Geometry/Topology Qualifying Exam
Fall 2003 '

@ 1. Let T be the n—dimensional torus §! x 8! x .- x §1. Construct a differentiable
embedding of T" in R"H},
t\-se" J# J2. Let " denote the n-dimensional sphere, and consider a differentiable map
J 18" — R" such that f(S") has non-empty interior in R™.
= 1) Warm-up: Show there there is at least one point = € §™ where f is a
local diffeomorphism, namely such that there exists an open neighborhood
U € M of z guch that restriction fijy : U — f(U) is a diffeomorphism. .
— b) Show that there exists at least two points =, y € S" such that f is a
local diffeomorphism st z and y, f is orientation-preserving at =, and f is
orientation-reversing at y.
—WLI / 8. Let M be a manifold with fundamental group isomorphic to (Z/2) x (Z/3) x
(£/5). Up to isomorphism, how many 3-fold covers does it have? Recall that a
3-fold cover is a covering map p : M — M such that each p~!(z) consists of 3
peints, and that two such covers p : M — M and p': M' — M are isomorphic if
there exists a homeomorphism ¢ : M — M’ such that p' o p = p.
.w— / 4. Let M be a manifold of dimension 1, and let w be a differential form of degree

‘n—1on M. Suppose that [, w =0 for every (n — 1)-dimensional submanifold N
; ff M. Show that dwr = 0. (hint: look at small spheres.)

5. Let S™ denote the n-dimensional sphere and define X = S x 5%, Also, choose a
point p, € 8™, for n = 1, 2, 3, and take the quotient Y of the disjoint union of S,
5?2, 5% by the equivalence relation identifying p), p2, ps to & single point pe Y,
—_>a) Calculate the homology groups of X and of Y,
b) Calculate the fundamental groups as well.
\k.i) Are these spaces homeomorphic?

‘7“/6. Lot T = 8 x 8 denote the 2-dimensional torus. Identify the circle S to
{z € C;|z| = 1}, and the 2-dimensional disk B2 to {z € C;|z| < 1} in the complex
plane C. Adjoin to T two copies Dy and Dy of B?, where the boundary 8D, = 882
of the disk D, is glued to §! x {1} by the map z ~—+ 2% and where the boundary
8Dy of D, is glued to {1} x S? by the map z — z°. Calculate the fundamental
group of X.
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Geometry/Topology Qualifying Exam
February 2003

FPartial credit will be given to partial solutions.

. Let M be a compact orientable manifold M of dimension 2n (without boundary),

and let w be a symplectic form on M, namely a“differential form of degree 2 whose
n—th exterior power w Aw A -+ A w does not vanish at any point. Prove that the
second de Rham cohomology H25(M;R) # 0 by showing that w is not exact.

. Show that the set S{(n, R) of n x n matrices A with entries in the real numbers and

which satisfy det(A) = 1 is a manifold. What is its dimension?

. On R* with coordinates z,, Y1, L3, Y2, consider the 2-form w = dz; A dy; + dzy A dys,.

Given a smooth function f on R* let X be the vector feld
x=210 018 9ofa o498
Oy 8zy Oz, 8y1  Oyy 8z Bz, Oy,
Then compute £xw, the Lie derivative of w in the direction X.

. Let M be a compact oriented n-dimensional manifold (without boundary), where

n > 1. Show that there exists a differentiable map f: M — S® of degree 1.

. Recall that two COVETings p : g — X and ¢ : X'~ X are equivalent if there exists

a homeomorphism  : X — X' such that p’ o w=p. When X is the 2-dimensional
torus §' x §?, determine the number of equivalence classes of all coveringsp: X — X
such that p~!(zo) consists of 3 points (for an arbitrary ).

. Compute the homology groups H,(X; Z) of the complement X = R® — A of 4 subset

A € R? consisting of 4 points.

Let B™ be the closed unit ball in R®, and let S™! be its boundary, namely the
(n — 1}-dimensional sphere. If [ B™ — R" is a continuous map such that flz) =1z
for every x € S, show that the image f(B") contains the ball B".
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X Graduate Exam in Topology/Geometry
' February 2002

~ \'1. Let P*(R) be the projective n—space, namely the quotient space of the sphere S™ by
the gquivalence relation ~ defined by = ~ y ¢ r = +y.
a) Show that P*(R) is a manifold.
))Show that P"(R) is orientable if and only if n is odd.

‘;Z—/;. In the set M(n) of all n x n matrices, identified to R", consider the subset O(n)
consisting of the orthogonal matrices, namely those matrices A for which AA® is the identity
(where A* denotes the transpose). Show that O(n) is a submanifold of M (n) = R™, and
that the tangent space 7330(n) at the identity Id is equal to the space of all antisymmetric
matrices (namely those matrices for which A* = —A).

V/J 3. Let f: R® — R® given by f(z,y,z) = (az + By, 7z + dy,ez), where a, 3, 7, 6, ¢ are
constants with ad — 8y = 1. Find the matrix of f* : A2R® — A2R? associated to the basis
dy Adz, dz A dz, dz A dy.

/ 4. Let P%(R) be the real projective plane.
(2) If z € P?(R), compute the fundamental group m (P3(R) — {z}).
{b) Show that any map f : P2(R) — P2(R) which is not surjective is homotopic to a
constant map. (Hint: use a covering space).

\ %’5. Let B? be the closed 2-dimensional ball, with boundary the circle S!. Let X = $! x B2

and let X = S x §1. Compute the relative homology groups H, (X, 8X) with coefficients
) in Z. (You are allowed to use whatever you may know about the homology of the torus
0xX).

y M6. Let X be the figure eight OO ; union of two circles Cy and C; meeting in one
point. Let p: X — X be a covering space such that X is connected and such that the
preimage p~!(z) of cach x € X consists of 2 points. Compute the fundamental group of

X
™ \( 7. What are the compact connected surfaces S for which there exists an immersion § — S
which is not a diffeomorphism? (Hint: Euler characteristic).
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Qualifying Exam in Geometry/Topology Fall 2.00¢

) t#l Lgt w be a 1-form defined on the sphere $? = {z € B¥||x] = 1}. Assume w is invariant

under rotations, i.e. ¢*w = w for any ¢ € 50(3), show w = 0. —_—

'/2. Show the set M = {v € RYryay = 242y, fz| = 1} is a smooth .forientabl/e;fsm*f}xce.

i
— JLZ’f; Let M, N be smooth manifolds of dimension n, and 7 : M — ¥ be a smocth map which
V' is onto and has rank n at each point. Prove or disprove the statements:
i 15 locally a diffeomorphism;

T is a covering map. — St N besl o €94 o Faes 44 5
W Let S' be the unit circle in R? = R? x {0} € R®. Compute the fundamental group of
R

- 51,
Q/’;

5. Compute the homology of R® — S with coefficients in Z.

. Let f: RP? - T? be a continuous map from the projective plane RP? to the torus
T? = S x 5!,
(a) Show that the induced homomorphism f, ; T {RP?) = 7 (T?) is trivial.
{b) Show that f is homotopic to a constant map.
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Geometry /Topology Graduate Exam
Fall 1999

7

. Let Y be the space obtained by removing an open triangle from the interior of a compact
square in R?. Let X be the quotient space of Y by the equivalence relation which identifies
all four edges of the square and which identifies all three edges of the triangle according
to the diagram below. Compute the fundamental group of X.

v.
C’i‘f_{_’{ Let X be the space described in 1. Compute the homology groups Hy, (X;Z) of X with
coefficients in Z.
{ {"\\] .

Give an example of a path connected space X which admits no covering p: X = X
with X simply connected.

% @ Let X be a path connected manifold with my (X; o) = Z/5, and consider a covering

space 7w : X — X such that p~! (z4) consists of 6 points. Show that X has either 2 or 6
cpnnected components.

/5. You may know that there exist continuous surjective maps f : [0,1] — [0, 1} from the

interval outo the square. Show that there exists no continuously differentiable surjective
ap f:[0,1] = [0,1)%.

6. Consider the map ¢ : §* x §* — S§' x §? defined by ¢ (u,v) = (1® v~?), where we

.

dentify S! to the unit circle in the complex plane €. Compute the degree of .
%2’ . Letw € Q" (R**! — {0}) be a closed (namely dw = 0) differential form of degree n on
R™*' —{0}. Consider the homomorphism i* : Q" (R"*! — {0}) — 0" (™) induced by the
inclusion map i : §* — R"*! — {0}. Show that the form w is exact (namely there exists

a € QMR — {0}) such that w = da) if and only if/ i (w) = 0.
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Geometry/Topology qualifying exam
Spring 1999 -

1. Let M be an embedded compact surface in K3, namely a non-empty 2-dimensional
submanifold of R®. Show that there exists an infinite number of vertical lines L = {z} x
{y} xR which meet A and are not tangent to it in the following sense: M N L is non-empty
and, for every z € M N L, the plane tangent to M at z is not vertical.

v 2. Let N be a n—dimensional submanifold of the m-dimensional manifold M , and let
¢: N — M be the inclusion map. Suppose that N is closed in M. Show that, if o € QP (N)
is a degree p differential form on N, there exists a form 8 € QP (M) on M such that
i* (B) = . If da = 0, can you always choose g so that d3 = (?

V 3. In B? x B?, let X be the union of the torus S' x S! and of the disk B? x {z} (where
B? is the closed unit disk in R? and 5! is its boundary circle). Compute the fundamental
group of X.

(/ 4. For X as in Problem 3, compute the homology modules H, (X; R), with coefficients in
an arbitrary unitary ring R.

5. Prove or disprove: A surjective mapp: X — X is a covering map if and only if, for
every ¥ € X, there is a neighborhood U of T such that the restriction pg:U—p (U ) is
a homeomorphisn.

6. Let X be a path connected space such that m (X;z0) = 1 and m2 (X;20) = 1. Recall
that the second property means that, for every continuous map a : [0,1] x {0, 1] — X such
that a(s,t) = zo when 5 € {0,1} or t € {0,1}, there is a homotopy H : [0, 1] x [0,1] x
[0,1] — X such that # (s, t,u) = To whens € {0,1} ort € {0,1} or w = 1. Consider the 2-
dimensional torus 7% = S'x $. Show that every continuous map f : T2 — X is homotopic
to a constant map. (Possible hint: Write the torus as a square with identifications of its
sides.)
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