*=0 -mop .

J f _~c%inX

Thus
,

for n > 1 we o - pups
f-A) not contacts.

going into and out of Hnlmf ) in ×
,

by exactness of isomorphisms on either side
.

⇒ Hn(Mf )= 0 for n > 1 by exactness . we have

- . . → Had 1-1,1×1-0>1-1 ,
/Mt ) → HoH )

-0
> Hold→ Holmf)-0>0

.

implying films)X Hold and Holms )~~HoH) . ,
Summarizing : HnlMf)={HolHn=0-0 else .



Spring 2008

differentiable f- is
" - '
→ S

"

,
nz2

.

OER
" (Sh)

.

Sgnd =L .

f- * (a) Edits
"" ) .

,
(a) claim : F BER

"-48"
- 1) sit . f- *lot -_ dB .

(b) claim : I(f) = fgzm ,BndB independent of choice of Bo .

independent of

Recall Hnlsn)# IR
,
Vt>Ssnr

. B ta ?

(a)
Hints"-11=0 ⇒ all closet forms are exact

.

do c. antics
") ⇒ do -0 ⇒ df*(d) =f*(do)=O

Thus f-*(d) closed
and therefore exact .

That is
,

7 PER
"" (51^-1) S.t. f-*(a) = dB .

(b) BADGER
"
- ' ls "

" ) ⇒ ends closed
,

c- Hopi"(s "
")

For the same
4
, pick another B-Earn-452^-1)

5.t . f-*G) = dB !

Then BADB - B'HB
'
= Bad B - B 'AdB= -A) 1dB

.

And B - B
'

is exact since d. ( B - B ' )= dB - dB '=0

and HiRIse - 1) = 0 .
Hence I 8-crn-ysm-js.t.dk- B - B

'

Then d(nd B) = IMDB = ( B - B
')hdB= BAD B-B'1dB

'

is exact . This means ⑨ ADB]=[ B'ALBI c- 1-1%-162^-1)

By the isomorphism this mens

fszn ,

BADB = fan .

B'1dB
'

.



Spring 2008 #5☐

W = xdyndz + zdxndy + ydzndx c- 52264

Compute Sszw .

dw =lxndyndztdzldxndytlyldzldx-3dxhdyld.tt
.

Stokes ⇒ fgzw = fy☐,W = fg.tw = f.
☐
334MHz

=3 v01 (D) = 3%ñ=④
.
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f- ;R→RP
' sends xt> [✗ it] .

Plx) polynomial . ,
(a) claim : $ diff. form W on RP ' sit

. f*fw)= Pcxjdx .

no

(b) Chini z wet field V on
RP ' Srt

. f*lv)=Pcx)¥ clue

⇐3 degree of PCH £2 .

(a) An atlas for RPI :

U= { Exit] ERP
' } kill -> IR ,

U( [x :D)=X .

f- { [ I :L] c- RIP
'} Y : V→R

, ✗ ([ I :y] )=y .

4 well tetrad : lllcxiy])= 4K¥ : B) = I
lllcxxi>D) = 44¥, :D)=¥ .

✓ fill
"

let WERYRPD . In the chat U
,

Wxlv)

Wxlv) <#
wx.IR/P'→ R



fall 2008 #
let T be obtained by revolving { 14%2-112=0 , (x -RT+y2=r2 }
around the y-axis

,
R > r

.

Compute S
,
xdyndz - ydxtldztzdxtldy .

Call the integrand W
.

Then dw = dxndyrdz - LyAdxAdztdzAdxAdy

=3 dxndyrdz

Let A be the solid torus obtained by revolving the disc

{ lay,Z) 12=0 , LX - R)2ty2srZ } around the y-axis
.

2A=T
.

Stokes ⇒ Sow = Szaw = satw-SA3dxhdyhdZ-3.ro/ (A) .

Voll A) = ñI2ñR_
V01 of circvmf

.

disc .

of Rev.

So S,w=6Ñr
.
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well (19^+1-503)
,
closed .

Claim : W exact ⇐ Ssn W=O

w exact ⇒ I ✗ c. Rn
- ' (R ""-803) at . w= do

⇒ Ssnw = Ssn do = Szsn - = 500=0
.

(stokes)

17.22

We know Hin (5) =P .

Let w be a smooth

orientation form on S "
.

17.21 ⇒ [w] C- Hints)

is a basis
.

Assume [2] =/ 0 C- Hails )

then [2]=c[w] Ethics
")¥R

i. e. [D= Low]

⇒ z=cw+d
with a exact

⇒ 5,2=5,new
+Ssi = cssnw =/ 0 .

Finish
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well / IRA '

- {0} )
,
closed

f. g ;sn→ RA '
- {o} differentiable .

Claim : Ssn f- *(w) / Ssn g*(w) rational when Ssn 9*14--10
.

Define r :B
" '

- {o} → Sn by rlH= ¥,

Then rot
, rug : 5^-25 " have degrees Kf

, kg C- I
.

7. 2 c. 52^15) S.t. r*(2) = W, Why it surjective .

ThenS.sn/-*lw)=fgnf*(r*l7))=SsnLros-)*lD=kfSsnZadSgng*lW)--kySsnZ ⇒ fsnf.TW/fgng*lw)--ks-/kgElQ .

def
, return

.

Top degree cohomology isomorphism from honotop
. equv

.

¥

Hirlsn) Hirlsn)
R R

Z W
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df : film)→Ri+YM) , wt>dwtdfAW ,
f smooth

.

(a) claim : df Coltrain map
,
i. e. dfodf =D .

(b) Let HÉIM) be the ith cohomology gp of

Lochan complex (Shilin ) , df ) .

Clam : HIME R .

wth M B R
.

(a) (dfodf) (w) = ↳ (dwtdfllw)

= dldwtdfnw) +t.fr/dwt1fnw)--HwIdldflW)tdf1dwtdf#fAw
= tfw° - dfndwtdfdw
= 0

.

(b) we have

0 RTR) r
'
IR)

H :( R)= Karki ) = { germ) : ↳ (g) =OERYR)}

dflg)= toy tdfhg = dgtgdf = 0

dg = -gdf

HsilR= {



Fall 2008#
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( = { (X ,y) : y

? ✗3=0}
.
Claim :C not smooth gvbmftof 1B?

Hint : space
of tmnt vectors in To,nR2 taught to c?

c={ exist : y=±x%
,
xzo}

f-1×1=2/3/2 ⇒ f- 1×1=3-2×1/2 ⇒ Flo) = 0

c
i :c→ R2

diary : Tex,ygC→ Tx,yjÑ

Ht)=( t" , t ) tetris )

8101=6,1) undeterred .

terinton v at 10,0 ) defied as v(fgt.tv/gylrflg
Mp from 01PM" Rand satisfy prodet rule

.

hetrbenwrve in C. 8 :(-1,1)→c
✓to )=



Assume it is a svbmfd
.
Then i :(↳ IN inclusion

is an embedding ⇒ dix :T×c→qµpp injective .

Let 8 : I→ C with 8101=10,01
.

Vlt)= (Xlt) , yltl) .

84+1--141%1.1=1×11-1,91+1) / ↳
(ios) / t)=(ioxlltl , / ioyltl )

Lior)4H= digit
,)dVtoHtH

let's assume ✗
'

( t) -1-0
,

then

x3=y2 3×2×1=2 yyl



Full 2008

T= revolving the circle { (4%7)/2=0
, lx-R)Z+y2=r2}

around the y-axis
,
R > r

. Compute

f- xdyrdz - ylxhdzt 2- dirty
.

let w be the integral
.

Then

dW= dxrdyndz - lyrtxndz + Lzndtxndy
=3 dxndyndz

By Stokes :

dw =3 Vol /DHS)few = fjphsijw = f
DIS '

where DZ is a disk of radius r and s ' is

the circle of radios R .

Then 3 rollins ' )= 3. ( ñr42ñR ))

=6Ñr2R☐
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Bs closed 3-d ball

.
K closet

,
connected Him't

svbmfd of B
" with 2K=Kn2B3= 2 points .

Commie homology of B. 3- K
.

Let A be a tubular nbd of K
,

whrh

exits since it is a Homie submit and therefore

does not intersect itself . Let B. = B. 3- K
,

Then AnB= A - K whish detonation retracts to s !

And AUB = B3 whrh is contractible .

MN . giles :

- - - → HnlAnB)→HnlA)①Hn(B)→ Hn /AUB)-2 - . .

Hnls ' ) Hnlsixis)④Hn(B-KI Hn / {xis)

n 22 0 0 ④ An /BZKIO 0

n=l I 0 ④ HIBZK)z 0

h=O 2 I ④ Hold?k)z K

By exactness H~lpi-k-O.S.ua BIK is pth
connected

, A. IB' -K)=z
.

Then we have left

O→I→ HIBIKI → 0
. Exactness ⇒

HIB
'
- KKK

.
In Sumi Hn(B1k)={¥^

.
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Recall covering spaces P :X→X , P
' :X'→× isomorphic

if I homeo § :Ñ→Ñ' sit . pioÉ=P .
Consider

p :
I →✗ of tons 4=51×5 '

whose fiber

p -11×0) at any point XOEX consists of 3 points .

How muy distinct isomorphism classes of

such coverings are
there?

"
we know that n - sheeted covering spaces

of ✗ are classified by equivalence classes

of homomorphisms ñ1Hi×o)→ En
,
the symmetric

group on n elements
,
where the equivalence

relation identities a homomorphism P with each

of its conjugates h - 'ph by elements hfsn
.

"
- Hatcher

consider pika>✗24>→ E, homomorphism , where

{ 3={11,11%(1341231,4233/132)} .
P is determined by

Ka) , Plb) .

Ci Cz

Conjugates :{ 1121,43143)} and {11231,1132 ) }
• Pla)=Plb)= C) • Pca)=Rb)EC ,

• flu)=l )
,
Plb) c- Ci • flat __ Plb) C- Cz

• Plaka ,
Kb) c- Cz

• Pla ) =/ Plb) C- Cr

• panel , , Plbtl ) • Platt Kb) EG ④



• Pla)ECz , p(b) =L ) • Pla)EC, Plb / C-Cz

• Platter KBIEG

((121,1123) ) ~ ( 1231,432)) ~ ( ( 131,11231 )
s s

11121,11B¥ ) - 4231,1123) )
~ (113%1132)) ④

32-shededcar.rs#
3 ④ - sheeted cornus ☐] ☐

☐

I
- Sheetal carry

8] of -0]

☐&•s☐☐☐☐
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5={44,41144%4×5--1} unit sphere in R ?

f : s2→R4 ftxiixrixz) = (Xi -Xi
,
✗1×2,4×3,212×3 )

claim : f immersion
,
f(SY diffeomorphic to RIP ?

dfp = 2×1 -2×2 0

xz ×
,

O ) for F- (kik , ✗g) Es ?
O Xi

y
,
y
,

detfdfp ")=X , (2×12+2×5)
detldfp" ) = 2x

, (4×2)+2×2644=2×21×14×5)
detldfpi ) = 2x, (-24×3)+2×2441=2×31×5 -Xi)
detldfpi ) = Xzl -4×3) - Xifxzxz)= -2×1×2×3

.

where Ifpi is Ifp with the ith row removed
.

If Xi -1-0 then detldfp 't ) -1-0
.

If ✗ 2--10 then Let/dfpñ ) -40 .

Otherwise p must be either 10,0;D or (0,9-1)
.

then dfp has rank 2
. This rakdfp 22 b- PES?

Since 5 is 2-diñl
,
the mens f- immersion

.

let [Xia :X}]ERÑ be represented by Hrithik)ES ?



Then send [X ,
:X
,
:X
,] to flair

, 's) C- f-(5)
.

This is well - defined since ffxi , -4, -✗g) =f(x, ,XzXz )
.

We have immersion

52 f- f- (5) CRY

as i
s%=Rp2 9

let Gil -Xi
,
X ,X~

,
X , xyxz.kz/--lYi-YiiYiYriYiYz,YzYz )

for lxnxzixz ) ,l%yz,y ,)Es~ to be to points ,nf(5)
.

If XFIY ,
then xz-t-yzad~z-t-yz.TK same is

true it Xz=± .bz or xp = 1=93
.

Otherwise Kitty, and xrityz and Xz±±Yz ;
we here

xi-xi-yi-yixi-yi-xi.si -1-0
Assure WLOG Xi -Yi -- xi- yi >0

then 7¥ > 1 mi "÷:< 1

then 1×1×251=4 ,yzf ⇒ xixz-fy.ge a contradiction
.

Hence ftxtfly ) ⇒ X=±y ⇒ g injective .

And g immersion b/c f- immersion .

Hence , g diffeomorphism .
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W closed C- R^(R"
'
- {03)

claim : W exact ⇐> Ssnw -0 ,
for Sn unit sphere in R?

W exact ⇒ w= do for a in 52^-1 (anti - { o})

Than fsnw=f,
do = Sasi =S¢o=0 .

Conversely
,

w closed ⇒ we Hir(PY" - {03)
out WE Hipfsn) .

There is an isomorphism

Hirsh _"sR sending 8h> Ssnr

Thus it Ssnw --0 then w must be

the 0 element in HIM i. e. W exact
.



Spring 2009 #3☐
✗ = e×¥×

,

Y= ¥
,

rect
.

fields
on all of R

'

what Z satisfy [42-3=0 and [4,2-1=0 .

2- = g#¥ t h #is)¥y
[✗ it] f- = ✗Zf - 2-Xf

= ✗ §f×thfy) - Zéfx
= élgxfxtgfxithxfythfy) - 9¢×f×te¥×)

-héfxy

= é(gxfxthxfy - gfx) = 0
⇒ h×=O

, g×=g

[Y¥]f= Yzf - 2- Yf
= Ylgfxthfy ) - Zfy
= 9yfxtagfxythyfythfyy-9¥-htyy
= gyfxthyfy =D
⇒ hy=O 9y=O .



2-ec.li?tCz&y@-forG,czER .

[✗ it]f= ✗ (qexfxtczfy) - 2- Efx
= e×(f×+c¥××t¥y)
- GeYe¥+¥x) - czéfxy
= 0 ✓

[Yit]f= 0 similarly ,



Spring 2009
(
north pole

ñnl✗;✗o)={f :S"→✗ |f(NI=xo } /=
where is basrpv.int - preserving homotopies

.

Compute ITNGP ) for TP = Six - - -

✗ S
'

T .

Hatcher prop 4.li

A covering space projection p :(I,Ño)→(X, Xo ) induces

isomorphisms P*iñn(ÑÑ ) → Fn (Xoxo ) If nz2
.

Proof . Let [f) C- lTn(X , a) .

nz2
.

Then he have

I
I. - →
µ

This satisfies th titty criterion

-

'

'

because *
,
Isn)=OcP*lq(ñÑD

sn→X
f-

Thus
,
3 I :S

"

→ I a lift It (f) Eiihlxxo)

That is
,
Hlf]Eñn(Xixo)

,
]- (F) ftp.K.xojs.t . p*( [I])=[f] .

So p* is surjective
,

and we know it is injective already
.

Claim : IRP is a covering space of TP
.

Define p : RP→ TP by PCX , ,
-→
xp)= Lei " .

. . . ,ei%) .

This is a covering space because for arbitrary

Leia ,
.
. . ,ei0r)ETP

,
Let a- { Leila , .→ei% ) / Gif (Qi - E. ① its) }

for small E
. P

- '

IU) = { ( X , ,
. . .

, Xp ) / xielzn~kto-i-E.21.TK/-0-itE),kEz}



which is a disjoint collection of sets homeomorphic toll .

Hence
,

ÑNGP)~~ñnlRP)=O it nz2 ÑP .

And for A- I
,

we know IT,(X×Y)=ñ,H)xñkY) if

KY path connected
.

Thus
,
Film)=ZP

.

In sum

,%yr)={ZPi0 NEZ

Just use Hatcher 4.2
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Compute ñ,(R3- K)
. K= Union of vertical axis {a. 0,9=03

and unit circle {xtty :L ,z=o} .

Pi - K deformation retracts to B - K where B is

the ball of ratios 2 centered at the origin .

This is homotopy equivalent to the torus
,

by hollowing out the holes created by K
.

Hence IT,( Ri - k)~~ñ, (7) = 2×2 .

To see the second step , note flat the

half disc
;

detonator retracts to the
minus a point

circle
is

0
.

Do this homotopy equivalence

all around the circle to get B-k=T2 .



Spring 2009 #6☐

✗ = Mz surface of genus 2 .

A as below
.

Tfi Compute Hnlx , A)tn-O.nl
(XA) is a good pair since A is a lot

.

retract of a nbd in X
.

Then
,

Hnlx , A) ~~tÑ(XIA ) and XIA = TZVT?

And tTn(TW4= Him ④ Hilt)= {
'

¥ ;;;24 n= 1

Her"

µnµ,A={%&÷É
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f :M→N .

MN compact oriented mfds of same dimension n
.

f-* (mind)e IT
,
IN) has finite index as a subgp.

Ca) Prove [ñ,
IN) : f-* (Kdnl)] divides the degree off

.

(b) Give ex .

where Girl : f-
* (MIMI] =/ degree off .

(a) We know Hnth)
,
HNIN) =L

, so f* : Hnlm) → HNCN)
I → E

B multiplication by an integer K which
✗ ↳ kx

is the degree of ✗
.

Denote l :=[MINI :f*lñilMH] .

Let p :Ñ→N be a

covering with P*HilÑ)) = f-
* ( it ,lM))

,
guaranteed to exist

by classification of covering spaces
. Then the lifting

criterion is satisfied and I f- iM→Ñ
. Also

,
sire

p*(MIND has index l , it is on l - sheeted covering .

Ñ is n - dim 't as well
, so we get induced

homomorphism on homology f*=P*oI* : Hnlm)→Hn(N)
.

Hence deg (f) = deglp) deg (F) .

In particular degcp)

divides deg (f)
,

and deglp) is l
.

(b) T2-> T2 MIND→ MUY
24 2×2

a

is ↳ s

0

I o



Ñ 1- sheeted

¥.

-

'

⇒

his leg (f) = tegcpoftdeglp)tg(F)

Mt> N

HNIÑJZ

¥7 tp* ,
vlad

£-41m ) ¥ HnlN)z
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Is there a diff . map R2→Ñ that sends reef. frey

÷ to v.f. X=x%~t§
,

and sends v.f. % to

v.f. Y=¥txZy ?

ftp.Tp/R2-sTpRZ Hence
,

dfp = ( TI) in

11,0) → (Xsl)

(Q1) 1-> C- 1.x)
matrix form

.

Then 2¥,=x , ?¥= -1 ,
?É=1 , ?÷=✗

for f- IX. g) = ( flags, f-Ynys ) .

Claim : $ f
'
: R'→ R s .t . 3¥ =/ and 2¥y=x

The only f-
2 satisfying 3É=x are of

the form Xy + gtx) .

Then 3¥ = y +91×31=1 .

Hence the answer to the original qrosnn B
.



Fall V09 #3☐
Let fish→ Sn degree 5

.

(a) show I x , C- Sn s .t . f-(4) = -Xi
.

(b) Show I xzc.sn Svt
.

fix)=Xz
.

If ☒ x.ES
"

s .t . fcxi )=
-X

,
,

then

we can draw a line segment from each ✗ to fix

that doesn't pass through the origin . Let this path

be parameterized by lxlt) .

Since the line doesn't

pass through 0
, the path f¥¥ is well defined and

lies in S"
.

These paths give a homotopy from the

identity map to f. then deg (f) = deg G-d) =L ⇒⇐.

This proves (a) .

Similarly
,
if (b) is false then we get a homotopy

from f to the antipodal mep whih his degree 1=1 ,

a
contradiction

.
In this case me drain line

segments from fix) to → .
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M compact submfd of Rn w/ dam In -3

.

f : B2→ Rn differentiable .
Tv : Rn-> Pin translation

along ✓ C- Rn .

(a) Show I arbitrarily small vectors VER
" s.t.tk

image of Tv of B disjoint from M ,

(b) Conclude tht R "
- M simply connected

.

First we show G)⇒ (b) ,

let 8 be a loop based at Xo in Rn - M
,
which is open .

F X E 8
,

there is an open ball nbd containing ✗ in R^-M,

call it Bqxlx) where Ex is the radius
. This B an open cover

of 8 which is compact since 8 :[0, ☐→ pi- M
.

Thus
,
I

✗
, , . .

-

,
XK finite points s.tv Ya U Booxicxi)

.

Let E=min{Exi}

Then there is a vector V Sit . IVKE and ⇐ of)(BY disjoint .

from M . Now ,
we can build a homotopy from 8 to

the constant map Cxo
.
First there is a homotopy from

8 to Ñ := v. Troy • V " where V is the path from E. to X.tv.

We can see that in this diagram :

•☒•I
"

Then I is homotopic to

Cxo since Tv 08 Cxotv

with Trot serving as a homotopy .

Since 8 was arbitrary
,

IT,(R^ - M) trivial
.



Now we prove (a)
.

let 9 : MxB2→1B
"

be smooth .

t.im/MxB4sn so

by Sal 's thin
,

g(MxBD his measure
0 in R

"

.

if we can have glM×B4= {VER
"

:(Trot)lB4nM¥0}

then we are done because if (a) is false then

{ VER
" :(Trot)lB4nM¥0} would have positive measure.

Define g(X, 9) = X - fly) ER
" for XEMCIRN

,
GEB?

Then g(MxB2)= { VER
"
: v=X - fly) ,

✗EM
, YEB
'}

= { VERY i ✗= Vtfly)
,
✗EM, YEBZ}

= { VER" :X-1%01-1195 , XEM, YEBZ}

= { VERY :(Tof)lBYnM # of}
.
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WENCK "" - {03) closed . f,g:s^→R

"'
- {03 diff

.

claim : the ratio %fg*!¥, EQ when denominator to
.

Define r :B
""
- { 0 } → 5 " by rlH=¥

,
a retraction

.

Then roof
, rog :S

" -25 "

have degrees Kf and kg C- 2
.

That TS
, Sgnlro f)

*
D= Kfssnid for a any

diff
.

form
.

ons"
.

Is there an ✗ c- ITSY sit . r*G)=W ?

I : Snc> Pitt - { o} is the inclusion mep .

then poi -_ Id ⇒ i*or*=(roij*=Id*= Id

⇒ r* surjective
,
so yes

,
7 a St

. r*(d) =W
.

Then (rot)*& = f*fr*K))=f*Cw) and d. g)
*
= g*cw)

.

Then

fsnf*lw)= kffgnd
and S.sn 97W)=KgSgnd

Hence
, sgntg.IT?-,=E;-c-Qwhenkg=o .
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f- surface of genus 2 ER
}

.

W is the closure of the

bounded component of IRB-5
,
ie .

the solid with bounty 5
,

Wes 'vs '
.
Compute Hnlw , g) .

we get the relative

long exact sequence of homology ;

- - - → Hnls )-> Hnlw) → Hnlms)→ . - -

tinlw)=H~n( sirs ' )ñ tints .tt/-TnlsD--Sz+Okn-- I0 else

I n=O

So Hnlw)={z①zn=l
0 else

let's do M.V. for S
.

Let A = left hrivs and

B-- right torus as such : B
A ←

Then AAB 55
'

,
A,B =P- {*3=5

'
vs

'

so we get :

- .
-→ Hnlsi ) → theirs

' )④Hnls'vsD→Hn( 5)→ . . .

{ a
" " {YI e

0 else
24 n=I

For n >_ 3 we have 0→ Hnls) -20 ⇒ Hnls)=O
.

Otherwise, we have ( since Hols)=Z by path connectedness)

0→ His ) -77<-724-21-1,15)→2→z④z → I -20



Consider Hits ' )i*_¥H,CsvsD①H ,
csvs

')

I → 24

If we have a loop in ARB
,
then we have a loop

this

around the puncture in A. As we can see in
is a

the same representation " tVY?
,

""

a)in the

torusµ¥ - {*} gets sent to sirs '
. * µ

And aba
- '

b- 1=0 in homology
⇒

Hence 2-724 is

two - men
, and iµp%n = n ns.:0

mm ,

,nm
0×-0>1-4151 -72×-0>24

implying His)=z by exactness .

The prep Holst)→ Holt )①Ho(B) has kernel 0
z → 202

× 1-7 (a) b) So im (1-1,61-22)=0 .

Then we have ¥24 → His)_% implying

Hits )~~Z " by exactness
. Hence Hiss -_ {

% " " "

24 n=l

0 else

Then our original sequence is

-
. -→ Hnls)→ Hnlw)→ Hnlw,

5)→ - - .

For nz 4 we have 0-7 Hnlms)→O ⇒ HnC4
For n =3 we here 0→ Hzlw,s)→z→O ⇒Hzl4d-☒
otherwise we

have

0→Hz(W,s)→ 24-72+02 → Hilwis) -72-22 → Hocus)→O



The final I -22 is on isomorphism
,
so t= since

Holms )→ 0
.
This also means im(z④Z → Hons))

= Her / Hilwis)# 2) = 1-1,145)
.

Consider Hits)→Hdw) whish has Ker = 7<+02

24 → 2+02 and image = 2+02
a

;}i→{ :
then imltlzlw.SI ↳ I")=Z④Z ⇒Hz(w,s)=z
and Ker / z①I→> HHS) ) = 21-02 ⇒ image =O=H(
In Sumi Hnlus)={Y?!=z n =3



Fall 2009

M compact
,
connected submfd of oriented mfd N of d.mn

dim M= dim N - 1
.

Claim : M orientable ⇐> it admits

arbitrarily small connected nbds ns.t.u-M is disconnected .

I. e. ⇐ it open VCN containing M,
F open connected UCV

S.t. U-M not connected
. Mc,

let 2 be an orientation form on N .

i. e. 2 nonvanrshny n -form
.

Let M be orientable with w orientation form
.

Since M is compact, it is covered by finitely

muy ,
positively oriented coordinate charts U

'

, .
.
. ,U

" with

positively oriented coordinate fumes ( Ed ) , . . , LEE )
,

Then we get a posit direction at each point

based on the oriatntm Of N
,
whehi} consistent

.

, Ask



Full 2010

Computer MHD ,
ñilxz) for ✗

,
= ••④ and Xz= d

These are CW complexes . Let A- = •¥• whrh

is contractible ,
and since IX.

, A) good pair we get

MIX . ) a Mlk/A) = IT
, ( s 'vs'vs')=z*z_

B. = £9
.

is contractible as well and Ah
,
B) good pair .

Then collapses it gives •☒ = stylists '

This 8,1×2 )ññ
,
/Xz/B) = Mls 'vsws'vsD=z*z*z*



Fall 2010

Let P, , Pz , Pz be three district point in S2

✗ = 5Y{p , ,p, ,Pz } .

Compute Hnl×iK ) .

54 { Pip, ,Pz} is homotopy eguwet to

52 union two 1- cells glued from P
,
to Pz

and from Pz to Pz .
This is bearse

These two 1- cells are contractible and form a

good pair
with 52 . Then this is

homotopy equwet with SZVSIVSI by collapsing
the paths in 52 Connects P, to Pz and Pztopz

.

Hence Hill)=Ñnl5vsVs7=tIlsY④HncsD①tIcsD
I n=2

= {z④zn=l
o else

I a- 0,2Thus HnH)={zgY^e,



Full 2010 #3☐

Gauss Bonet



Full 2010 Daie①
MIR)= { nxn metres } .

01^1 :{Aemnluhl .

- AA - =L}
Claim : Ocr ) smooth mtd

.

wht is it's dimension?

n

Define f : MnlR)→ sym.IR)

A ↳ AAT n:: : : : : .
dfa : TAMIR) → Taarsymn /B)

N t h - Ith - Zth -3T . . .tn -1m)

119^2 → pg
ninth

= n' -2 i

=ñ - nln¥dfa (B) = ¥|+=of(Att B)

= 11,
¥É = ""I = n:#

h

= nln¥
= LimoM-thBIY-i-hBIT-AA-f.mATI-AHBTntt.BA/-hBhBT-AA#
= h-70

= AB't BA
- thBB°

So for cc-symr.HR) if 3 B sit . C- ABTTBAT

then dfa swjeutne art Id reg .

value ⇒ Oln) svbmfd .

Indeed
,
let B= { CA

.
TenABT-BAIEAA-ctteCAAT-cg.mef- (A) = Id . Dimension is fkn n2 -ninth =

nln- 1) Iz
.



Full 2010 #5☐
WERN (Pi- fog) t.w-dx.li . - ✓ Adxn

Claim : V- PER
,
✗ =µ++×nyT WER

""(R^-{03)

is not exact .
Hint : 5^-1

If d exact , the 3 ZERN
-YR" - long )s.t

.

2=12
.

Then by Stokes
, Ssn . , D= Ssn . ,dZ=SzsmZ=O

But a- W on 5^-1 v. PER , so by Stokes again

fgnu" Ssn . ,W=SBn .gg/W--Vol(Bn- {031=10 .



Full 2010 ,

W=Ei= , Hildy , on R
"

w/ words 4,9, ,
. .
-sxnisn

.

f- i R
"
→ R smooth

, f.nl Neat
.
field X S.t.

i×W=df where i× denotes the interim product . Then

compile Lie donate how .

Recall : ( i. Wfplv)=Wp(Xp ,V) for PER
"

, ✓ C- Tp R
"

dxihdyi (Xp ,v) = det ( ✗ikr) xilv)1- Kp) yi(g) = ✗ikr)YiH -Xinyi (Xp)

Up (Xp ,v)= { i ? , Xilxpyilv) -Xinyi Hp)

dfplv) = { ii. 3¥.¥Wt¥µ :o)

Hence Xia )= 3¥. and Yik )=}¥.

By Cartan's my ,z formula ,

[
✗
w = Xardw +dlxvwj-xvdwtt.lt#--xudwdw--O

so ✗✓ 0=0 ⇒ [✗ w=O .



Fall 2010#
✗ top . space . Hplxiz ) finite .

HPHCX ;Q)=O .

WE CPHCX ; 2) = Homccptilx:L) ,Z ) , du=0
.

(a) Show it a C- Cplx,- 2) with 2o=0 , 7 KEI
- {o} and

BECpnH;2)wrthka=
[a]E Hplx;D

,
a finite group ⇒ KG] =D C- Hpk;D

for some KE 2- {o} .

That was [Kd]=o

⇒ Kd=2R for some BECPHCXJI) .

☐

(b) Show 1- horn Lui Hplx; 2)→ ④ Iz

g.t.lu/C9)=Eu(B) for every KEK - {03

art Becpxilx ;z ) with Kd=2B .

Namely show that Lucca ]) interest of K , @ and

or representable or off] .

du --0=7 [a]E HPTYX;Q)=0 ⇒ FVECPCX;D
g.t . dv=u .

This for B
' with Ko -_ 2B

'

as well, me here

u( B ')=dv( B
' )=v( 2B ')=v(ko)=v(2B)=dv( B) =u( B) .

Karl K
'

are
the sure by order .



Spring 2011#

W=X
, dxzndxgndxytxzdxihdxzr.dk,
tx, dx, 11×211×4 Compute fs } W .

dw= dxihdxzndxsndxy t lxzndxihdxrndxy
t dxzhdxihdxzndxy

= dxirdxzndxzndxy

By stokes
,

fgzw = SzpgW= Spy,dW= Spy dxidxidxsdxy =V0l(B .



Spring 2011 ¥

M= {⇐ g) ix. yc.IR
}
, 11×11=1,11911--1,1×197--03 .

Claim : M smooth cpct embedded submfd of IRB

and can be identified with unit tangent bundle of 52
.

Define M
,
= { (x,y) :X,yER3

,
11×11=1 } and

f
,
: Rb→ IR by f-⇐ g) = 11×112=92+2/24×5

.

Then M
,
= f- i' (1) and Idf , )p= [2×12×22×3 000]=10

F P EM , .

This M
, submfl of R°

.

Define Mz= {* 9) C- Mi : 11911=1 } and fz :M
,
-219

by fix,y)= 119114 Yityitui
. Then Mz= fill )

and ldfz)p= [000 292%293]=10 Hp c- Mz
.

Thus
, Mz Submfl of Mi .

Finally define f- : Mz→ R by fcx,yl= ⇐ Y)

Then f- ' lo)=M and dfp = [ y , Y , Y
,
X

, Xz
✗3) to

V. p EM ⇒ M svbmfd of Mz and therefore of R
'

.

And it must be cpct since lltx,y)Ñ= 11×1121-119112=2
.

We can identity M with the unit tangent bundle

by identifying ✗ with a point on the sphere 5h and

y with a unit tangent vector at X
, since the normal

vector at ✗ is just ✗ and all taywtveotschar.by Gss>=o
.



Spring 2011 #3☐
RIP

"

-_ syn ,
✗ ~ - X

.

(a) Use covering spaces to compute it
, /Rpn )

(b) CW decamp ,
of IRP

"
NII

(c) Use cw decamp to compute HKLRP
")
, KZO .

(d) For whrh values of NZI Ts RIP " orientable ? Explain .

(a) IRP
'

Es
' so ñ

, /RIP
' )=ñ, (5) = 2 .

For n > 1
,

5h is a 2- sheeted cover of RP
"

and

S
"
is simply connected ⇒ it Ba universal cover .

Thus the trivial subgroup his index 2 in MURRY
.

That means M(RP ") = 22
.

In sum, ñilRP^)={¥z^n
(b) For nz2

, RP
"
= RIP " "WD

" where 2D^=S^ -1

is glued via the quotient map q :S
" - '

→ Rpm

identifying antipodal points .
IRP

'

is composed of

a 0 -cell and a 1-cell
, so RIP

"
is composed

of an I - cell for each iE{ On . - in}
,
glued as above

.

(c) Hk (Rpn) = 0 for K > n
. For Ken me heme

HK ( Rpn) = HKLX
" ) = HKLRPK) where ✗

K
B the

K -Unit svbarnphex of RIP "
.



H ,lRP
' )ñ 1-1,151=2

.

For K > 1
,

we have relative homology LES :

i.→ ftp.lxk-Y-sHKLRPKJ-HKCRPYXK-Y-st/k.,(xk-j-s...
for ✗

""
th 1k - D- dime svbcompkx of RPK .

HKIRPK ,X
" " )ñÑk( RIP "Y×k - 1) Iftp./sk)=zAnbHk-illRPK)~nHr.alR1P" " )

,
so we get

0→ HKIIRP " )→ 2 → the,( RIP "
")→Hµ( 1hPM

The map ftp.ylRIPK-Y#Hk-,(RPk) is the b-prep

b/c a (K - 1) chain in RIP " " included in RPK

is the bounty of a K -dime cell in the CW decamp
.

Thus
, HKIIRPK )↳ 2 → Hµ(RIP

"")
.

Hence
,
HKLRPK) = { 2

it HK.it/RPk-Y=0

0 if Hku , /RPK-11=2

In sum , HKIIRP
"

)={
2 k=0
O K > n

Z K odd
, 0<kEn

for n >_ IOkeuen,o<k
(d) Hence , since Hnlmn)=2⇐> M

" orientable
,
for Mn an

ndinil closed
,
connected mfl

,
then RIP" orientable when

n odd
.



Spring 2011 #④

f- :✗→Y continuous
. Cf=( Cxxco,☐)UY)/~

(x, 1) ~ fcx) V-xc-X.lk,oJ~Yo ) ltxx'GX .

Claim : 7 LES :

a. → Hink)¥Hi+ilY )→ Hinks )→HiH-→*Hi(Y)→ . .
.

Hilt)={Zn=oLet A= ✗ ✗ [0,44] /~ -~ { *} o else

B. = ✗ ✗ [ 44 , ☐ /~ = Y

Then AAB _~ ✗
,

and by MV . we get L.ES .

- -
- → HilAnB)→HilA)④HiCB)→Hi(Cf)→ - -

-

ss

a-
-
→ Hill)→Hi( {*3)④Hilt)→ Hills)→ - .

For i > 0 this is

- - . → Hilx) → Hily ) → Hi (G)→ . .
-

and for i=O this is

- - - → How -72④ Holy) → Holts) -70

Thus
,

we can switch out this Katrin for

a- - → Hot)→ Holy) → Hike ) -20



and the whole LES is

- - . → Hilx)→HiCY)→Ñi(4) → .
- -

since ÑiKH= Him for i > 0
.

We can make the switch because

HoH)→I④HolY) and Holi)→HolY) both

have kernel 0
.

and in (2+01-1.14) → Holt))

= Holes ) ⇒ in / Holy) -7 How)= tolls)
.

The last thing we check is that

Hill)→HilY) is the map f*

we have : HIIAAB)€#> Hi /A)① HitB)

ix. 9 tr*
Hill) - - - - -

- > Hilt)

where i ,j,j
'
are inclusions and r is a retraction .

from Bey
.

Then (roiloi)x = rlx) = fcxj since
the retractor

just follows f into Y
. Hence the nip is indeed f*

.



Spring 2011 #
Recall a Lie Group G is a smooth mfd which is

also a group
,
and whose group oaths multiplication

and inverse are smooth maps
.

Claim : G connected lie group ⇒ it
,
(G) abelian .

We can choose the basepoint to be the identity
element in G

,
E

. Let [FI
, [g) C- IT, ( Gse) .

Then f , g : I→ G with Hotta)=yCo)=g( 1) =e .

Define H : IXI → G by HIS,t)= -5+159+6 )

f(21¥) -t)=f(o)=ewhere #={:÷s÷÷¥.☐f-(2s- t) SE [1-12,4-+1112]
f- (211-+1-2) -f)=fH=e

g. (24-+41-1--1)=96)=e* *={:÷÷÷÷÷:gczstt - 1) SE [4-+112,12-+7/2]
g(212¥)tt- D= gate

f g

1-115,0)= folsjg.is)={fks) stalk] }= (f.g) Is)912s -1) 50-[1/2,1]

Hls,D= f. G) g. 6) = { fast ) stand }=(g. f) G)
s f

912s ) 5610,42]

1-110,1-1=1-111 ,t)=e
.

Hence f.ge 8 -f and MCG abelian
.



Spring toll
MCR

} embedded cpct oriented surface w/out bdry

of genus 921
.

Show Gavssm curvature K of

M must vanish somewhere
.

Gauss Bonet gives

fµKdA=2ñXlm)= 2*(2-3)<-0

So K must be negative

somewhere on M .

All mfls with genus 521 also

must have K positive somewhere on

M
. This it most vanish somewhere

by contwity .



WEEK 4



Spring 2012 #
M compact n -diñlmfd

.
Claim : M cannot be

immersed in Ri .

Assume fi M - > Rn is an immersion

then dfp : Tpm -> Tippin is injective Y PEM
Rn -> BY

which mens it is surjective tf PEM by dimension
.

Thus f is also a submersion and therefore
a local diffeomorphism .

Since f is smooth
,
flm) compact in Pi .

Let { Ui}É
,
be an open cover of ns.t

.

Flu
;

: Ui → Flu ;) is a diffeomorphism Hi
.

Then it is also a homeomorphism Yi
, and

twelve flu ;) open and Vi!iFlui)=M is open in IR?
Then R^=1Rr_ MUM is the disjoint union of two

open sets ⇒ Rn disconnected ⇒⇐ .



Spray 2012

{
,
,
,

= T2 - 5m41 disc
.

(a) Compute Hn (Eu )

(b) Ez = closed
,
oriented swine of genus

2
. Use (a)

to commie Hn(E.)

(a) 92
- smell ↳a bet

. retracts to s
'

vs
'

so
, TILE , ,)ñtÑlsVsY= Hits ' )④tTnlsD

= { 2+02 no0 else
I n=O

⇒ Hnk
, , )={ ' tent

0 else

(b) Let A
, B = 2 overlapping punctured tori

as in the diagram :

AN÷yBThen AVB = Er
,

A)Be E
, , ,

and AAB - S
'

.

Hence
,
M.v. gives "→ Hnls ')→ Hnk

, ,)④Hnk.si) → Haka)→ . . .

For n 23 we have

① → Hn(Ez)→O implying HnKz)=O
.



Otherwise
,

we have shoeqpathan$
0→HzlEd→2→I "→ Hika)→2→z①z→Z→o
Consider themrsHilAnBi_ti5HiU-l@HiCBJ.A1- chain in AAB is the bounty of a

2- chain in A or B ⇒ i*,j* are o -mps
.

Hence
, 24 ↳ H ,(Ea) .

Constr the mp

Holan B)→ Hoot)①HolB) is injector ⇒ 141%1-72
is the 0 - mp ⇒ 7<4→ Hiltz)

. Hence Hike)=Z "

2*-0>24 also ⇒ Hiss) → 2 and the

0→ His) ⇒ Hike> 2. Hence Heck)=I

In sum 1-1.1%1 :{
2 " 92÷:



Spring 2012 #3☐

S oriented embedded surface in R3 and w area form ons

tuple . ,ea)=l b- PES and any orthononw basis legend of Tps

If (minims ) is the unit norm vect
.

field of S
,

then porethtw-mdyndz-nzdxt.dz/-ngdxndy.W--PlyhdztQdxndztR
dxrdy EATS ) > timing ) /

p

←ñTpswpla.eu)= PIP)&yAdz)(qeji-Qlnldxndtkei.ee) 1-R .
. .

I Plp)( eiyezz - breezy) + QIP) (eixezz - eizezx)
1- RIP ) leixezy - eiyezx) =\

= Pn
, + Qnet Rn

, =/
e. xei.at %)Pm + QmtRnz=n?tnitng2 eexezyezz

nip- hit ntoiniltn }lAni=O (ezzÉziy,V. PES .

dxAW= dxllpdyndz = 3¥ dxrdyrdz =D



dw = %× lxndyndz + ¥y dyhdxndz +2¥ dzndxldy



Spring 2012 #④
✗ = M , Umz M

,
ah Mz Mobius bonds and

MinMz=2Mi=2Mz .

Molars land -_ ([-1,13×1-1,1])/ ~

(1)g) ~( -1 ,
- y ) .

(a) compute MIX) (b) no b/c I Klein bottle

(b) ✗ e commit orientable Surfin of gems gtrsoneg ?

y • § •
✗

As a CW complex , ✗ has two

0 - cells
,
Xif .
It has four 1- cells an va

a)bind
.

So before attatohy 2-cell,
✗

• C •

yit looks like ;=.¥€
,

whrh d

Y • Sc •
✗

is homotopy equivalent to SUSHI and hes

fundamental gp 2*2*2 -_ ( at'

,ac , ad) b n Vb

we attutch two 2- cells along the
✗
• <

y

•

y
paths acad and

bcbt-ba-lacba-hd-lab-Y-laclab.tl"ad
Then kill)=(ab-jac.at/acad=lab-y-'aclab-Y-1ad--l)--(Usv,wIvw=U-1vU-'w--1)

= ( a. v1 u"vu"v -1=1 > =(uNIv=u☒



r

Spring 2012 #5☐
Determine connected covering spaces of RP "vRP

'S

IT
,
LIMP HUMP

's ) = IT
, /RIP

' ")*tY(RIP
's )

.

For nz 2
,

5
"

is a 2- sheeted ¥41 cover of

IRP
"

(sixeteD . Thus
,

it's induced ( trivial)

image in it,( RIP
" ) has index 2 ⇒ IT

, /RP
")=zz

So IT,
/RPHVIRP

's) = 22*22 = { a,bloi=b'=D

The connected covering spaces of IRPHVIRP
" thus

correspond to the subgroups of 22*22 .

a
,
b
,

ab
,
ba
,
aba

,
abab
,

- - - } iÉ{④④④,
- . . ababa

aba
a

( ab - - - ba) = { 1
,
ab . .

-

buy⑧
.
. . baba ba lab abab

.

- .

b

Zz
bab

↳ a . - - ab ) = bab:b



( ab) = { 1
,
ab

,
abab

,
ababab, - - . ]bag baba

,
baba

,
. - .

uhh his index 2

indeed a or b multiplied by (ab ) gig you

the rest of the group .

Lab .
.

- ab)= { 1
,
Nab )

,2ntabb3nlabbr.TTMba )
,
Inbal .sn/bab... }

whrh his index 2h

The "

rings
" of alternating 84,515

are th connoted cows :

s
"

s
" even -sheeted covers

.

'¥j•n
÷•☒•--→

.



Spring 2012 ⑧

f.- M-> N smooth
,
X, Y feet. fields on M, N .

f-*✗ = Y ,
i.e. f-* 1×1×11=46-1×1) b- ✗EM .

Claim : f*LyW = ↳ (f*W )
,
WER

' (N) .

[
y
U = DIY- b) t Yu dw

(f*LyW)×(D= (f*Hww)) ✗ 14+4*1%41,14
= d(www.gldfxlhtlkhw#ldfxlrD=&-tlt=o(lY-HlfoHlHD

+

t.ws#(YlfcxD,dfxlvD=&/t=o(w(YllfoHH1DDtdwf*g(f*lXexD,
dfxlvl )

[✗ If
*b)

✗
( v) = (d(×uf*w))*H + Hard f*w)×lv)

= YI /⇐ •
(1×4%118111-11) t df*W×(✗obv)

= ¥ /t.io/f*wlXlrltD)tf*dwx(Xc*v)--f-+f+..oLw(t*XlrltDDtdwf*(s-*
1×1×11,4×14)

= ¥ / t.olwlxlf.HN/)tdwfaj(f*lXcxD,dfxlv) )

where 8 : HD -7M
,
Not ×, 840)=V

⇒ for :[ 1) 1)→ N
,
Cfo 8)µ= fat , (for) to)= dfxv



Spring 2012

X
, Y vet . fields on R "- Eo}

✗ = X,¥
,

th 3×2 + ✗3 By,
+
✗
4 ¥4

Y = - xz ¥
,
+9¥, - ✗4 Fx

,

+ ↳ ¥4 .

Is the rank 2 distributor orthogonal to these two vect
. fields

integrable?

See Chapter 19 Lee smooth rifts .

[✗ it]f = ✗ Yt - Yxf

✗Yf = ✗ ( - ✗23¥, 1- ✗13¥
- ✗43¥

,

1- ✗33¥)
= -X,Xzfµ t Kfz t Xifiz -Xixyfiz 1- 24×3 fly

- Xzf
,
- Xjhf ,z 1- ✗ ixzfzz - Xzxyfz } + ✗2×31-24

. .
.

Yf = Y ¥
,

the 3×2 + ✗3 By,
+
✗
4 ¥4 )

= -Xzf , - Xixzf , , - ✗2×242 - Xzxg



-*3¥, " ¥, -4T¥,×3¥i
X

, ¥ ,
① ⑨ txifz ② ③

Xz%x
,

⑦ - xafi ④ ⑤ ⑥

✗3¥
,

⑦ ⑧ ⑨ Dtxzfy

14%4 ④ ④ ② - Xyf, ④

4¥
, MBE ✗33¥ "43¥

- Xz%×
,

① - ×'t' ⑨ ⑦ ④

✗1%2 ① ④ txifz ⑧ ④

-✗4¥
,
② ⑨ ④ -Kif,

④

✗375×4 ③ ⑥ ⑤ ④ t%£,

Hence all the terms are the same and

[✗ it]=O
.





Full 2012

5 'CR~ ,
42=5×5

'

.
Act

A- ={ (x,y,z,w)ET : txyl -10,1) or (7,4--10,1) } .

Compute HHT , A) .



fall 2012 #2☐

☒ AY =
✗ ✗ Yfr Hyo )~(xgy )

clam : Hn( 5×511=1-1^(5^815)

but U.c. 's don't have = Homology ,

5151=5×5 't Kiyo)~l%,y )

this '×s¥{ :
"

!!2+02 n=l

15ns ')ns2= ⑤ As)×sY~ 14%1,2-7

(1×191,70)

= 5×5×5/
~
( Xo,y,z)~(49oz)

~ His,7o)

= 5%5×54{1×0}×5×5 U 5×1%3×5 '

v 5×51×{2-0} }=:A
good pair?

✓
HnlshshsY~rl.in/sks'xs2,A)



51×51×52 = 5654 where SX is suspensionX .



Full 2012 #3☐ sense
,

er

i@0nba.8raEi.WaB.ia1-ske1.zbsee.I %
(a) compute Hnlx)
(b) MH ) claim : nonabelim

.

(a) Hnk)=O t nz3

Czlx) -0>41×1×-0>Colx) ¥0

" ' " "" ""* """

ale , )= a-9=0

§÷?,pÑ Iscent = Zb

Hers)= 2at2b

= { 0 ,a , b, b} ab , aba, ab
'

bat ab ?

If abelrn ⇒ abab=aabb=b2=1⇒⇐



Full 2012 #④
?F smooth embedding of RP

'

into R2 ?

Assume so
.

f : RP
'
→ Pi smooth embed}

Then dfp : TPRPZ → FpRZ~~Rt injector

and by Emersion surjective .

CRI

f : RPZ→f(RPZ) bijection ,
so

f-
'

:
FURRY → RIP

' well defined .

He
52

% .

"

LP
-

'

f- ( IRPY IRPZ

5P→1Rp2t→pi_É> s '
degree 2



Fall 2012 #5☐

M mfd
,
01h) = algebra of c- functions

M→R
.
Explain relationship b/w vet . fields on M

and CHM) .
Consider V.f. X,Y on M

as Mps c7m)→ c- (M) .
Is ✗Ya v.f. ?

How about CKY]=XY - YX ?

A derivation up :C%)→ 1B satisfies

Vp(f-g) = ✓(f)glbt fqpjvlg) , liner

Is MY)p a denwm lt PEM ?

(✗ Y)plf g) = Xp / Ykfg))= Xp / YA)g+fYl9D

= MY)p (f) glpjt Ylf)lP)X(g) (p)

1- Xlfkp)YlgKp)tflpKXY)p /g)
So it YIFKP)K9KA+ KHANNA =/0 foray PEM,
then XY is not a vector field

.



☒ 4) pltgl - ( YX)p(fg) = ✗Yfgtlfttxfkg
+ f ✗Yg

- Yxfg -¥_YfXg_
- f- Yxg

= [× , A) g + f[X, Y] (g) ✓



Fall 2012 #
S= unit sphere in R " 74-92+7%2=1 .

Compute Ssw
,

w=(wtwydxndyr.dz .

dw= 11+24 dwldxndy.kz .
By Stokes

fsW= SB.tw = Spy / 1+24 dwdxdydz

=
- Vol / B ")t fzwdwtxlydz

B "

jl-zr-ye-ox~2.edu#Gdyz---vollB4)tSpfS-vi-z-yI
=
- uh (A) + dxdydz

= .vollB
where B " ={ funny ,¥ER4 : x7y7z7wE1}



Full 2012#
{x2=y3}cR3 submit ? Call it M

.

Assume so
.

Then "
.

.

ii.
'

intl l

i. Man> R
}

is an immersion . Mi5> ✗

1 1 11

1%9,2-1-1> txiyit) É

Consider the chart of :M→R2
txisit)1→(x,Z)

Then 0 " :R2→M

14¥)n> (4×43,7)

So ioo -1 : R'→ Rs
⇐⇒↳ (×,×%z,

all itf

Tm dfp = (¥, %) is undefined when 21=0
.

O l

a contradiction
.



Spring 2013#
w=(xHXt g) dyrdz in R3

(a) Calculate Saw

(b) closed form ✗ on R
' s.fi#o=i*w ?

(a) dw = (2×+1) lxldytld -2
.

Stokes gives

Ss2W= Sppdw = Sµ2x dxdydz t Vo / (B) )

=
,

since B
}
is symetrii

across the x-axis

(b) Assume F a st
.

do = 0 ad i*o=i*w
.

Then fgi*o=fi*W = fgzw =/ 0
&

But Ss,i%= Sppdl#a) = Spg , #do)=O

⇒⇐
.



Spring 2013

Find all points in R
' sit

. Fnbd of the point

g.t . (4×4542-2-1,2) can serve as a

local coordinate system .

Consider points of the form (x,o,z)ER3 .

Let U be a nbd of 1%0,2-05
.

:P

U contains a

ball centered at Caso, Zo)
,
call it Bqlp )

,
radius E-0

.

Then 1×0 ,
- E) Zo) and Go , Enzo) E Bqlp) .

But both are muppet to (Xo,xitÉ+zi-1,2=3
So this cannot serve as a low coolant system

.

For all other points l%%z)EÑ
, Y¥O ,

we on find smell bull S.t. y 's are all

the some sign inside the bull

§ : N -> R
}

,
0/1×19,2-3=124×7921-72 - y z)

0
"

:0lu)→u
,

"

(uiswt.lu,VvttF,w)



injective ? if

xo~ty.tt?-l--xityitz?-1andxo--xi,Zo.=ZitbnyoZ--yfand if

sgnlyotsgnth) then Yo -_Y ,
•

So yes .

This 0 is a homeomorphism onto (b)

and we are done
.



Spring 2013 #3☐
Prove RP

" smooth mfd of d.mis n .

Let q :S
"
→ RIP

"

be the quotient

map qlx)=[x] .
Then let Ui =q(Vi

")
( Pitt

where Vi { 14 , .ir/n+i)E5:xi%03.NoieqlVi-l=ElVi+)

{Ui } ; cover RIP ? Let 0 ; : hi → R
"

0i[x])=(¥ , -
- -

i .
- - i¥÷)

well band bk (¥i , - "
, ,

. .
- ,

and contours
,

and inverse

⑨FLU , , . . . ,
Un ) = [hi , . - , hi-1,1 , kin, - -

-

,
Un]

whrh is also contours
. So homeo with R

"

Hence RIP
"

is a smooth mfd of dim n
.



Spring 2013 #4☐
(a) Every closed 1- form on Sn

,
n > 1 exact

(b) (a) ⇒ em closed 1-form on RP
"

,n > 1 exact
.

(a) Hjpf5)= 4,64=0 t n > 1
.

⇒ closet 1- forms are
exact

.

(b) Let f : RIP
"

→ S
" be a section

of the quotient map q :S
"
-> Rpn

Then Itqofi RIP
" -45^1> IRIP

" induces

f*oE* : HIRIRP
") Hails ") Apiary

0

the identity .
Then f-

*
mist

.

be surjective

and HIRLRP " ) = 0 .

i. e. closet 1- forms exact
.



Spring 2013

✗ = R
'
- axes

.

Computer
,
(X ) , H*(X) .

✗ e B.3- axes _~ 52 - axes = 5- { 6 points}

=D
'

- {5 points}

=p yrs

⇒ *F;¥;÷r
on setts

.

HH={>0 else

p : ✗→ 52- axes deformation retract .

rlx ) = ¥1



Spring 2013

✗ =P- { pie}
,

P =/ q

Compute H*(× ; 2)
,
1T
,
(X)

.

F- { pie} e s
' vslvsl

= ¥fÉ = = .NO

So MIX) = 2*2*2 =F
,HnH={E¥¥§



Spring 2013 ④
(a) Find all 2- sheeted covering spaces ofSis

'

.

(b) ✗ path connected
,
locally path connected

,

it,H ) finite
,
f- : ✗→ s

'

⇒ fnullhomotopic
.

(a) Let F be a 2-sheeted army space of SIS!
P : F→T⇐ 51×51

.

P*:ñ, (F) → Tilt) 2×2P*(ñ,EDhisnbx2in2xz.④Ñ
Horn ( it, (51×5) , Ez) = {2-sheeted Carissa.es}

{5- { 11,443222 .

Let fi 2×2 → Zz
be a homomorphism .

f- determined by f-( co, D) and flood .

• f- (1%11)=0 and fall ,o )) = 0



• = I =D

=D = I
&

• = I =L

Each of these four are dissed

2- sheeted coverings
,

corresponding to

b
b

7
g

cnn.i.im/aii;i:i::::f.:l>
d

,

} I

d

(b) ✗ path connected
,
locally path connected

,

it,H ) finite
,
f- i ✗→ s

'

⇒ fnullhomofopic
.

×

f-
,

?

Ft : I
→

• fcxo)

¥,



Htx ,t)=

f-
*

:p,lH→ñ,
(5) horn

⇒ f-
*
=D - map b/c any element

in Hill) his fake order and the

only elf with finite order is it,H=z

is 0 .

⇒ f- lifts to some I :X→ IR

since f-
*
ftp.lx/--OcP*lKlRD-- 0

for universal arcing map piR→s !

Then I = Co constant nip by

Hlx,t)=É(x)( 1- f) . ⇒ Poteen ,

Then f- = pot _~ Cpco) .

I. e. f ndlhomotopic .



Spring 2013 ☒
(a) f :S

" -55
"

no fixed point ⇒ deg 11-1=1-11^+1
,

(b) ✗ his 8
"

as a universal covering space

⇒ it, 1×1 = { is or 22
.

(a) fish-25h no fixed point .

Then F straight line path the from

✗ to - flx) tht doesn't pass through

the origin .
Then Y¥ is a path from

- fix
✗ to - fix) on 5h

. ÷i÷
This defines a homotopy

•

ft)H :S"×I→sn

between Idthat)=Y¥¥,

and oof
,
w/ o the mipoddmp

Henie deg (d) beg (f) = deg Got)=deglID= 1
.

We know degli)= f- 1)
"+1

, so

deg (f) also = 1-11^+1
.



(b) ✗ his 8
"

as a universal covering space

⇒ it, IX) must be { is or 22 ?

Since S
"

the universal cover of X
,

MH ) = Gls
") the group of

deck

transformations on S
"

.

This group

acts freely on S
"

.

That mens

tf f EGG
" ) nottriuiw , f :S

"
-75
" has

no fixed points .

deg (f) =L-112^+1=-1

f- fEG(sin )
nontrivial

.
Thus me

define a mp to :Gls")→{±1 }

sending f- to deglf) . d is a homomorphism

because deglfgj-deg.lt) desks) . And Keld)

= trivial elfin Gls
") by whether said

above .

This d injective homomorphism

⇒ ii. 1×1--6157<22 .



Full 2013 #
✗ = 541µs}

,
N
,
S north

,
south poles

.

(a) Cell decamp of ✗ , compute Hill) b- i20 .

(b) ñilx)
(c) draw pic of Universo cover of ✗ & all other

cornered carry spaces .

(a) let eo be N=S
,

o -cell .

Let e
,

be a meridional line from Sto N
,

1-cell

let ez be a 2-cell glued along e,
then

back down e
, to obtain 5.11µg}

HIM = HIX, XD

(b) 541µs} 545
'

⇒ T.CH=3 .

14

E
.

÷÷%¥8



Full 1013 #Z☐
M compact N connected

,
f :M→N

submersion
.
Claim : f surjective

.

N = f- (M) W ( N - FIM) .
Suppose N - flm) -1-8

.

M compact =3 flint compact ⇒ N -Hn) open .

f submersion ⇒ Lin Mz dim N .



Full 2013 #3☐
Oln)={AEM.IR/IAAT=id } smooth mfd .

let f : Mn / B)→MIR)
A ↳ AAT

Then 01ns __ f-
'

( id)
.

If it is a regular
value of f

then 01ns is an embedded smooth mfd .

dfAlB) = ¢08140 ) where

☒ =
1- + TB

for)lt)=(AttB)(AI-tBT-ltttBKA-ttBJ-AATttBA-t-AB-ttBB.tt
(for) / t) .- BA - + ABT 1- ZTBBT

(for)Yo)= BAT + ABT

For any CEMNIR) , let B=IcA

Tbn 'dfA(B) = { CAA-THAT =L ⇒ dfasorjecbhe
V- AEON .



Fall 2013 #4☐

Compute de Rham cohomology of S '
= Rtd

from the definition
.

Hjp(✗)= closed n - forms/exact n-forms

All 1- forms on S
'
are closed because

2- forms are Zero on 1- dime 5
'

.

let w be a closet 1- form on S '

.

Assume w= do exact as well .

Then Sg ,w= S
,
,do=SzsY=S¢d= 0

Define a mp

I :HirlH→R
[W ]- Ssiw

Then Kerli )=O ⇒ I iniectre

I svrjeetrebkss.tw -_ ✗ Sgw .



Full 2013 #5☐
f. y : ✗→ Y continuous

. z=(x×[oi☐)UY/~

( x,o)~ftx)
and (Kl ) - gcxs If ✗ c- ✗

.

Clam : 1- LES

• . . → Hnlx ) -> Half )→Hntt)→Hn+CH→ . . .

"

4×4%13)u%z,
good pair



Full 2013 #b☐

ftp.q) := quotient of SIN by Ig action

generated by (Zita)t→ (e""'t ,
,
e""%Za)

,
P,q coprime.

(a) compute IT, / UP,qD

(b) any continuous MP LIAN -792 null honotopio

Let f : 53-7 ftp.qj be the quotient mcp .

let 7=12-1,2--26-53 .

Let U= { YES } : ly -2-1<83 for

a small enough so that {gk : gear } are distinct
.

Then flu ) = flgu) V.ge Zip . And gll ⇐ flu)

V-gE74p because of the subspace topology ,
universal

This
,

we have a P - steeled covering space

f : 5.→ Up,q)
.

Each element getup is

a deck transformation since it is just a rotation .

Conversely
,
let h be a deck tmsfornnhon

,
ZES >

.

] gc-74ps.t.g.tt)=h(z) and deck transforming

of 53 are determined by where a single point

is sent Kc 5. path connected ⇒ y=h

So Ilp = GOD group of deck frnstormtms .



Define 4 : IT, / UP,ED→G(57=74, by sending

[8] ↳ g where

✗ is a loop lifting to a path is 53 from

Zo to Z
,

and g is the deck transformism

Sentry Zo to Z
, ,

surjective
kernel✗ is a homomorphism with

the loops Hing to loops in S3
,
i.e
.

elts of f-* (MG ) )= trivial srbgp .

Hence 4 is an iso
.

IT,UlpÑ=%

(b)



2014 Spring☒



1014 Spring#



2014 spring#3☐



2014 Spring #☒
Consider the following vet

. fields in R2 :

-✗ = 2¥ 1- ✗% ,
Y = 3J

.

Determine whether or not 3 Cloudy defined) coordinate

system Got) in a nbd of 1%91=10,1) sit
.

✗ =÷ , 4=37

Let 0 : R' →Ñ be defied by 01%91=6 kiss

.tl#yDThn3-s--dopl3-x)and ¥-1413T)
= ?÷¥+¥ :-, =÷÷+¥ :-,

Thr ne not

3-1--2
, }¥=x , ?÷=o, ¥, =L

This is satisfied by s=2x
, t=Ex4y e. g.

Then at toil
, d%

, ,
= (2×9) /↳ ☐

= (4) invertible.

⇒ by inverse function thm
. F nbd of 0,1)

S.t. Of is a diffeomorphism .





2014 spring #
M lift

.

mfd
.

T*M={ taut ;XEM,aIM→R linear}

claim : T*M orientable mfd
.

Let IV. b) be a chart in M
, pill 01bar

"

.

Let Ñ = { cause T*M:XEV } and § :Ñ→pi×R^

be defined by Ñ(×, a) = ( 4th
,
ul÷ . )

,
. . ,u(a÷ )) .

which is a homeomorphism since ¢ is a

homeomorphism and u is linear . Thus we see

that 7M is a mfd .

An orientation form for TM would

be a 2h - form W
,

A. onvmishirg .

Deline warm, :(Tina,&*mÑ→R



2014 Spring



2014 Sprig#

M compact m-dim'd submfd of IRMXIR
"

.

Let Mx for ✗ERM be the translation of

M by ✗ in RM×R^
.

Then the space of

points XEIRM S.t. M×nR^ infinite has mean 0in Rm .

Define f;McR%Ñ→tRm Then f sends

thy)↳ ✗

a point in M to the ✗ ERM sit
. Mx AR

"

contains

that point . Assume f sends an infinite

amount of points in M to some Xo
.

( i.e . Mx.AM " infinite)
. We claim Xo

is a
critical value

.

If not
,

then

by regular level set Thm
, f- '

(xo) is a svbmfd

of M of dimension M -M=0
. I.e . f- '(Xo) is

a collection of distinct points in M .
Since f- continuous

and {xis closet then f-ltxo) closed and therefore compact

b/c M compact . By the subspace topology the points

in f- '(a) are open , so there can only be finitely many
,

otherwise { { Y } : ytftlxo} is an infinite 0pm cow with no finite subcarrier
.

Hence ×, criteria valve and by Sardis they hem mason 0 in Rm .



Fall 2012 #
Does ✗2=93 define a smooth sobmfd

in Ps3 ?

Impl . Fine
. 9hm

.

=¥É;au@Qb.g •

1- skol 2-Shel

o→¥÷ÉÉ÷→¥→o
2. (a) = a- a _- 0 2 , (a) = V- V .-0

2am) = btbtb=3b2ilbl-V-v-02zluz-atbtatb-2.at2b

Kertz )= Lu . > =-D Kerl?µ)=C ,

in 1221=(36,24-26)



H
,
LX) = KerthYim (2) = La ,bµ abailb-1-b3-aib.IN

= (a ,b / 36--126+51=0>
awh
=

Go , d 131=20--0 >

= In ④ 23
HUH = Z r

.How = I b/c path connected .

-

, (X ) = 2*2/Laa -1
,
5s
,

abab )

= {a ,b / b3= abab =L)

= ( ab, b / b' = last? 1)
= (Gd / c- =D 3=1 )

= 7<2*23

in whrh Cd =/ do .

nonabeliu
.



↳ = a
,
dytdz-azdxhdzt.az dxndy

for GER .

write e
,
__ (Ux,uy,uz)ER

}

e2= ( Vx ,Vy,Vz)ER3

u×Uyhz|Then ( h , ,nzn5)= el×e2= µ vyvz
i j K

⇒ A- tote;¥ ) .no. - let ::¥),n,=detl¥Y)
And wple.fr)= 9

,

dyrdzle.fr/-azdxrdz-lei,e~)tazdxAdyLeisea)--a.detlY.Yz)-azktlY.IE/+asdet(¥ :;)

= him , taznztaznz =/ = nftni.tn}

⇒ a ,=N , , az=nz , a3=N } ,

b/c this is true Apes .



✓
•

sd ✓ • I •

"

an Va bn Vb

•

• z u• z
• v

£
v. § •

u

an ✓ a

a. i • r = Klein bottle = : K
b v rb

✓
• > •

u

to

Hence 14,1×1=171 ( k ) = (✗is / xyxy -1=1)



(a)

.

÷:





Fall 2014

Universal cover of (X,x ) compact .

Claim : IT,(x, -4 finite .

Let piÑ→X be the universal cover
.

P*( MY ))= trivial subgroup his index equal

to the number of sheets in the
covering .

Let U be some open set in ✗
.

and let Kcu be some closed subset
.

Then p -11k) is a closed
,
and since I compact

⇒ PYK ) compact . And p
- ' (a) is an

open cover of PYK) made of disjoint

sets homeomorphic to U
.

Hence any schooner is

the whole cover ⇒ finitely sheeted

⇒ index of trivial subgroup of qr, (X)
is finite ⇒ HIM finite .



Fall 2014 ☒

Claim :
T2 and SVSVSZ have isomorphic homology

gps but are not homeomorphic .

tints 'vsws9=tñH④HnW④Ñls4
I A- 0,2

⇒ Hntivs'vH={z④zn= , = Half)
.

0 else

But they are not homomorphic because

IT
, / F) = 2×2 and ITIS 'VSVs4=I*z

are not equal .



Fall 2014 #3☐
fish-75 " continuous

,

i ) if f hes no fixed points ⇒ f- = antipodal mp .
ii) it n=2m

,
⇒ F ✗ C- 5hm s.t.fr/kXorftx---X

.

Li) let ✗ c- 5
.

Since flx) #X ,
F straight line

from → to fix that doesn't pass through the

origin in RM .

We then
mep this straight line

to a prthrx in S
"

via the retraction

ri Pitino] -75 sending ✗↳ ¥1
.

Then H ; S
"
I -> sn defied by 1-11%1-1=8×4)

is a homotopy with 1-11×105=8×10) = -x the

antipodal me and 1-11%11=8×111--5-14
. It is continuous

because f is continuous
,
the straight line homotopy

through R
" '
- { o} is continuous and r continuous

.

Iii) If I fixed point, done
.
If not

,
la)⇒

f- = antipodal mop ,a . Then deylt)= degli)=fD2m +1=-1
Then beg Got )= (-111-1)=1 ⇒ not * a

dot has a fixed point ⇒ - fcx)=X ⇒ fix)= -X

for some ✗ C- sun
.



2014 Fall

See Soltis
.



2014 Fall #⑤

✗ CR } closed svbmfd homeomorphic

to sphere with g > 1 hurdles
,

⇒ F nonempty open subset on whrh

Garson curvature K is negative .

S×KdA=2ñXK)=2ñ(2-2g)< 0

by Gauss - Bonnet
.

Hence we must here a nonempty

0pm set where k< 0
.



2014 Fall

M nonempty closed oriented d- dim
-l mfd .

W d- form
.

✗ smooth Vat
. field on M.

Chini Law vanishes at some point on M ,

carton ⇒ { ✗ w= X - ( dw) + dlx- W)

= dlx-W)
,

since dw is

a ldtl) - form on d-dime M and B therefore 0 .

Sµh×W=fµdKrw)= f ×- w = 0

2M=§

Hera hxw must wish at some point .nu .



1014 full#
Show ICP

' smooth oriented mfd by atlas construction .

Let an element of GIP
' be represented by [a]

where 2- C- ¢2
.
[z]=[z

'] iff Z=Xz
' for some

✗ c- ¢ . Then Define U
,

= {⑦ EEP
'
: Z

,

-10 }

Uz= { [ZJEICP! 2-2=103 .

My Uz Cover EIP
'

and are open .

Define 0 ,
:U

,
→ E by 0,42-3)=Z¥

0in -7¢ by 02112-3)=Z¥
Well defined b/c 0,1oz])=Y¥=Z¥=0i([Ed)
Then Oli : (a) → EP

'
is tetrad by

0,

"

( w ) = [( but]
.

Similarly di '(w)=[(will] .

Then 0i(¥)=[1b¥)]=[aln¥D=[Z]
and 10

, / [AWB)=Y-=w . So these are inverses

adore continues
, so 01,02 are homeomorphisms

onto their ihnyes
.

We just need to check compatibility
That is

,



¢200,

"
: chlorine→ that.nu) must be smooth

.

dz( [ lbw)])= wt
,
w -1-0 b/c we're considering kink .

This is smooth
, so we are done

.



Fall 2015 ☒
(a) Let f. g : ✗→ Y

.
We say It :X×I→Y

is a homotopy between f- and g if

H continuous
,

1-11×101=1-1×1
,
HCxil-gc-J.fig)

We sat f : ✗→ Y is a homotopy

equivalence between ✗ wd Y if 3g :Y→X

S.t. fog tidy and got _~idx
.

Hey)

(b) Re {o3cR by let . retract

but no bijective me between spaces
,

so R # {03
.

(c) stand 53 have trivial fundamental group

but they are
not homeomorphic because

Hals
')=z

,
Hzls

's)=O .

(d) SVS ' and 7=51×5 '

.

Hits 'vs
')= 1-1,651-01-1,64=2+02--4,04

but 146451=2*2
,
while IT

, (7) = 2×2
.



Fall 2015 #
F- 51×5 '

,
K= Klein Bottle .

(a) describe 2- sheeted covering P :T→K
.

(b) XOET
,
%=PCxo)EK .

Give generators for

IT , / Tjxo ) , ñ, (Kiso ) .
For each generator of it, /Tixo)

express its image under P* it, IT;xo ) -2191K;yo )
.

(a) gb

" "^
"

T
Mt """

§ bl→b
an K na

er>a

Cr k nc

{ }

(b) We see 1%(9×0)=2×2 ( ca , b)
IT

, ( K ; Plxo )) = ta , bl abib =D

and P*(ca)=a2
,
P*( b) =b



Fall 2015 #3☐
Eg

,
Eg , closed orientable surfaces of genus g

, g
'
>0

.

f- : B2→ Eg embedding
.
Simple closed curve 8=5-15)cEg

.

✗
'
= f-
'(8) c. Eg , with f

' :B
2.
→ Eg , .

✗ = top . space obtained by glory Eg and Eg ,

along 8 and 8
'

.

I. e. ✗ =EgUEg ,

by gluing flx) to 84×1 txes
'

.

(a) compile it , IX) .

f- embedding ⇒ F homotopy from V to

the constant map at 8105 . Same for 8 '
.

9ÉÉ?;s÷g '

Egvsg.rs
'

✗

a

gÉ§f÷÷÷És ' =siy:g .



Hence kill)= IT
, /{ g) * IT, (G) * ñ, 64

= ⑦×z)*

(b) link)ñÑ. (4) ④ Hiles .) ④ Hi (5)
0 n=0

= $+9 ')n=1
2+03 n=2

O n > 2

(c) No hearse Held =/ Hz(Eg×Eg .)
.



2015 Fall #
M n -dorvil mfd .

WER
" - '

(M ) . SµW=O f

(n- 1) - dime oriented closet svbmfd N of M .

Claim : dw=O ,

let ✗EM
.

There is a chert centered at X
,

call it (Usd ) . So 01 : U→R
"

with 0114=0 .

7 small (n - 1) - time sphere 5^-1 COCU) centered at 0 .

Let this be the bounty of a small B "
.

Then

d-
'

(B) contos x in M with bounding d-
'

6^-1
.

This 0 "(s " ") is a In -D-dime oriented closed

submfd by regular law set theorem wrt the radius

function
. Then S¢yµyw=S¢yµydw= 0

by Stokes
. Sma ✗ arbitrary , 3- a collection of

such
" (Bn) covering M . Hence low -0 on M

,

for if not
,

then I ¢-11Bn) on which

Spyro)dw =/ 0 .



2015 fall #5☐
V. F. v=2xt✗Z2z ,

w=2ytyz2z in IR } .

PER
>

.
F ? local contrite system in a nbd

of p in with v and w ?

Ie . is there a diffeomorphism 01 : U→V from

anbl U of P to an
open VCR

's
the sends

v to 2x at w to 2g ?

We need 0 s.t.to/p(2xtxz2z)--2x

and top ( 2ytyz2z)=2y
.

it
.

µ µ
, 1oz::÷:÷¥H:)

hid

µ, yay 01%::÷÷:X ::H :)
So 0ft ✗ 2- 0£ =/ , 0ft yz0E= I



① It ✗ZOE = 0 ⇒ -2/2-0It 92-02-2--1

⇒ 0E=÷F⇒
⇒ 02 = Ight) 1- C

⇒ $3 = - xzÑz= - ✗ 2- z¥= -⇐ = ¥

But 01 = - ¥2bnA) ⇒⇐
.

µ ,
w] = vw - WV = (2×+2/2-22) (2ytyz2z) - WV

= 2x(2ytyz2z)txz2z(2ytyz2z) - WV

= Jay 1- yzrdxz 1- XZ2yz 1- Xyz Jztxyzodzz - WV

= Jay 1- yZ2xz t XZ2yz 1- Xyz Jz + Xyz
'

Zzz

- ( 2g tyz Zz ) (2x +✗2-Zz)

=##z 1-

XZ-dyztxy-ztxyzi.LI#-Xz2yz-yz-2xz-xyz2z-xyE2z2
= 0



2015 Full④
f :b-71C polynomial of one complex variable .

One point compactification Gu {x} -552
.

(a) Prove f- extents to a continuous f- : 52-252
.

(b) Prove deg (F) = deg (f) .

(a) extend to f- by Guts} -¥¥¥ev{x}

sending ✗ to IF ¥
52 F- 52✗

.
We live

to check that f- is continuous
.

if 2- → ✗ does fcz>→ x ?

f- (E) = WoZ° + v , z 't - r
- t Wdzd for D= deg (f) .

f-( re
" )= Wort w

,
reid + . - - + wdpdeibd

= rd(Wo÷ ,
+ w,¥ei0- + -

-
- twgeiod )

' in flreio)= lim

r→✗
rdw , eido =

✗
.

So I continues .
r→x

(b) f-
*

: 1-1,44-7 Hall
'

) is multiplicate by NER .

z → 2 ⇒ deg (F) =n .

Geometrically
, Ss , f-* w = nfgzw for WENCH

.



(f-* w )y( V , ,Vz)=( dtylw) (4) , dFy (WICK))

dtg = Wit Zwzy 't . - . + dw ,
d- '



2016 spring ④
✗ = vµÑÉÑPµ^ Compile till ) .

By making a cut from
•
;D the bottom left

vertex of the square to the bottom left vertex

of the triangle
,

and identifying the resulting edges
,

we get the diagram
a a a a

✗ =
• > • > • > • > •

on no

• > • 5 • > •

b b b

Hence IT
, (X ) = ( a ,b,c : a

"
c-

'
b-3c= 1)



2016 spring#

✗ path connected it
,
Hilo )= Its

covering space it : I→ ✗ 6- sheeted .

Claim : I either his 2 or 6 connected components
.

The connected covering spaces of X

are classified by the subgps of

MIX ;Xo)= 21s
.

There are only two subgroups :

the trivial svbgp and the whole group ,

because (17--42)=(37--14)--2/5 since 5 prime .

Hence the trivial Srbgrp corresponds to a

5- sheeted covering spae since the trivial subgp

his index 5 in Iss
.

Similarly the subgroup

21s Cass corresponds to a 1- sheeted horary space .

Therefore
,
a b- sheeted covering space can

only be made from six 1-sheeted covering spaces

or one 5- sheeted and one 1-sheeted covering spices .

i. e. I either has 2 or 6 connected components
.



Spring 2016 #3☐
✗ = 51×5

"

,
net compile Hals 's

" ;D
.

Let A= (-4%41)×5 " , B. = 1174 , E) ✗5
.

Then An Bes
"

Usn
,

A ,B_~s^ , AUB=X .

By M.V. we
have

- -
. → HWAN B)→ Hk(A)④ HKIB)→tklx)→ - - -

ss is

Hklsn)④Hxlsn) 1-4=15^1+04×44

For tlnlsnlttlnlsn)→ Hnlsnlttlnlsn ) we have

2+02 → 2+02

la , b) ↳ (atb ) atb)

Ker = { la , - a) 3=2 ,
im={ ( atbsatb) }xz

Then
0 → Hm A)→ Hnlsnlttlnlsn )→ than)④HnCsY

2+02 21-02

⇒ Hn+,lx)=2
,
Her kernel of

J

and for NZZ ,

Hnlsnlttlnlsn)→ Hnlsnlttlnlsn) -> Hnlx) -> 0
21-02 2+02



which gives Hnlx)= in / than)①HnlsY→HnH)ñz
since the kernel of that map is 2

.

Sticky with n >_ 2
,

we here

O→H,(✗)→H•lsM④HHM→tHsM①H,§)
2+01 → I K

( Mv) ↳ lutv , utv)

So again Hill) II
,
and 1*1,1×5=2 b/c ✗ path connected

.

In Svm
,

For A- 2

Hkls'×sY={%%%
at

Hkls'×sY=tktY={,¥¥¥¥



Spring 2016 #④
Mcpct oriented n -dime mfd

.

f ;M→R
" differentiable

,
FIM) non-empty interior in R

"

.

(a) Claim : FXEM sit
.

I nbdu of ✗ sit
.

flu :u→ flu) is a diffeomorphism .

Let V be an open n -dime bull untried in flu)
.

Let ytf/M) .
Consider f-

'

(g)CM .

If df* not

surjective for any ✗ c- f-
'
(9) CM , then y is a critical

value of f. By sands theorem
,

the set of such

g. have measure 0 in IR
"
. Then there must be

some yell sit
. I ✗ c-f- ' ( y ) with dfx surjective

By dimension dfx is an isomorphism .
Let W be

a chert containing ✗
. Then

,
dfx can be viewed

as a matrix
,
and since Jet is a continuous foehn

we can find U with ✗ c- UCW sit .

dfg isomorphic f- EU
,
i.e. a diffeomorphism .

(b) Claim : I at least two points x,yEM Sit
. f

is a local diffeo at ✗ any, f orientation

prewwy at ×
,

and reversing at y .

Let we Silk
") sit

.

w vanishes

on flu)
,

is compactly supported and

his Spgnw > 0
.

Then



deglf) ) ,µw= Sµf*w=fµ0= 0 ⇒ deg (f)=o
.

Since degree of f- =D
,

then

for some regular point ye f-(m ) ,

then 0=2 sgnlx) ⇒ there must
✗ c- f-Ky )

be some × with signcxktl and

some with signe)= -1 in f- ' ly )
.

This is to say (b)
.



Spring 2016#
Is there an WE AUBRY sit . WLD -40 at every YERP

"

?

HKIRP
"

)={ %
"

=L
,

" '" no"

2h Koll
,
osrkn

⇒ RIP
" orientable for n odd

5.hu Hn /RIP
" )= { k

nod

0 else

. Cellular homology



2016 Spring #

H'" (5) ={
0 k¥ on

HR K=O,n

f : 52^-1-55 with nzz
.

If a ENVY

with Ssn - =L ,

then

G) I BEI-yszn-YS.li . f- *(a) =dB .

(b) IA) Sgzn ,
BADB indsmht of d, B .

(a) 4 closed since to Eli"lsn) all zero .

f-
*

(a) closed six t.lt#o)=f*(do)--O .

Then C-* (4) c- 1-1^(5^-1)=0 ⇒ f-
*(a) exact.

(b) This is equivalent to the claim that

[BADB] = [ P'MB
'] for my

o
'

,B
'

satisfying

the same conditions
.

f-
* Card = OEH

"

-115^1=0 .



Let d, B
' be other forms salutary the

above conditions
.

Then his

Sgm ,

BADB = Sgz . . ,PÑdB
'

dB '= f-
*
a
'

,

f.gg/--fa=lsnSsm..Bh1B--fsz.B'ndBSgimPHB-BhdB=O
i. e. BAIB - ehdB exact

$-8411B exact ?

B - B
'
closet ⇒ exact ⇒

B- B' = D8 p=d8- B '



18h18

Ssw ,

RHB =/48 - Hide
gin -1

= 5161dB +

fgrn - i

181dB)=§↳ , dont)=

= Spin 14811B) =

did
'

sgnr-sg.dk 1
.

I B. B ' with dB
,

'

= f*G$
,
-1*121

NTS Ssn , BVB Ssu ,
B' 1dB '

Ssini Bhf%)=? f.sin , R' Af*G
' )



Stoke fpg. deaf
*

(a) if
µ.
dHf*H ')

= Spin


